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Pseudo-Differential Operators and ¥- Wigner
Function on Locally Compact Communicative
Hausdorff Groups

M.I. Yaremenko®!

Abstract In this article, we consider a harmonic analysis of locally compact
groups and introduce a generalization of the classical cross-Wigner distribution
defined on G x G by

Wa (1,9) (g, £) = /G ERY (m (9. 1)) @ (72 (g R))du (h)

We construct the so-called Weyl-Heisenberg frame on a locally compact com-
municative Hausdorff group and establish its properties. Thusi we show that
assume A and I" are closed cocompact subgroups of G and G, respectively,
then, for a given window ¢ € L?(G), either both systems {myTad}yen yer
and {mxTv@}, cpr ,err are Gabor systems in L? (@), simultaneously, with
the same upper bound, or neither {m,Tx¢}\cx ,er DOT {MrTv @}, At yept
comprises a Gabor system. Finally, pseudo-differential operators on locally
compact groups are studied, we establish that assuming a pseudo-differential
operator A, corresponds to the symbol a € WT,‘l’Z’Ll,l (G X G) then A, is

bounded operator WP (G) — WP (G).

Keywords Fourier transform, Wigner function, compact group, pseudo-
differential operator, symbol, Weyl-Heisenberg frame
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1. Introduction (classical theory)

The concept of the pseudo-differential operator is a generalization of the partial
differential operator. The theory of pseudo-differential operators is a fundamental
tool of quantum physics and is widely interweaved in partial differential equations.
The pioneer works belong to J. Kohn, L. Nirenberg, L. Hormander, E. Stein, and
others [18, 26].

There are many articles dedicated to pseudo-differential operators and cross-
Wigner functions for some recent issues that the reader may be interested in [1,2,
11,17,21,22]. In [7], authors consider Wigner analysis of linear operators, replacing
standard Wigner function with the A-Wigner distribution with a symplectic matrix
and developing a theory of global Hormander wavefront. The Gaussian state is
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considered [3] and a more complex system in [20]. The list of references consists of
26 articles.

The Weyl quantization is a correspondence between the set of pseudo-differential
operators A, closely and densely defined on the Hilbert space and the class of
functions a (x, z) mapping on the phase space R™ x R™. In its classical form [18],
Weyl quantization is given by

Ao (f) (@) = / oz, 2) exp (2miz - 2) f (2) dz,

n

where the Fourier transform f of the function f is defined by

f(z)= /n exp (=2miz - 2) f (2) dz.

The Weyl quantization is intimately connected with the Wigner transform and
cross-Wigner pseudo-distribution is defined by

W (f,9) (z, y) = / exp (—2miy - 2) f <x + ;z> g (x - ;z)dz

for all f,g € L?(R").
The Weyl transform ay, of the symbol a € S’ (R™ x R™) is given by
(aw f,g) = (a, W (f,9))

for all f,g € L? (R™). Then, the twisted product a#b of symbols a and b can be
defined by

= a(z,u vweXp(47Ti(x_Z)(y_w))zuvw
astb (@, y)_L4n, (zu)b(v, )exp(47ri(x—v)(y—u))dd dvdw.

Definition 1.1. The modulation space is a set M;>' (R" x R") of all functions
o €S (R" x R") such that

(14 1 + 16I*) " W (0, 0) (2,0, )| € L (R x R")

sup
(z,p)ER" x R™
for every window v € S’ (R™x R"). The space Mg™'(R* x R") =
MY (R™ x R™) is called a Sjostrand class [17].

Harmonic analysis shows that the modulation spaces M ! (R™ x R™) constitute
a Banach algebra with respect to the twisted product.

In the present article, we extend the ideas of classical harmonic analysis and the
theory of pseudo-differential operators to locally compact Hausdorff groups [18]. To
reach this goal we modernize methods of phase-time analysis and employ meth-
ods of convex estimations on Banach spaces. We redefine the T- Wigner pseudo-
distribution by

Wa (1 9) (g, €) = /G EMY (71 (9, 1)) @ (72 (g, T)dps (h)

for all ¢ € G and all ¢ € @, which satisfies the Plancherel formula
|Ws (¢, QD)”L?(GxC:) < const [[Y[| 2y ¢l 2y for all ¥, ¢ € L% (@). We develop a
theory of modulation spaces M2:? (G) on locally compact commutative groups. As
an interesting example, we establish that the Richczek operator A, with the symbol
ae W, ! (G X G) is a bounded linear operator from W1 (G) to WP (G).

