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Abstract In this article, we introduce the notion of cyclic a-admissible map-
ping with respect to 6 with its special cases, which are cyclic a-admissible
mapping with respect to 8" and cyclic a*-admissible mapping with respect to
0. We present the notion of orthogonal (af — F)-rational contraction and
establish new fixed point results over orthogonal F-metric space. The study
includes illustrative examples to support our results. We apply our results to
prove the existence and uniqueness of solutions for second-order differential
equations.

Keywords Fixed point, orthogonal (af — 3F)-rational contraction, cyclic a-
admissible mapping with respect to 6, orthogonal F-metric space, second-order
differential equation

MSC(2010) 54H25, 47H10.

1. Introduction

In 1922, [9] the Polish mathematician Banach presented the most important of the
fixed point theorems known as the Banach contraction principle, which proves the
existence and uniqueness of the fixed point for any contraction mapping H : = — =,
and (E, D) should be a complete metric space, where D : E x £ — [0,00). In
2012, Wardowski [7] presented the concept of F-contraction, a generalization of
the Banach contraction principle. This means that Banach contractions can be
seen as a particular case of F-contractions. Therefore, many researchers used this
concept to study the existence and uniqueness of the fixed point in a different way
instead of using Banach’s theorem. [10-16] is recommended for readers interested
in fixed point findings obtained using the notion of F-contraction. Some authors
modified or reformulated some of the conditions of this concept and studied some
fixed point theorems (see [17-20]). Kanokwan et al. [27] introduced the notion of
orthogonal F-contraction and established some fixed point results over orthogonal
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metric space. Jleli and Samet [1] introduced the concept of F-metric space in 2018.
Researchers have since paid great attention to this space and have used it to study
several fixed point theorems (see, e.g., [21-24]). Some even used F-contraction to
study some fixed point theorems over F-metric space (see [25,26]). In 2020, T.
Kanwal et al. [3] presented the notion of orthogonal F-metric spaces and proved
some fixed point theorems and [8,29,30] presented some new fixed point results over
orthogonal F-metric space. M. Taleb et al. studied some fixed point results and
applied their results to study the existence and uniqueness of solutions of nonlinear
neutral differential equations (see [23]) and in [28] also studied the existence and
uniqueness of solutions to first-order differential equations.

In this paper, we present a modification of the cyclic («,6)-admissible map-
ping, which is done by introducing the concept of cyclic a-admissible mapping with
respect to 6, presenting the notion of orthogonal (af — SF)-rational contraction.
Additionally, we establish new fixed point results over orthogonal F-metric space.
The paper is organized as follows. In Sect.(3), the concept of cyclic a-admissible
mapping with respect to 6 is introduced (see Definition (3.1)) which is a modifica-
tion to what was stated in definition (2.11) and we provide an illustrative example
to support this result (see Example (3.1)). We deduce two special concepts from
definition (3.1), namely cyclic a-admissible mapping with respect to 6* and cyclic
a*-admissible mapping with respect to 6 (see Remark (3.1)). We also introduce a
concept of orthogonal (af — SF)-rational contraction (see Definition (3.2)) and we
establish new fixed point results over orthogonal F-metric space (see Theorem (3.1)
) and (Corollaries (3.1), (3.2) and (3.3)). These results are supported by an example
(3.2). In Sect. (4), we apply our results to show the existence and uniqueness of
solutions for second-order differential equations (see Theorem (4.1)). Our results
generalize and advance existing literature, such as [5], [23] and also present a novel
approach to establish the existence and uniqueness of solutions for second-order
differential equations.

2. Preliminaries

In 2012, Wardowski [7] introduced the notion of F- contraction as follows.

