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The Global Dynamics for a Stochastic SIR
Epidemic Model with Vaccination

Shan Gao' and Xiaoqi Sun®T

Abstract A new stochastic SITR epidemic model with vaccination is estab-
lished and its dynamical behavior is analyzed. Considering the random effects
of vaccination rates and mortality in this model, it is demonstrated that the
extinction and persistence of the virus is only correlated with the threshold
R§. If R < 1, the disease dies out with probability one. And if Rj > 1, the
disease is stochastic persistent in the means with probability one. In addi-
tion, the existence and uniqueness of a smooth distribution are proven using
the Ités formula, and the sufficiency criterion is obtained using the Lyapunov
function. Finally, the accuracy and efficiency of the stochastic SIR epidemic
model with vaccination in predicting disease transmission trends were verified
through simulation. Unlike the singularity of stochastic perturbations in ex-
isting infectious disease models, the innovation of this paper is in the addition
of multiple stochastic perturbations, especially distinguishing the stochastic
perturbations of mortality under vaccination, which are used to study the
dynamics of the model.

Keywords Vaccination, random disturbance, smooth distribution, Lyapunov
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1. Introduction

It is well known that infectious diseases have been the number one killer threaten-
ing human life and health. In particular, the spread of COVID-19 has caused great
impact on human life and health in recent years. Thus, the prevention and control
of infectious diseases have become urgent problems for all countries. And the anal-
ysis of infectious diseases requires the establishment of corresponding mathematical
models. Therefore, studying how to develop a realistic mathematical model is of
great practical significance. The use of mathematical models for the analysis of
infectious diseases has yielded a wealth of results. For example, Wen considered
that the disease has temporary immunity and proposed the STR model [1]. And
the author ingeniously constructed Lyapunov function to investigate the stabiliza-
tion of the equilibrium point. In [1], it proved the stability problem related to
the equilibrium point and obtained conclusions that when Ry < 1, the disease-free
equilibrium is globally asymptotically stable regardless of time delay. But when
Ry > 1, the endemic equilibrium is existent while the disease-free equilibrium gets
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unstable. Peijiang Liu, Din Anwarud and Zenab [2] are devoted to the study of the
dengue epidemic model. They used a randomly perturbed dengue fever model and
information intervention factors. Qualitative analysis was conducted on the positive
solutions of the model based on stochastic differential equations. By constructing
Lyapunov functions, a basic recurrence number scheme is introduced to ensure the
exponential stability.

With the development of biotechnology, experts found that vaccination can ef-
fectively slow down the diffusion of infectious diseases and thus reduce morbidity
and mortality [3-5]. Therefore, vaccination has become an effective measure to
prevent various infectious diseases. Over time, more experts are considering vac-
cination as a factor when studying infectious diseases [6—8]. In 2014, Chauhan S,
Misra O P and Dhar J introduced vaccination rates in their original STR model [9].
In this paper, the linear stability and global stability of the two models were ad-
dressed, and the existence of disease-free and epidemic equilibrium points of the
two models were compared. It was analyzed that the local and global stability
of the model is determined by the underlying reproduction number. Afterward,
Mauricio de Carvalho Joao P. S [10] introduced logistic growth into the SR model
and combined it with vaccination, studying the bifurcation issues of the model.
Finally, a parameter space (Rp,p) was established to evaluate the proportion of
vaccinated individuals necessary to eliminate the the disease and to conclude how
the vaccination may affect the outcome of the epidemic. In 2023, the paper [11]
further considered the reduction of vaccine costs and proposes several options of
the stochastic STR epidemics model with limited treatment. It demonstrated the
efficiency of different vaccination strategies. Finally, a method was presented to
obtain the optimal vaccination strategy that minimizes the cost functional. After-
wards, Changjin Xu investigated the infectious disease model, using COVID-19 as
an example [12]. The study considered factors such as incubation times, vaccine
effectiveness, and quarantine periods in the spread of the virus in symptomatically
contagious individuals. Additionally, nonlinear analysis was employed to illustrate
some findings concerning the ergodic aspect of the stochastic model.