Tylor—1
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2. The short-time Fourier transform

Let G be a locally compact commutative Hausdorff group with the Radon measure
woon it. Let G be a dual group that consists of all continuous homomorphisms y
form G to the circle group S'. These homomorphisms ¥ : G — S! are called
characters.

Definition 2.1. A Fourier transform ¢ — F (¢) of the function 1 is defined by
F) 00 =600 = [ 606X dulo)

for all y € G.

An inverse Fourier transform of the integrable functiom/} on G is given by
= / b (x) x (9) dit (x)
G

Definition 2.2. The short-time Fourier transform Vy with respect to the window
¢ is given by the formula

for all g € G.

Vot (g, %) = /G XU (h) (g~ Th) du (h)

forallge Gand ¢ € G.
We introduce a translation operator 7, given by 7,4 (g) = ¢ (h_lg) and the
) =1(9)x

modulation operator m, by the identity m, 1 (g) = ¥ (g) x (9). We write
Vzbw g, X fG mng¢ (h) dp (h)
= Jo ¥ Txmgflé (©)din(€)
= X( ) ¢¢ (Xa 1)

since there is a commutation equality 74m, = x (g)m,7,.

Theorem 2.1. Let G be a locally compact Abel-Hausdorff group. For all v, ¢ €
L? (@), then we have the Cauchy-Schwarz inequality

1Vetlleu(ncy < 102y 161l
and the Moyal equality

IVellLz(axay = 19llz6) 191 L2 -

Proof. The Moyal equality follows from the Plancherel theory and the first in-
equality can be obtained from the Cauchy-Schwarz theorem with an application of
the limit
lim —my 7t =[] = 0
(g, x)— (e, €)

that holds for all ¢ € L? (G).
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3. The Weyl-Heisenberg frame

Let G be a locally compact Abel-Hausdorff group with the Radon measure p.
According to Pontryagin’s duality theorem, there is an isomorphism between G

and its double dual group G. The Fourier transform of measure is given by

i (x) = Jox(9) du(g).
Let H be a separable Hilbert space.

Definition 3.1. Let (2, ¥, ugq) be alocally compact measurable space where X is a
o-algebra of all jio-measurable subsets of Q2. The frame is a set of elements {¢x }, ¢
that satisfy the condition: for all elements ¢» € H, the mapping k& — (¥, i), is
measurable, and the inequality

Al < / 1, o) gl dugy (k) < C oI

holds for some positive constants ¢ and C, which are called a frame lower and upper
bounds.

If the lower and upper bounds coincide and equal one, the frame is called a
Parseval frame.

Definition 3.2. The Weyl-Heisenberg frame for L? (G) generated by the window
¢ is a system of functions ¢ (A, 7) given by {mvﬁ(b},\e/\ er where A C G and

rca.
The analysis operator 4, : L? (G) — L? (G X @) is defined by
(Ag¥) (M) =@ (), mymad () gz -
The annihilator K+ of normal K C G is a closed subgroup of G given by
KL:{XEC;Y Cx(g)=1¢€8! VgEK}.

Theorem 3.1. Let I' be a closed subgroup ofG’ such that the quotient group G/F
is a compact metrizable group. Let o-finite measurable space (A, X, pp) satisfy the
conditions: the mapping h — ¢, and (h, s) — ¢p (s) are measurable. Assume that
for a pair of systems {m ¢}y cp and {m O}, cp, the inequalities

/ (6, momad) o i (1, 3) < C 6]
AxT

and
2
A r ‘<wa m’yT/\'l%Lz‘ d,U/AXF (% )‘) <C HwHiQ
X

hold for all functions ¢ € L? (G) with the positive constant C.
Then, for all functions 11, 1 € L? (GQ), the equality

(Y1, ¥2) 12 =/ (1, MyTA®) 12 (MATAY, Y2) 12 ditaxr (7, )

AXT

holds if and only if the equality
bue = [ TG (A7) diua (V)

holds for almost every g € G and each ¢ € T'+.
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Proof. The system {m.,7m\¢} \EA, veT is not a generalized translation invariant
system. However for the system {myTA¢}>\€A er to be a frame, it is necessary and

sufficient that the system {7xm,¢},c, . be a frame since 7gm, = X (9)my7y.
Now, we must show that if {Tam ¢}, y cp and {Tam 0}, op are two Bessel
systems, then, for all functions 11, 2 € L? (G), the equality

<’(/}17 ¢2>L2 - / <w1a T/\m'y(b>L2 <T)\m'\/197 w2>L2 dMAXF (fYa )‘)

AXT

hold if and only if the equality
G = [ 10 (O (53) dir ()

holds for almost every x € G and each B € A+. The convergence and correctness
of integrals follow from the Cauchy-Schwarz inequality.