Definition 2.1 ( [7]). Let = # 0, and (£,D) be a metric space. A mapping
H : 2 — Zis called F- contraction if 37 >0, V w,v € Z, D(Hw, Hv) > 0, and we
have

7+ F(D(Hw,Hv)) < F (D(w,v)),

where F' : (0,00) — R satisfies the following conditions:
(F1) 0<s<t = F(s)<F().
(F2) V {tn} C (0,400), we have

lim F(in)=—-00 <« lim 1y, =0.
n——+4oo n—-+oo
(F3) For some r € (0,1), lim "F(:) =0.
1—07F

The class of functions F' is denoted by .

Definition 2.2 ( [1]). Let Dx : ExZ — [0, 00) be a given mapping. If 3 a € [0, c0),
such that
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(Dx1) (w,v) €ExE, Dr(w,v)=0 & w=v.

(Dxs) Dr(w,v) =Dr(v,w), ¥V (w,v) €EXE.

(Dz3) For each (w,v) €EExZ, VN in N, N>2 V (w)¥, CZE, with (wj,wn) =
(w,v), we have

N-1
Dr(w,v)>0 = &(Dr(w,v))<E (Z Df(wmwi+1)> +a,

i=1

where £ : (0,00) — R satisfies F; and F3. Then (Z, D) is called F-metric space
(briefly F-MS).

Example 2.1 ([1]). Let Z=N, Dx : E x E — [0,00) be a mapping define by

elo=vlif w#,

0, if w=y,

Dr(w,v) = {

V (w,v) € Ex E. Then (E,Dr) is an F-MS with £(¢t) = =1, 1> 0 and a = 1.
Definition 2.3 ( [1]). Let (£, Dx) be an F-MS.

1. {wn} is F-convergent to w € =, if lim Dz (wy,w) = 0.

n—oo
2. {wn} is F-Cauchy, if lim Dg(wn,wm) =0.
n,m—-+oo
3. (8, Dx) is F-complete, if each F-Cauchy sequence in E is F-convergent to a
point in =.

Definition 2.4 ( [2]). Let = # 0, and the binary relation L C = x = satisfies the
following condition:

Jwo: (Y, vlwy) or (Vy,wolv).

Then it is called an orthogonal set (briefly O-set) and is denoted by (Z, L).

Definition 2.5 ( [2]). Let (2, L) be an O-set. A sequence {wy} is called orthogonal
sequence (O-sequence) if

(wnlwng,VneN) Vo (wpyilwy,VneN).

Definition 2.6 ( [2]). Let (2, L) be an O-set. A mapping H : = — = is said to be
1 —preserving if:
wly = HwlHv

Definition 2.7 ( [3]). Let (Z,L1) be an O-set and Dor be an F-M on Z. The
triplet (2, L, DoF) is called orthogonal F-metric space (briefly O-F-MS).

Example 2.2 ( [3]). Let = = [0,1] be an F-MS with metric defined in Example
(2.1),Vw,v € Ewith§(t) = =1, ¢ > 0and a = 1. Define w lv ifwr < w orwr < v.
Then, Vw € Z, 0Llw, so (E,1) is an O-set. Then (Z, L, Dox) is an O-F-MS.

t

Definition 2.8 ( [3]). Let (£, L, Dor) be an O-F-MS.

1. A mapping H : & — E is called orthogonally continuous (L-continuous) at
w € Z if for all O-sequence {wy,} in = with w, — w, then Hw, — Hw. And H
is called L-continuous on Z if H is L-continuous in every w € =.
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2. A set E of (2, L, Dox) is called orthogonally F-complete (O-F-complete) if
every Cauchy O-sequence is F- convergent in E.

Let S be the set of functions 3 : [0,00) — [0,1) such that

lim B(ty) =1 = lim ¢, =0.
n—oo

n—oo

Definition 2.9 ( [4]). Let H: = — E and a: E X 2 — [0, 00) be a mapping. Then
‘H is called a-admissible mapping if:

w,veE, alwr)>1 = oHw,Hv)>1.