Indeed, regardless of the infectious disease model utilized for analysis, white
noise originating from real-life environments will inevitably impact the model to
some extent. Din Anwarud developed and analyzed a random hepatitis B model con-
sidering propagation coefficient delay and CTL immune response categories through
research. He investigated whether the model has a unique global solution and fur-
ther analyzed the extinction and persistence of the disease. The research proved
that the ergodic stationary distribution exists under certain conditions. From this,
it can be inferred that white noise plays an important role in controlling infec-
tion [13]. Hence, the study of stochastic epidemic models becomes more relevant.
Consequently, an increasing number of researchers have incorporated random distur-
bances into infectious disease models and analyzed various system properties such
as stability [14-18]. For instance, in [19], Khan T et al. proposed a stochastic model
for novel coronaviruses based on the assumption that only transmission rates fluctu-
ate stochastically, and used Lyapunov functions to find conditions for extinction and
persistence. The paper [28] provided insights into the impact of information cam-
paigns on the spread of stochastic hepatitis. In [21], the authors also considered
the random fluctuations in infection and recovery rates caused by environmental
and weather variations. They proposed a stochastic infectious disease model that
incorporates vaccination and saturation treatment. They then applied the random
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maximum principle and a four-step approach to investigate the stochastic optimal
vaccination problem for the SIR model with saturation treatment. Building on the
conclusion of [19], the paper [22] demonstrated the conditions for extinction and per-
sistence of SARS-CoV-2 viral disease by combining multiple random sources. Later,
the existence of stochastic persistence and smooth distribution of the stochastic epi-
demic model has been investigated [23-25,27,28]. Among them, Yiliang Chen et
al. studied the ST model on the basis of considering isolation factors and random
disturbances, and discussed the extinction and persistence of the model as well as
the sufficient conditions for stationary distribution. Based on the characteristics of
the disease and the underlying assumptions, Din Anwarud [28] also formulated the
associated deterministic model for which the threshold parameter is calculated. The
model was further extended to a stochastic model and it is well-justified that the
model is both mathematically and biologically feasible by showing that the model
solution exists globally, bounded stochastically and is positive. By utilizing the
concepts of stochastic theory and by constructing appropriate Lyapunov functions,
developed the theory for the extinction and persistence of the disease. Further, it
is shown that the model is ergodic and has a unique stationary distribution. The
stochastic bifurcation theory is utilized and a detailed bifurcation analysis of the
model is presented.

Taking into account the factors mentioned earlier, this paper puts forward a
novel approach which incorporates independent Brownian motion to introduce ran-
dom perturbations to natural mortality and vaccination rate. This aims to enhance
the accuracy of predicting the future dynamic behavior of the model.

First, we incorporate the vaccination rate into the general model, and the specific
formulation of the model is outlined below,

S =A—puS—B(1—u)IS—uS+ (R,
I' =801 —uwIS— (u+a+w)l, (1.1)
R =uS+wl — (u+C)R.

where S(t) stands for a susceptible community, I(¢) stands for a infectious commu-
nity, R(t) stands for a recovery community. A represents the input rate of S(t),
while § is the transmission rate between community S(t) and I(¢). The natural
death rate of S(t), I(t) and R(t) is denoted by p, « is the disease-related mortality
rate of I(t), u is the population vaccination rate, w is the recovery rate of I(t),
and ¢ is the rate where individuals return to S(¢) from R(t). All parameters are
non-negative.

At the same time, this paper adds random disturbance to the model and as-
sumes that the mortality rate under vaccination and non vaccination is different,
respectively, denoted by as and 3. Then, we further define p; = g, o = p + as
for the convenience. Finally, we incorporate randomness into model (1.1), by using
w1 — w1+ o1 dWi(t), pa — po + o2dWa(t), ps — ps + o3dWs(t), u — u + o4dWy
instead of the parameters uw and p;(i=1,2,3). On some probability space (Q,F,P),
W;(t)(i=1,2,3,4) are independent standard Brownian motion and the intensity of
W;(t) is o7 > 0(i=1,2,3,4).

Thus, this paper establishes the following stochastic STR epidemic model with
multi-parameters white noises perturbations and the vaccination. The specific model
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is as follows.

dS(t) = [A — 1S — B(1 — u)IS — uS + CRdt + 1 SAW; (t) + o4(BIS — S)dWi (1),
dI(t) = [B(1 — w)IS — psI — wl]dt — o4 BISAWL(E) + o5 IdWs(t),
dR(t) = (uS — paR + wl — CR)dt + o4 SAW4(t) + oo RAW: (t).