To make our considerations completely rigorous, we need the following state-
ment. Let H; and H» be a pair of separable Hilbert spaces and let U : Hy — H; be
a unitary mapping; let (1, X1, pg,) and (Q2, X, pg,) be two measurable spaces;

let {¥x}rcq, and {ﬁk}k o be two systems in H; and let {px}rcq, and {Pr}rcq,
SO

be two systems in Hy such that ¢y = axUpr ) and U = axU@r (k) where mapping
m : Qp — €y is a pointwise isomorphism and the mapping 2y — C' : k — ag

so that |ax| = 1 for all k € Q;. Then for systems {tx},.,, and {J)k}k o to be
S1931

dual with respect to (21, X1, pq,), it is necessary and sufficient that the system
{®ktreq, and {@r}jcq, are dual with respect to (Q2, Y2, ug, ).

Indeed, let {1k },cq, and {@ij}k ) be dual frames. Then we write

(S50

W:0) = Joo, (U, 9 ) (W, 0) dp, (K)
= Jo, (U, arUdrxy) (arUpr(ry, @) dpa, (k)
= Jo, (U @xw) (L), U™ ) dug, (k)
= Jq, (¥, @x) (or, U*p) dua, (k),

where U* is the adjoint of U.
Thus, for the system {mvTAqb}/\eA ~er tO be a frame, it is necessary and sufficient

that the system {T‘YF_lTA(i)}AeA er is a frame.
Weil’s lemma establishes the possibility of normalization of the measure pg/p
so that the equality

téwmwamzémﬁw@mwmmwwmm

holds for a given measure px and pg.
By application of the Plancherel theorem and the Weil lemma, we obtain

foF (1/}1, TAm7¢>L2 <7‘>\m719, 1’[}2>L2 dppxr ()\7 'Y)
= [i [ e 1 (0 b2 (xBYmnd () (xB) dpn- (B) dpgs (x) dr ()
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Therefore, we define a mapping Y (¢) : G — C by

T (7/}) (9) = /A - <Tgw7 7/\m'y¢>L2 <T)\m,yl9, Tg¢>L2 dpaxr ()‘7 ’Y) .

=

Since T3 (x) T (xB) = B(N) % (x) ¥ (xB), we have
T (¥) (g)

/ / / B.(9)% () & (B (x)ma® (xB) dpas (8) gy (x) dar (7).

Using Fubini’s theorem and Lebesgue’s dominated convergence theorem, we obtain

TW)(9)= | B9 YT (B)duss (B),
where we denote
T (8) = / /G 3 () (eB)md () (xB) dugs (x) dar (7).

The sufficiency follows from

T (1/)) (e) = foF <"/}» TAm7¢>L2 <T)\m719, w>L2 d:uAXF ()‘7 'Y)
= [g Jar B(e)Y () ¥ (XB)dg.edpasr (B) dpg (x) = (1, ¥) .

Now, we are going to show the necessity of the theorem’s conditions. We assume
that equality

T (¥)(9) :/AXF<Tg¢a AL P) 2 (Tamy Vs ) 2 dpaxr (A7) = (¥, 9)

holds for all ¢ € {L2 (G)  such that () € L™ (G’)} with the compact support. We

denote the continuoub functlon Z(9) =T (@) (9) — (¥, v) that is identical to zero.
We have Z(g) = [,. (8) dip+r (B) where we denote

(1]

) {f@frwm\ 16 (0D () dur (1) dig () — [W1F . B=e,
Je Jr 00 ¥ (Bx)mad ()mad (Bx) dpur (v) dp ()8 # e

Thus, we see that frnz;;ﬁ(x)@?(x) dur () = 1 for almost all Y € G and

S 106 (0)m 9 (B) dpar (7) = 0 for all § # e. 0
So, we also have Theorem 3.2.

Theorem 3.2. The conditions of Theorem 2.1 hold if and only if the equality
— [0 () dur ()
r
holds for almost all x € G and for each @ € AL, namely, the equality

(Y1, ¥2) 12 :/ (Y1, MyTAD) 2 (MATAY, Y2) 12 ditaxr (7, A)

AXT

holds for all functions 1, s € L? (G).
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4. Wigner and ambiguity functions

For a given window ¢, the short-time Fourier transform V, can be rewritten in
terms of translation and modulo as follows

Vot (g, x) = /G o (h) myrys () ds (h)

forallgeGandﬁeé.