In 2013 Salimi et al. [6] extended the concept of a-admissible mapping as follows
Definition 2.10 ( [6]). Let H : = - Z and o, 0 : E X E — [0,00). Then H is
called a-admissible mapping with respect to 6 if:

w,v€E, alwv)>0(wr) = alHw Hr)>0(Hw, H).
Definition 2.11 ( [5]). Let # : £ — = and «a,0 : £ — [0,00). Then H is called
cyclic (a, 0)-admissible mapping if:

1. a(w) > 1 for some w € Z, it implies that §(Hw)

> 1,
2. f(w) > 1 for some w € =, it implies that a(Hw) > 1

3. Main results

In this section, we introduce the concepts of cyclic a-admissible mapping with
respect to 6 and orthogonal (af — SF')-rational contraction and we prove some new
fixed point results in an O-F-MS.

Definition 3.1. Let H : E — E and «,0 : E — [0,00). Then H is called cyclic
a-admissible mapping with respect to 6 if:

a(w) > 0(w) forsome weZ = O(Hw)>a(Hw).

Example 3.1. Let = =R. Define H : 2 — = by

H(w) = {w, if well,o0),

0, otherwies,

and «, 0 : 2 — [0,00) by

w, if well,o0),
a(w) = .
0, otherwies,

0(w) = {w, if well,o0),

0, otherwies.

Clearly, a(w) > f(w) for all w € [1,00), we have, §(Hw) = 7~ = w and a(Hw) =
Hw = L. Then, we get (Hw) > a(Hw) for all w € [1,00). Hence, H is a cyclic
a-admissible mapping with respect to 6.
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Remark 3.1. (1) If f(w) = 1 in Definition (3.1) we get the following condition:
afw)>1 forsome weZ = a(Hw)<L1

In this case H is called cyclic a-admissible mapping with respect to 6*.

(2) If a(w) =1 in Definition (3.1) we get the following condition:
Ow) <1 forsome weZ = 6O(Hw)>1

In this case H is called cyclic a*-admissible mapping with respect to 6.

In Example (3.1) if we take O(w) = 1. Then, we get a(w) = w > 1 for all
€ [1,00). Since §(Hw) = 1, then we get a(Hw) = Hw = 1 <1 for all w € [1, 00).
And if we take a(w) = 1. Then, we get f(w) = 1 < 1 for all w € [1,00). Since
a(Hw) = 1, then we get §(Hw) = 7> =w > 1 for all w € [1, 00).
Definition 3.2. Let (2, L, Dox) be an O-F-MS. A mapping H : E — = is called an
orthogonal (af — BF)- rational contraction if there exists F' € ®, a,0 : Z — (0, 00),
B € S and 7 > 0 such that, V w,v € & with wlv and Do, (Hw,Hv) > 0, the
following condition is satisfied:

a(w)f(Hw) > f(w)a(Hw).

Also,
a(v)0(Hv) > 6(v)a(Hy)
implies
T+ F (Do, (Hw,Hv)) < F (S (M(w,v)) M(w,v)), (3.1)
where

M(w, V) = max {DO]r (w,v),

min DOF(“J’HW)DO}'(V?HV) DO.‘F(V7HV)[]‘+DO}'(M’HM)]
14 Do, (w,v) ’ 1+ Do, (w,v) '

Theorem 3.1. Let (2,1, Dor) be an O-complete F-MS and H : £ — Z be an
orthogonal (ad — BF)- rational contraction. If the following conditions are satisfied:

(h1) H is L—preserving, that is wlv = HwlHwv.

—_

(ha) There exists an orthogonal element wy € Z such that wy Ll Hwy or Hwolwy
and a(wg) > O(wo).

(hs) H is L—-continuous or,

(hs) if {wn} is a sequence in = such that wy, — w € E and wy L Hw, or Hwy Lw,
and a(wy) > 0(wy) then wylw or wlw, and a(w) > O(w), ¥V n e N.

(hg) H is cyclic a-admissible mapping with respect to 6.
(hs) For allw,v € ZE (w # v) fized points of H withw v orvlw, then a(w) > O(w)
and a(v) > 0(v).

