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Asymptotic Expression of Eigenvalues for a Class
of Fractional Boundary Value Problems*
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Abstract Based on the properties of Mittag-Leffler function, the behavior
of eigenvalue and the eigenfunction for a class of fractional differential equa-
tions with integral boundary value condition is discussed, and the asymptotic
expression of the eigenfunction is given.
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1. Introduction

In recent years, fractional differential equations have become a hot topic, as they can
describe problems in optical and thermal systems, rheology and material and me-
chanical systems, signal processing and system identification, control and robotics,
and other applications. Many researchers focus on the existence of solutions for
fractional differential equations boundary value problems ( [1,2], [4,5], [7-10]). For
example, in [5], the author considered the existence of solutions for fractional differ-
ential equations with integral boundary conditions. However, the theoretical study
of fractional differential equations is very difficult because of the nonlocal and sin-
gularity of fractional differential operators.

‘Dgry(t) + f(t,y(t)) =0,t € (0,1),a € (2,3), (1.1)
1
(0) = /(0) =0,5(1) = | y(s)ds (12)
0
where A is a parameter and “Dg, y(t) is the standard Caputo fractional derivative.
Using the Guo-Krasnoselskii fixed point theorem, the author obtained the sufficient

conditions on the existence of positive solutions for problem (1.1)-(1.2). On the
other hand, some researchers pay attention to the eigenvalue problem of fractional
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differential equations, see for example [2—-4], [6], [12]. In [4], the author mainly stud-
ied the eigenvalue problems of fractional order differential equations with Dirichlet
and Neumann equal boundary conditions.

{ “Du(t) + Mu(t) = 0,t € (0,a),1 < 8§ < 2, (1.3)
u(0) = u(a) = 0. (1.4)

According to the properties of Caputo fractional derivative and Riemann-Liouville
fractional integral, using the Laplace transform, the author shows that the eigen-
value of the fractional order differential equations A > 0 is the zero of f(\) =
Es2(—Xa’) and the eigenfunction is u(t,\) = tEsa(—At). However, it is difficult
to obtain the exact zeros of f(A) and their specific distribution, so the further in-
formation of the eigenvalues is not clear, and the specific asymptotic expressions
about eigenvalues and eigenfunctions become an important problem to be solved,
which inspire us to do this work.

Motivated by [4, 5], using the properties of Mittag-Leffler functions ( [10, 11]),
we give the specific asymptotic expressions of eigenvalues and eigenfunctions of the
following problems (1.5)-(1.6).

DS u(t) + Mu(t) = 0,t € (0,1),1 < < 2, (1.5)

u(O)zO,u(l):/O u(s)ds, (1.6)

where “Dj, u(t) is a Caputo fractional derivative. As in [4], for a given A, we call that
the nonzero solution u(t) of problems (1.5)-(1.6) is the eigenfunction corresponding
to A, and A is the eigenvalue.

In order to facilitate the readers, we give the following definitions and lemmas.

Definition 1.1 (Definition 1.1.1, [4]). The Riemann-Liouville fractional integral of
a > 0 of function y : (0,00) — R is defined as

1 ! a—1
= m/0 (t—s)* " y(s)ds.

Definition 1.2 (Definition 1.1.3, [4]). The Caputo fractional derivative of a > 0
of function f : (0,00) — R is defined as

Jgy(t)

L) (g
"D F(0) = D) = iy | s

Definition 1.3 ( [4], [11]). The Mittag-Leffer type function with two parameters

is defined as
k

Eop(2) = kZ_OF(OZZJr)(a’B > 0).
Lemma 1.1 (Lemma 1.1.3, [4]). Semigroup relations of fractional calculus hold
JS J§+<p(t) = Jgfﬁtp(t) in the following circumstances:
(i) B3>0, a+B>0, ¢(t) € L'(0,1);
(ii) B <0, 020, o(t) € Jg (L0, 1));
(iii) @ <0, a+ B <0, p(t) € J3 2 P(L1(0,1)).