Let § : G X G — G x G be a measure preserving continuous transformation
given by
u=m (g, h),
v="s(g, h)

for all g,h € G, and it satisfies the conditions: first, the equalities 71 (g, €) =
g, T2(g, e) =g hold for all g € G; second, for all g € G, we have h = uv~! for all
u,v € G the inverse transformation 3~! : G x G — G x G is given by

g=1(9, h),
h=uww"1,
where 7 continuously maps G x G — G. The mappings 71, 72 and 7 are continuous.

Definition 4.1. The ¥ - Wigner function is defined by the formula
Wa (6.9) (0. = [ €30 (r (0. 1) % g R ()

for all g € G and all € € G.
The ¥ -ambiguity function is defined by the formula

Ama (,0) (h, €) = /G £ (1 (9, 1)) 2 (72 (g, W)y ()

forall h € G and all € € G.

Lemma 4.1. Let G be a locally compact commutative group. Then, the ¥ - Wigner
and T-ambiguity functions satisfy the following inequality

IWs () (@) < 19012y 191220y

and
| Amg (ZZJ,SD)HLoo(GxC:) < ||1/’HL2(G) ||S0||L2(G)»

where all functions 1, o € L* (G).

Now, we suppose that G is a locally compact commutative Hausdorff group
and Amg (¢, ) € L? (G X G), then the equality ||Amg (¢, @) 12 = [Ws (¥, ¢) |12
holds for any pair of functions v, ¢ € L? (G). Indeed, we write the equality

[Ws (v, )]l 2
__ 2
= Jo Jo [EW (71 (9, 1) (72 (g, )| du () dia ()
__ 2
= Jo Jo [E@ (71 (9, 1) @ (2 (g, W) dia (9) i (B)
= ||[Ams (¥, )| .2
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which holds for all ¥, ¢ € L? (G).
For T-Wigner and T-ambiguity functions, the exact marginals are correct so
that equalities

/é Wa (1, 0) (9,€) dit (€) = ¢ (9) 2 (9)

and

/G Wa (1, 0) (9,€) dpt (g) = F () (€) F () (©)

hold v,¢ € L*(G) and for all g € G and £ € G. The proof is similar to the
classical theorem. Next, in L2 (G X G) we have A/m\gv (¥, ) = Wy (¥, p)for all

U, ¢ € L*(G).

5. The Feichtinger algebra on the locally compact
groups

In 1979, the Feichtiger algebra Sy (G), which is a special case of the broader concept

of modulation spaces, was introduced by H.G. Feichtinger. The modulation space

MP:1 (@) on the locally compact Abelian group is a Banach space with a norm
defined by

MPUG) ={yp : G=C : e (@) :

1

</c ([ vevtormn xr th))gdﬂ (x)>q cool,

where the function ¢ is the window, the function m is a non-negative function on
G x G and the numbers 1 < p, g < oc.

Definition 5.1. Assume that window ¢ € C¢ (G) is a non-zero function such that
pelL! (G’) The Feichtinger algebra Sy (G) is a set of all elements ¢ € L! (G) that

satisfy the inequality [ [ | Ve® (h, x)|dp (h)df(x) < oc.
Lemma 5.1. The space Sy (G) is topologically embedded in L' (Q).

Indeed, straightforward calculation shows that there exists a constant ¢ depen-
dent on the non-zero window ¢ such that for all ¢ € Sy (G), we have

1l = Jis 19 (9)] i (9)
< e Jo Ju | Io ¥ (@)X )6 (h™") du(9)] diu (h) dii ()
=c Je Ja Vet (hy, X)|du(h) din(x) = cll¥lls,c) -
So function ¢ belongs to L' (G).
The next theorem determines the class of functions that produce Gabor systems.