Then H has a unique fized point.
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Proof. By (hs), 3 wo € E such that woLlHwy or Hwolwy and a(wy) > O(wo).
Define a sequence {wn} by wni1 = Hw, ¥V n € N. For some n, if wy11 = wy, then
Hwn = wy. Thus, wy, is a fixed point of H, the proof is completed. So suppose that
wWnt1 # wy V1 € N. Then Do, (wn,wnyy) > 0. As H is L —preserving, so we have

[wnlwny:s VN EN] or |wyilw, VneN],
that is, the sequence {wy,} is an L-sequence in Z. By (h4), we have
a(wg) > O(we) =  O(Hwo) > a(Hwo).

Then, we get
awg)f(Hwo) > 0(wo)(Hwy).

Deductively, we have
(n)0(Hen ) > O(wn—s)o(Hesn ), (3:2)
and
afwn)0(Hwy) > O(wn)a(Hwy), VneNlN. (3.3)
By (3.2), (3.3) and using (3.1), we get

T+ F (Doy(wn,wnt1)) =T+ F (Do, (Hwa—r, Hwn)) (3.4)
<F (ﬂ (M(anl,wn)) M(anlawn)) s

where

. Do (Wn—l Hwn—l)DO (Wn Hwn)
_ = D _ = : 7 .
M(wn_1,wy) max{ o5 (Wn 1,wn),mm{ 1+ Do, (1, on)

DO}- (wn, Hwn)[l + DO}- (wn_l, ’Hwn_l)] }}
1+ DO;(Wn—l,Wn)

)

. Do (Wufl Wn)DO (Wu wn+1)
= D -1 ) z - z -
max{ 05 (Wn—1,wn) mln{ T+ Do, (@n_1,00)

DOf(wn,wn+1)[1 + DO;(anl,wn)] }}
14 Do, (wn—1,wn)
< max {DO}-(wnflawn)vmin {DOf(wnawn+1)7 DO;(wnawn+1)}}

=max{Do, (Wn—1,wn), Doy (Wn,Wn+1)} -

b

If max {Do, (wn—1,wn), Dos(Wn;wnt1)} = Dor(wn,wnt1), then by (3.4) and 8 €
S, we get

F(DO}‘(anwn*‘rl)) S F(ﬁ (DO]:(wﬂ)wn+1)) DOF(men+1)) - T
< F(Dor(wn,wnt1)) —7, 7>0,

which is a contradiction, and hence,
max {DO}' (Wn—hwn)a DO}‘ (wn; Wn+1)} = DO}' (Wn—la Wn)a
then from (3.4), we get

F (DO}‘ (Wny, Wnt1))
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< F(B(Dos(wn-1,wn)) Doy (wa—1,wn)) =T
=F (ﬂ(DOf(wnfhWn))DOf(Hwnf%lenfl)) -7
<F (ﬁ(DOF(wnfhwn))B(DOF<Wn727anl))DOF(wnf%anl)) - 27

< F (B(Doy (wa-1,wn))B(Do (wn2,wn-1)) - - (Do (wo,w1)) Do (wo,w1))

—nr
=F ((Hﬂ (Dof(wi—l,wi))> Dof(wo,w1)> —nr
<F (DO;(WO,M)) —nr, ¥YneN. (3.5)

Let £ : (0,00) — R satisfy (F1) and (F2). Let € > 0 and a € [0,00) be such that
(Dr3) is satisfied. From (F3), there exists § > 0 such that

0<i<d = &) <€(e)—a (3.6)
Now, applying n — oo and by (F2), we get

lim F (Do, (wn,wnt1)) = -0 < lim Do, (wn,wntr) = 0. (3.7

n—oo n—oo

By (F3) 3 r € (0,1) such that
lim (Do, (wn,wn+l))TF(DOF(wn,wn+l)) =0. (3.8)

n—oo

Then, from (3.5), we get

(DO;:(wn;WnJrl))TF (DOf(wn7wn+1)) < (DOF(Wn>Wn+1))T{F (DOF(wmwl)) —nry.
We have

(DOI(WnaWn+1))TF (Doy(wWn,wntr)) — (DOf(men+1))rF (Do (wo,w1))
< (Do (@nwn42))” [F (Do (@0,01) = 07| = (Do (@n @) F (Do (wo,1))