(1.2)

The objective of this paper is to investigate the extinction and persistence and
the stationary distribution of model (1.2) applying stochastic theories, formulas, and
constructing suitable Liapunov function. This paper establishes a set of adequate
preconditions to guarantee the extinction and persistence in the mean of the model
with probability one, as well as the existence of a unique stationary distribution for
model (1.2).

Apart from other studies, this study is the incorporation of random perturba-
tions in the mortality rates for both vaccinated and unvaccinated populations, along
with the inclusion of multiple types of white noise disturbances rather than a single
one. This enhances the accuracy of the model for real-life applications. Addition-
ally, the existence of steady-state distributions of the model is investigated, and the
variations of compartments under random perturbations are analyzed using MAT-
LAB for various infectious disease scenarios. We sincerely hope you can review it
again.The content of this paper is roughly distributed as below. In Part 2, some nec-
essary preliminaries and useful lemmas are mainly given. In Part 3, the conditions
on the extinction and persistence in the mean with probability one for model (1.2)
are described and shown. In Part 4, the unique stationary distributional properties
of the model (1.2) are described and demonstrated. In Part 5, we use MATLAB to
simulate the influence of vaccination and random disturbance on the model.

2. Materials and methods

2.1. Preliminaries and lemmas

Lemma 2.1. For specific model (1.1), let Ry = i ABU ) There are two con-

ptowta)(utp)

clusions below.

(1) If Ry < 1, there is only one disease-free equilibriumc defined by

EO _ ( A(u+¢)
up—(utp)(utq)’

cally stable.

(2)If Rp > 1,2u—¢ >0 and 2p — w)(u — w) —ula + u — w) < 0, there is

an endemic equilibrium defined by E* = (S*,I*, R*) in the model (1.1) and it is

globally asymptotically stable.

0, ug_(uj_ﬁ)(u+<)) in model (1.1) and it is globally asymptoti-

oA 1y (utwmta)(pt() —(w
. 1[ uA + o]
p+ ¢ Ro(u + )

Proof. By calculating the Jacobian matrix of the system at the equilibrium E°,
the result indicates that it is locally asymptotically stable if Ry < 1 and is unstable
if Ry > 1. To prove the global stability of E°, we construct the Liapunov function
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V s.t. V =1 and derive that,

/ BA(1 — u)

V=Pl-wsS=—(ptmtall <[— == (p+w+al <0

In the above equation, V = 0 only when I = 0. In this model (1.1), R (t) =
uS+wl—(u+C¢)R, R — 0ast — 0. Thus, R (t) = A—puS—uS+CR can be equated
to R (t) = A — (u+u)S. Therefore, based on the equation above, it is evident that
S — ﬁ. It can also be that when I = 0, all solutions in this model tend to the
disease-free equilibrium E°. According to the LaSalle Invariant Set Theorem in [29],
the disease-free equilibrium E° = (=4-,0,0) is globally asymptotically stable.

. . Ut
Consider the Liapunov function

7’LL(O£+U7W)7(2M*C)(U7W) * * I 2#’7( *\2
V= e I~ I'Inp ]+ 25 2(R-RY)
Mot @) muletumm) = Qem Q) (e
1

+ 5[—(N — N*)— (R - R"]?
Obviously, V is a positive definite function. Next, take the derivative of V', we have

_ ulatu-w) - 2u-Qu-w)

Vo= ” (I —1%)?

Based on the Liapunov theorem [30], the endemic equilibrium can be obtained
globally asymptotically stable, due to the negative qualitative nature of V. O

Lemma 2.2. When an initial value of (S(0),1(0), R(0)) € R3 is arbitrarily given,
model (1.2) has a distinctive global positive solution (S(t),I(t),R(t)). In other
words, when t > 0, the solution (S(t),1(t), R(t)) stays in R% with probability one.

Proof. Firstly, we adopt the nonlinear incidence rate 1.5/ f(I), where f(I) is con-
tinuously differentiable with f(0) =1 and f (I) > 0. So we consider the following
model.

dS(t) = [A — ,u15 — M —uS + CR]dt + JlSdT/Vl(t) + 04(5]S)dW4(t),

f)
dI(t) = [W — psI — wl)dt — o4 BISAW,(L) + o5 IdWs (),

dR(t) = (uS — po R+ wl — (R)dt + 04SdW4(t) + oo RAWs(t).