Theorem 5.1. Let A and T be closed subgroups of G and G, respectively. Then
for any window ¢ € Sy (G), the set {m\Tad},cp Ler constitutes a cocompact Gabor

system in L? (G) with the bound ¢ (A,T) ||¢H§O(G).
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Proof. Since the functional set Cc (G) is dense in the space L? (GQ), it is sufficient
to show that

/A . M) dpaxr (A7) < ¢ (AT 1615, 11720
X

holds for all functions 1 € C¢ (G) and each window ¢ € Sq (G). Therefore, assume
that 1) € Cc (G) and then we estimate

Suser 1@, mamad) [ dpaser (A7)

<y Jro e Jopes TR0 (9571 6 (92107

& (9A~1h")duyer (9) dpaps () dpps () dpua (V)

< Joprs (o 19 (@0 fy S [0 (0372071 6 (9472071

dprs () dpa (V) dpars ()

(e o ()] S fo lar )y o (310

dpr (h) dpa (A) dpre (ﬁ)) dpgre (9) .-

M

Nl

By the Fubini theorem

I Joe |0 (@37 0 (A=A )| dyac () dpa ()
= S [6 (AR S 16 (920 dpars () dpan (V)
< 16lsyie #T) Jy [0 (927 1H1) [ dia () < e (A,T) 0113,

thus, we have

foF (¥, mWTA¢>|2 dpaxr (A7)
< Japes (Jeo [0 (gn™) (A T) 19113, ) dir (1)
(-

0 (o) AT 161 0y dir- (B)) s )

< (AT 613 19112 -

=

For any Gabor system {m,7x¢},c, ers there exists a dual Gabor system

{muTv@}cens verr where At = GT/\A and I't = G/T’ where we employ the Pon-
tryagin duality theory. O

Theorem 5.2. Let A and T' be closed cocompact subgroups of G and C?, respec-
tively. Then for a given window ¢ € L?(G), both systems {mamad}tyen, Jer and
{MeTo®}ens perr are Gabor systems in L? (@), simultaneously, with the same

upper bound or neither {m,Txd},x er nor {MeTo®}cnt pers comprises Gabor
system.
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6. Realization of pseudo-differential operators on
locally compact groups

Weyl’s correspondence is a correlation between the pseudo-differential operators and
their symbols. Pseudo-differential operators can be considered as a generalization of
partial differential operators on the locally compact commutative Hausdorff groups,
which are presented in the integral form.

We formally define a pseudo-differential operator A, with the symbol a by

9= [ £@)als 9 di ©).
Let 1 € L? (G). Then we calculate
(Aa?) (9)
:fgﬁ(g)a( ) b (&) djig; (€)
=JeJa&( )7) (h) duc (h) diig (€)
—fgfcfafc; X (9) € (B)€ ( )€ (W) (h) diig; (x) dug () du (h) dfig; (€)
= Je Jox(9) ) (9t) duc () diig; (x)
= Je Joalx, mthflz/’( ) dpc (t) djig (x)
for all g € G.

We assume the symbol a has a compact support and denote

& = [ Eah, € duc 0.
Next we write

Aa () (9) = [5€(9)alg, &) (&) dig ()
=[5 Jax(9)E(9) a1 (x, €)% (&) dig (€) dig (x)
=[5 A (¥) (9) dii (X) ,

where the multiplier operator AX is given by

AX () (9) = x(9) Je: € (9) an (x, ©) ¥ (&) dfig; (£)
=x(9) 4a, (¥) (9) -
Now, we have [|Aa, (¢)]|;2 < suplai (x, &)]]|¥]l 2 and we assume the estimation
¢ed

sup |az (x, €)|] < © (x) holds for some positive function of L! (G) Then
ceG

| Aall < /G O (v) dijig (€) < .

Thus, we conclude that the pseudo-differential operator A, is bounded L? (G) —
L?(G).
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Definition 6.1. The twisted product a#b of symbols a, b € Lt (G‘ x G) is defined
by

a#b (&, g) = /G L EMX WG Wb (R g) diigug (hx X)
X
Straightforward calculations yield the following theorem.

Theorem 6.1. Let operators A, and Ap be corresponded to the symbols a, b e
L' (G’ X G) then the product A, Ay corresponds to the symbol F~! (&#5) so that
there exists an operator CF—l(&#E) such that CF—l(a#E) = A A.

7. The Richczek operator

In recent years, new methods based on nonlinear representations have found wide
applications for descriptions of nonstationary systems such as cognitive functions of
the brain and the characterization of interactions between cognizing systems. The
synchronicity of interactions correlates with the estimation of the instantaneous
phase of a certain frequency by time-frequency analysis methods. We consider a
representation of the signal defined by the Richaczek distribution.

Natural spaces on which Richaczek distributions perform are modulation spaces
MP:9 (@) with the norm defined by

1l sy = (/G (/Gle (h, x)|Pm (h, x)* du(h))zdﬂ (x)) %-

Similarly, we define the T-modulation space defining the %- Wigner norm.