< —n7 (Do, (Wn, wnt1))

<0.
Since
nlirgon(Dof(wn,wn+l)) =0, (3.9)
therefore, 3 n; € N such that
1
Do, (wnywnyr) < e Vn>n, (3.10)
which yields
m—1 m—1 1
> Doy (wiwip1) <Y 5, m>n (3.11)

=n =n
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Since Z -+ < 00, then 3 N € N such that

i=n "

E
\

ﬂ*—“ =

=1
Z—l 5, m>n>N. (3.12)

7

By (3.6), (3.11), (3.12) and (F1), we get

m—1 oo
f (Z Dof(wi,wi+1)> <§ (Z Zi) <§(€)—a, m>n>N. (313)

i=n i=n

Using (Dg3) and (3.13), we get

m—1
DO}—(mem) > Oa m>n Z N #f(DO;(wn,wm)) S 5 <Z DO]:(wiaw’i+1)> +a

i=n

< &(e).

From (F1), we have
Do, (wn,wm) <€, m>n>N. (3.14)

This means that w, is a Cauchy O-sequence. Since = is O-complete, there exists
w* € Z such that

lim w, = w*.
n—o0o

Now, we prove that Hw* = w*. By (hs3), gives Hw, — Hw* as n — oo.

Thus,

Hw* = lim Hw, = hm Wiy = w*
n—oo

Next, we will use (h%) to prove that Hw* = w*. Since 3 w* € E such that
wyn = w*asn — oco. Put A= {neN:Hw, =Hw*}. Now, if A is not finite, then 3
{wWary} C {wn} such that wypy41 = Hwny = Hw*, ¥ n € N. Since w, — w*, then
Hw* = w*. If A is finite, then 3 ny € N such that Hw, # Hw*, V n > ny, means
that Do, (Hw*, Hwy) > 0. Assume that Do, (Hw*,w*) > 0. From (h}), we have
wnlw* or w* Lw, and a(w*) > 0(w*). By (hy), we get O(Hw*) > a(Hw*), then, we
obtain

a(w)0(Hw*) > 0(w*)a(Hw"), (3.15)

also we have
a(wn)0(Hwy) > 0(wn)a(Hwy). (3.16)

Using (3.15), (3.16) and applying (3.1), we get

T+ F (Doy(Hw, Hwn)) < F (B (M(w",wn)) M(w”, wn))
< F(M(w*,wy)), Vn>ny,

where

Do, (w*, Hw*) Do, (wa, Heow)
1 + DO]:(UJ*a wﬂ)

M(W*, wy) = max{DoF (W*, wy), min{
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Do, (way, Hwn)[1 + Do, (w*, Hw*)] }}
1+ Do, (w*,wy)

[ Do (", H") Do, (@, wat1)
_ Do, (w* - o)
max{ OF (w ’wﬂ)’ mln{ 1+ DO]:(W*7WII)

DO}'(wmwn-H)[l + DO}'(W*’HW*)] }}
1+DO]:(W*)WI1) '

)

For all M(w*,wy), we get li_>m M(w*,wy) = 0, then by (F2), it implies
n o0

lim F(M(w*,wy)) = —o0, then li_>m F (Do, (Hw*, Hwy)) = —oc.

n—oo
Also by (F3), it implies

nli_)ngo Do, (Hw™, Hwy) = n1i_>12o Do, (Hw*,wnt1) = Do, (Hw*,w™) = 0.
Therefore, our assumption is wrong and hence, Hw* = w*.