Asymptotic Expression of Eigenvalues 1085

Lemma 1.2 (Theorem 2.1.1, [11]). Let (1) p > %, peC, up#1,0,—-1,-2, ..., for
p=1,0r (2) p=1 and Reu > 3. Then all sufficiently large (in modulus) zeros z,
of the function E,(z;n) are simple and the following asymptotic formula hold:

d In2mi l
2P = 2min — T 1nomin + Inc, + A (Tl)z NEMN T NG
p (2min)t/p p’ 2min p 2min

as n — too, where

_ In|n| 1 n?n|\ . 1
an—0<|n|1+1/p>+O<|n|2/p>+0< n2 ,1fp>§

Lemma 1.3 (Theorem 1.2.1, [11]). For any p > 3, pn € C, m € N, the following
asymptotics hold.
If largz| < min(r, %), then

m k
o z
EP(Z; /L) = pzp(lfu)ez - Z B + O(|Z|7m71),
k=1 Tp — E)
as z — 00.
If p>1 and % < largz| < m, then
Ep(zp) = i - +0(l2[77)
pl2ip) ==) —— ;
k=1 Pn— 5)
as z — 00.

By substituting o = %, B8 = w, m = 1 into Definition 1.3 and Lemma 1.3, we
can obtain the following lemma.

Lemma 1.4. Under the conditions of Lemma 1.3, one has

1, o d 1
;z E,(z,pn) = 2""e —cﬂ—?“—FO(?),
_ 1 — 1 — _
where ¢, = PRTE=SE d, = PRTESE and 7, =1+ p(1 — p).
Lemma 1.5. The eigenvalues of problem (1.5)-(1.6) are zeros of Es o(—\)—E5s3(—A)

=0.

Proof. By the Laplace transformation method, the general solution of (1.5) is
u(t) = cltE572(—/\t6) + 02E§71(—)\t5), where E, g(2)(a = > 0, 8 = 1,2) is the
two-parameter Mittag - Leffler function, which together with condition (1.6) can
lead to the result by the standard way. O

2. Main results and proofs

In order to facilitate the proof of our results, we introduce the following notation:

I 8
TT2-0) T TB-0) " T T(3-28)
hi = (1 — 8)2mnln(2mn) — (1 — 6) In(cs — 03)(3 - W)
hy = (1 —6) (In(cz — e3)(In(27n) + 1) — nm®) ,hg = In(cz — ¢3) + 6 — 1.

C2

)
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Theorem 2.1. All sufficiently large(in modulus) eigenvalues A, are simple and the
following asymptotic formula holds:

)\n% :(—1)% (ln(02 —c3)+

1 hlhg — 2(h2 + 1)TL7T .
+ (—1)3 <2n7r + prEmC: i

2h17’L7T + (hz + 1)h3
4n2m? + h3

gna

where lim g, = 0.
n—oo

Proof. By Lemma 1.5, the eigenvalues of (1.5)-(1.6) satisfy the following equation
Es2(—=A) — Es3(—=A) = 0. (2.1)
Set z = —A. Then equation (2.1) becomes
dzFEs2(z) —0zE53(2) = 0.

Further, we have

1 Ty ym dy —d 1
ezd +1n(272—273) =y — 3 + 2 3 +O(27) (22)
Set y = 25 and )
25 +1n(z™ — 27) = w. (2.3)
Note that 7, =1— } and 73 = 1 — 2. Then (2.3) can be reduced to
y+ (@ —2)lny+In(y — 1) = w. (2.4)

Let y = w + r(w). Noting that r(w) = o(w),w — 00, by (2.4), one has
rw)=2-0n(w+rw)) —In(w+rw)—1)

:(1—5)1HUJ+(2—5)111(1+7&”)_1]0(14_7’(”)1)’

w
and by the Taylor formula we have

r(w) = (1-d)whw+1

w+o—1 Ews

where e, = O ((175)7«2(&:‘));%(&;)71)’ and lim ¢, =0. So
w— 00

(1-dwhw+1

= w> 2.
y=w+ PR +e (2.5)
which together with (2.2) leads to
do —d3 1
w _ Y2 — Y3 O(—
e Co C3 + P + (22 )7
and futher,
do — d 1
w = 2min + In(cy — c3 + — . 3 +O(?))

—ds1 1
=2min + In(ca — ¢3) + In (1 + dy — ds 1 + 0(2))
Cy —C3 2 z

=2min + In(ce — ¢3) + ay,
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where «,, = In (1 4 do—dal O(%)), and lim a, = 0.