Definition 7.1. A T-modulation space W29 (G) is the completion of S¢ (G) space
with respect to the norm

Q=

6l ey = ( / ( X s ) 4 P du<h>)‘"dﬂ (x))

for each fixed window ¢ € S¢ (G).
A Richaczek distribution R (¢, ¢) is given by

R (1, ©) (9, §) =E(9)¥ (9) @ ().

Definition 7.2. A class of admissible functions consists of all nonnegative functions
w defined on G x G, which satisfy the following conditions:

1. each admissible function w is continuous, even in all coordinates;

2. the inequality @ ((g, x) - (h,€)) < @ (g, x) @ (h,§) holds for all (g, x), (h,§) €
G x G, and w (e,e) = 1;

3. admissible functions w satisfy the equality

1

lim = ((g,x)")" =1

n—oo

for all (g,x) € G x G.
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We define an antisymmetry operator ¢ by ¢ (g, x) = ()(1 , g) for all (g,x) € GxG.

Definition 7.3. An admissible weight m is a positive function on G x G that
satisfies the following condition

sup Am((_%X) : (hvf)) <cm (gaX)w(hag)
(9,x)eEGXG

for all (h,&) € G x G.

Theorem 7.1. Let w be an admissible function then the inequality
1R, D)y, < eléllgn gl

holds for all ¢ € MEL9 (G), ¢ € MP2T (G) and all admissible weights m where
1<pi, ¢ <ooandpi+ps=pip2, @1+ = qg2.

Proof. Let i) € MPL% (G) and ¢ € MP*%* (G). By Holder inequality calculate

IR, Dl

= sup w (L_l (&, h))f1
(&, h)eGxG

Jo Jo | Vreo, R (@, ©) (9, X) 5 (& )| duc (9) dfig (X)
= swp @ (h &[4 S 1Ve (@) (gh, Ve (9) (9. X duc (9) diig (x)

(&, h)eGxG
- (gh, x) [ Vs () (gh, x)I
=c sup w(h,gl) lff "
(&, heGxa TNV () (9, xE) m (9, x€) " duc (9) dfig (x)

< cllllyrn Il gy

O

Remark 7.1. Theorem 7.1 is a consequence of more general and symmetric equality

VER(a, B) (% (wa 30)) ((ga X) ) (57 h)) =X (h> VOé ((P) (gv Xg) VIB ("/}) (gh7 X)a
which holds for all o, 3, ¥, ¢ € L2 (G) and all (g,x) € G x G, (h, &) € G x G.
Indeed, let o, 3, 1, ¢ € L? (G). Then equalities

s971) < (sg7) x (sg= D€ (s) s (h)dpg (s) dfig (<)
(9) Jo b ()B (sx™Y) < (g5) diigs () [ 2 (5) € (s) x (8)ax (59~ V) dpucs (s)
=X (h)Va (©) (9, x8) V5 (@) (gh, x)

hold for all (¢,x) € G x G, (h,€) € G x G.

Il
=

Theorem 7.2. For all symbols a € M;o’l (G X é), the pseudo-differential

—IOL—I
operators A, :  MPE1(G) = M2 (QG) are linear bounded integral operators for all
p, g€ (1, 00).
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Proof. Indeed, for all functions ¢y € ME+% (G), p € MP2% (G), we estimate

w

(Aath, o) = | [5 Joa (R &) R (¥, @) (h.€) duc (h) dfig ()]

< CHCL”MLTI . ||¢HM};1"‘1 ”‘P”]v["?_“i2 .
w—1o. -

O
Analogous results are true in T-modulation space W29 (G).

Lemma 7.1. Let functions ¢ € WPL (G) and ¢ € WP>»% (G) where 1 <
D, G, Pi, G; < 00 . Then, the T-Wigner function satisfies the estimation

[Ws (¢, 0)lwraa) < ENYllwria g llellwre g

forallp;, ¢ <q, i=1,2suchthatp; ™" +py ' >pt4+q¢ and ™' + g7 >

Theorem 7.3. Let an integral operator A, corresponds to the symbol a €
W, 2! (G X G’) then A, is a bounded linear operator from WP (G) to WP (G).

Tylog—1

Proof. The idea of the proof is similar to theorem 7.2, so, we have

(A, @) = | [ iz a (1, €) W (,9) (h, €) duc () djigs (€))]

< cllally, =1, 16llwzrn Il wraae
:

where we applied Lemma 7.1.
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