Uniqueness
Suppose that there are two fixed point w*, v* € E such that w* # v* and w* Lv*
or v* Lw*. Using (h4) and (hs), we get

a(w*) > 0(w*) = O(Hw") > a(Hw"),

then we get

a(w)I(Hw™) > 0(w*)a(Hw™). (3.17)

And
a@*)>0w") = O(Hv") > a(Hv"),

then we get

a(V)O(Hv*) > 0(v")a(Hr™). (3.18)
From (3.17), (3.18), (3.1), and 8 € <, we have
T+ F (Do, (w",v")) =7+ F (Do, (Hw", Hv™)) (3.19)
< F(BM(w",v7)) M(w?, "))
< F(M(w*,v")),

where

DO}- (w*, Hw*)DO}_ (I/*, HV*)
14 Do, (w*,v*)

)

M(w*, V") = max {Dof(w*,u*),min{

DOI(V*7HV*)[1 + DO]:(W*va*)]
1+ Do, (w*,v*)

= Do, (w*,v").
Then from (3.19), we get
T+ F (Do, (w*,v*)) < F(Do,(w*,v*)), 7>0,

which is a contradiction. Hence, w* = v*. O
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Example 3.2. Define the sequence {n,} by

nnln(1+4+7+~~+(3n2))ln<n(3112_1)>, VneN

Let E = {1y, : n € N} equipped with the F-metric as defined in Example (2.1).
For all n,,nm € E, define 9y, Lny iff (m > 2 An = 1). Hence, (E,L,Dor) is an
O-complete F-MS. Define H : £ — = by

s if n= 1,
H =
(1) {nn_l, if n>1.

Then, H is L-continuous and _L-preserving.
Now, define «, 6 : E — [1,00) by

emn, if n=1,
a("?n) = { .

em—1if n>1,

8(me) = 1, if n=1,
)= a(ny), if n>1,

we get
O‘(Un) > 9(%) = 9(7'[%) > 04(7'[7711)7 Vi, €Z, neN.

Then, (hy) is satisfied. Let F : (0,00) — R defined by F(¢) =Ine¢+¢, ¢ > 0. Then,
F € ®. Now, we prove that H is an orthogonal (af — SF)- rational contraction.
Since Do, (Hnn, Hnm) > 0, and we have

(a)0(Hnw) = 0(nn)a(Hn),

and
()0 (H1pm) = 0(1m)(Hgm),
which implies
T+ F (DOF(Hnm Hnm)) =7+ F (‘DO]-‘(T]n*l7 77m71))
=T + F (enn—l_"]mfl)
S T4+ F (6377“71"”77“171)
=7+ In <e377n71+77m71) + 6377n71+77m71
=7+ (377n—l + nm_l) + 637In—1+77m—1
=7+ (377n—1 + 2Mm_1 — nm—l) + @3 —1F2Mm =1 =N
Then, we get
eTJrF(DO]:(Hn“vHTI"‘)) < eT“F(Bnn—l“FQT]mfl7771\171)+537]"_1+271m_l7nm_l

< eT_nm—l6(377n—1+277m71)ee7-_nm716(3H“71+2n‘n71)
< BIM (11, 7)) M (1, 11 ) €A 10 ) M i)
which yields

T+ F (Do, (Hnn, Him)) < In (B(M (70, 1) )M (10, ) + BM (70, ) ) M (10, 7m)
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< F(BM(n, 1m) )M (10, M)

Then, H is an orthogonal (af — SF)- rational contraction where 8 =™ m-1 7 <
Nm—1,V m > 2. So, from Theorem (3.1), it implies that n = In(1) is a unique fixed
point of H.

We assume that M(w,v) is according to what was stated in Definition (3.2).
Now, we will present some results.