C2—C3 2 z n— o0
Therefore, we obtain

Inw = In(27win + In(ca — ¢3) + an)

1 —
= In(27in) + ln (1 + In(ez = ca) : ¢s) + an>
2min

7w In(ca —¢3)

where lim (3, = 0. Hence,
n—oo

(1 —d)(2min + In(cy — c3)) (1H(2n7r) + (g - %) Z)
2in+1In(ca —e3) +6 — 1

1
27Tin+1n(02—03)+§—1)+€"
hit+hy +1
1 2 )+ .

+ (- 13*(27rm—|—ln( —c3)+

2min + In(cy — ¢3) +

( 27TZTL + h3
1 hii(2nm — hs)  (he +1)(hs — 2nm)
=) <2nm n(e = ca) + 4n2m? + h3 4n2m? + h3 e
1 2h1n77 + (hg + 1)h3 hlhg — 2(h2 + ].)TL’IT .
=(-1 — 2
(=13 ( n(ez = es) 4n2m2 4+ h3 et 4272 + h3 !
+en,
where lim ¢, = 0.
n—oo
The proof is complete. O

In order to more intuitively observe the properties of the eigenvalue of problem
1

(1.5)-(1.6), the following Figure 1 and Figure 2 are figures of A} and |/\n|% of
6 = 1.05.

Re(A})

10000

1
Figure 1. when § = 1.05, the distribution of A,, §
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1 i
As can be seen from Figure 1, we can clearly see that lim Re); = oo, lim ImAj
n—oo n—oo

1 1
= oo, where Re)A;, and Im)\;, represent the real and imaginary parts of )\n%, respec-
tively.
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Figure 2. when § = 1.05, the distribution of |\, |3

1
As can be seen from Figure 2, lim |A,|° = co.
n—oo

The asymptotic representation and properties of the eigenvalues of problem
(1.5)-(1.6) is already clear, so we also hopes to obtain the asymptotic represen-
tation of the eigenfunctions, as shown in Theorem 2.2.

Theorem 2.2. For any m, M € N, the eigenfunction of problem (1.5)-(1.6) can be
approximately expressed as

1
1 i m
1) Fe(-NTt _\)kyl-ok sS4l 1 4
(hoe 77 )&% S B ngfék) F R (AT L 9) 1 <5<l
k=1
1 27 .
(_1)%6(—A)3t5771n—%gin

Ch(t) = > -

T
7-( X
larg(—Atd)+27mn|< 32§

_)kgl—ok

SEY 541, 1
gg;l“j<(§jjg;5‘* + }zﬂl("”Xt * ) 2)7

[SSIS
IN

0 < 2,

b+2
275 T(b+3)

b2
5.1 2 2 [(b+1) 5+1. 1
where ‘Rm(_/\t 7372)‘ S ‘/\|m+1a(6+1)(m+1)7 RM(_At + 7572)’ S |>\‘]W+1a(5+1)(1\4+1)?

b=6(s+1)—2>0,s=mor M.

Proof. It is easy to know that the eigenfunction of (1.5)-(1.6) is Cj,(t) = tEs 2(—At%).
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Set p,x € C and z # 0. By Theorem 1.4.2 and Theorem 1.5.1 of [11], one has

m —k
(A-mper N~ T : 3
px’ e + Ron(; p, 1), pel
2 D(p—%)
Tinpy Ll H (mp(ezﬂmp))
p xPe?mine e
By () = 2 ( )

|arg x+27rn|§4—"

IN
=

—Z T +RM(wpu) P

where

o4z (3 mimpl) (B |Impl)
| Ry (25 p, p)| < 22 E0+De 3T Ry (5 p, )| < 275 (4 )i b>0.

|x|m+1 Il‘MJrl )
Substltutmg p=3% pu=2 x=—At into (2.5), we can obtain Ess(—At%) =
El( PYAR ;2).
So Theorem 2.2 is proved. O

Remark. We only obtain the asymptotic expressions of eigenvalues with sufficient
large moduli. For eigenvalues with insufficient modulus, their asymptotic represen-
tation will be studied in our next work.
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