Corollary 3.1. Let (2, L, Dox) be an O-complete F-MS and H : E — Z. Assume
that the following conditions hold:
(h1) H is L—preserving, that is wly = HwlHwv.
(ha) If there exists F € &, a: E — [0,00), €S, 7 >0 andVw,v € Z withwlv,

Do, (Hw,Hv) > 0, such that

a(w) > a(Hw), and «a(v) > a(Hv)
implies
T+ F (Do, (Hw,Hv)) < F ( (M(w,v)) M(w,v)). (3.20)
S

(hs) There exists an orthogonal element wy € Z such that woLlHwy or Hwylwy

with a(wp) > 1.
(ha) H is cyclic a-admissible mapping with respect to 0*.
(hs) Either H is 1 —continuous,

(hE) orif {wn} is a sequence in = such that wy, — w € 2 and wy L Hwy or Hwy Lwy
with a(wy) > 1, then wylw or wlw, with a(w) > 1,V n e N.

(he) For allw,v € Z (w # v) fized points of H with wlv or vlw, then a(w) > 1
and a(v) > 1.
Then H has a unique fixed point.
Proof. Consider 6 : E — [0,00) as f(w) =1, w € E in Theorem (3.1). O
Corollary 3.2. Let (£, 1L, Dor) be an O-complete F-MS and H : £ — =. Assume
that the following conditions hold:
(h1) H is L—preserving, that iswly = HwlHwv.
(ho) If there exists F € ®,0: 2 — [0,00), €S, 7>0andVw,v € 2 withwlv,
Do, (Hw,Hv) > 0, such that
O(Hw) > O(w), and O(Hv) > 0(v)
implies
7+ F (Do, (Hw, Hv)) < F (B (M(w,v)) M(w,v)). (3:21)
(h3) There exists an orthogonal element wy € Z such that wolHwy or Hwolwy
with O(wg) < 1.
(hg) H is cyclic a*-admissible mapping with respect to 6.
(hs) FEither H is L—continuous,

(h5) orif {wn} is a sequence in 2 s.t wy = w € E and wy L Hw, or Hwy Lw, with
O(wn) <1, then wylw or wlw, with O(w) <1,V neN.
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(he) For allw,v € E (w # v) fized points of H with wlv or vlw, then O(w) <1
and O(v) < 1.
Then H has a unique fixed point.
Proof. Consider o : 2 — [0,00) as a(w) =1, w € E in Theorem (3.1). O
Corollary 3.3. Let (£, 1L, Dor) be an O-complete F-MS and H : E — =. Assume
that the following conditions hold:
(h1) H is L—preserving, that is wlv = HwlHv.
(ha) If there exists F € @, a,0 : E — [0,00), 7 > 0 and V w,v € E with wlv,
Do, (Hw,Hv) > 0, such that
a(w)f(Hw) > f(w)a(Hw),
and
a(V)0(Hv) > 0(v)a(Hy)
implies
T+ F (Do, (Hw,Hv)) < F (kM(w,v)). (3.22)
(hs) There exists an orthogonal element wy € Z such that woLlHwy or Hwylwy
and a(wp) > O(wp).
(hy) H is cyclic a-admissible mapping with respect to 6.
(hs) FEither H is L—continuous,

(hg) orif {wn} is a sequence in = such that wy, — w € E and wy L Hw, or Hwy Lwy
and a(wy) > 0(wy), then wylw or wlw, and a(w) > O(w), ¥V n e N.

(he) Forallw,v € E (w # v) fized points of H withw v orvlw, then a(w) > O(w)
and a(v) > 0(v).

Then H has a unique fixed point.
Proof. Taking 8(¢) =k, for all ¢t > 0 and k € [0,1) in Theorem (3.1). O

4. Application

In this section, we use Theorem (3.1) to prove the existence and uniqueness of
solutions for the following differential equation:

Lo = —¢(,0(), tel=,1], (4.1)
w(0) =0 = w(1), |

where £ : I x R — R is a continuous function on 1.
Problem (4.1) is equivalent to the following integral equation

w(e) = /0 G(t,5)E(s,w(s))ds, Viel, (4.2)

where G is given by



New Fixed Point Results and Application in Second-Order Differential Equations 837

It is clear that

L

/GL5 % —, V.€[0,1] and sup/GL5

2’ el
Let 2 = {w|w € C(I,R)} with the supremum norm ||w|lcc = sup|w(¢)|. Then,
el
(5, ||w|loo) is a Banach space.

Lemma 4.1 ([3]). The Banach space (2, || . ||so) endowed with the metric D defined
by
D(w,v) = |lw = v]o = Sup jw(e) = v ()],

and orthogonal relation wlv <& wv >0, where w,v € =, is an O-F-MS.

Theorem 4.1. Consider the function & : I x R — R is continuous and satisfies the
follwing condition:

[€(s,w(8)) = E(s,v(9))] < " M(w,v), (4.3)

where

M(w,v) = max {Dof(w, v),

min{DoF(W,HUJ)DOF(V,HV) DOF(VﬂHV)[l +D0f(wva)]}
1+ Do, (w,v) ’ 14+ Do, (w,v) '

Vw,veZstw(s)v(s)>0,sel and T >0.

Then, the differential equation (4.1) has a unique solution in E.

Proof. Suppose that the orthogonality relation on Z by wlv if w(s)v(s) > 0, Vs €
1.

Now, for w € 2, 3 v(s)

0, Vs € I such that w(s)v(s) = 0. Then, = is an
orthogonal. Define Do, : ==

><_ — [0, 00) by

Do, (w,v) = sup|w(s) — v(s)|, for all w,v € ZE and s € I.
sel

Then, (2, L, Do, ) is a complete O-F-MS.
Define a mapping H : = — = by
1
:/ G(1,5)¢(s,w(s))ds, Vi€l (4.4)
0
It is clear that H is L-continuous. If Hw(t) = w(¢) then, w(:) is a solution of
differential equation (4.1). So, we are now trying to prove that H has a unique

fixed point, by satisfying the conditions of the theorem (3.1). Frist we prove that
H is L-preserving. Let w(:)Lv () for all ¢ € [0, 1], we have

Heo(t) = /0 G0, 8)E(s,w(s))ds > 0,
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which implies that Hw(¢) LHv(e). This means, H is L-preserving.
Now, define «, 6 : E — [0,00) by
alw)=0w)=1, forall wez=.

Clearly (hy) in theorem (3.1) is satisfied. Next, we show that #H is an orthogonal
(af — BF)-rational contraction. For all ¢ € [0,1], w(¢)Lv(e), then we have

a(w()f(Hw(t)) = 0(w(0))a(Hw(t)), (4.5)

and

a(v()0(Hr () = 6(v(1)a(Hv (). (4.6)
Using (3.1), we get

Doy (Hw(1), Hr (1) = [[Hw(e) = Hv()
= ng) [Hw(e) — Hr ()]

1
/0 Gl1,5) [E(s,0(s)) — £(5, 1(5))] ds

= sup
el

< (sup / 1 G@,s)dﬁ) €(s,w(s)) — (s, ()]

el

< e " M(w,v).

|

Then we get
In (Do, (Hw(1), Hr(1))) < In (;e_TM(w, u))
<=0+t (M),
thus, we have
7 +1n (Do, (Hew(t), Hr(1)) < In (;M(w, ,,)> . (@.7)

Consider F : (0,00) — R given by F(:) = In(:) and 3(:) = § € [0,1) for all ¢ > 0.
Then we get

™+ F (Do, (Hu(t), Hr()) < F (8 (M(w, 1)) M(w,v)).

Thus, H is an orthogonal (ad — BF)- rational contraction. Hence, by Theorem (3.1),
‘H has a unique fixed point, which is a unique solution to the equation (4.1). This
completes the proof. O

5. Conclusions

In this paper, we introduced the concept of cyclic a-admissible mapping with respect
to 6 and proved some new fixed point theorems in an orthogonal F-metric space
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using orthogonal (af— B F')- rational contraction which we also defined in this article.
Additionally, we provided illustrative examples to bolster our results and applied
the results that we obtained to prove the existence and uniqueness of solutions
for second-order differential equations. Our results extend and enhance existing
literature, while also introducing a fresh approach to verifying the existence and
uniqueness of solutions for second-order differential equations.
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