Since the coefficients of the equation are locally Lipschitz continuous, for any
given initial value (5(0),1(0), R(0)) € R3, there is a unique local solution (S(t), I(t),
R(t)) € R} on t € [0,7.), where 7, is the explosion time. To show that this solu-
tion is global, we must demonstrate that 7. = co. Define the stopping time 7° by
0 =inf{t €0,7.): S(t) <0or I(t) <0or R(t) <0}
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¢ denotes the empty set, and we set inf¢ = co. We have 7° < 71.. So, if we can
show that 7° = oo, then for all ¢ > 0, we have 7. = oo and (S(t), I(t), R(t)) € R3.
Assume that 7° < oo, then there exists a K such that P{7° < K} > 0. Next,
define a C2-function V (S, I, Q) = InSIQ. For all t € [0,7°), according to the It6 s
formula, we get

dV(S,I,R) = [g -y — W + %a% + %ai(ﬁ[ —1)%]dt + o1dW;
+ou(BI — 1)dW, + [W s~ — %(0455)2 + %o—g}dt
— 04BSdWy + o3dW5 + [u% — 2 + wé —-C+ %(04%)2
+ %og]dt + 04%dW4 + o9dWs
- [g - 51;1(;) Y 4 %0% + %ai(ﬁ[ —1)%+ ﬁ(lf(_;;)s
— 3 — @ — %(o4ﬁ5)2+%o§+uR M2+w£ ¢+ 1( ZZ)

+ %ag]dt + o1dWy + 04(BI — 1)dWy — 04B3SdW, + 03d W3
+ U4%dW4 + o2dWs,
where f(I) is used, and we have
V(S,I,R) > [-BI(1 —u) — py — pz — @@ — %Uiﬂ232 — pg — Cldt + o1 dW,

+ 0'4(61 — 1)dW4 — 048SdWy4 4+ o3dW3 + O’4%dW4 + oodWs.

Let M(S,I,R) = —BI(1 —u) — 1 — g — w — %O’ZBQSQ—,U,Q — (, then
dV(S,I, R) > M(S,I,Rdt + o1dW7 + O'4(ﬁ[ — 1)dW4 — 048S5dWy 4+ o3dW3
+O’4%dW4 + oodWs.

So,
V(S,I,R) > V(S(0), T / M(S R(w))du + 01 Wi (£) + 02 Wa(t)

S(u)
+ oWt >+a4/0 (e A1)~ Wi ).
We know that some components of (S(7°), I(7°), R(7°)) equal 0. So
limg_,-0 V(S(1),I(t), R(t)) = —o0. Letting t — 7°, we have

0o > V(S(0), T / M(S(u), I(w), R(w))du + oW1 (£) + o Wa(t)

+agwg<>+a4/0[3§§

which leads to contradictions. So we have 7° = oo, and the translation certification
completes. O

(u)I(u) = 1JdWy(u) > —oo,
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Lemma 2.3. Let (S(t), I(t), R(t)) be the solution of model (1.2) that has an initial
value (S(0),1(0), R(0)) € R3.. Then

75li)m sup(S(t) + I(t) + R(t)) < oo. (2.1)
Furthermore,
. A
Jim sup(S(t) + 1(1) + R(1) < 2. (2.2)
Proof.
dS+I+R)=[A—m(S+ 1+ R)— asR — agl|dt + 01SdW1(t) + o2 RAW>(t)
+ UngWg(t),
(2.3)

where ag = pus — p1 > 0 and ag = pg — 1 > 0.
By integrating the above equation, we obtain

S(t)+1(t) + R(t) = ;i +[S(0) + 1(0) + R(0) — ;i]em —28u /Ot SIe~m(t=3) (s

¢ ¢
- ag/ R(s)e * =) s — ag/ I(s)e i (t=s) s
0 0

t
+a1/ S(s)e M=) gy (s)
0

t t
+ o9 / R(s)e M=) dWy(s) + o3 / I(s)e M=) qmws(s)
0 0

< % +[S(0) + I(0) + R(0) — %]e_“lt + M(1).
(2.4)

¢ ¢
M(t) = 01/ S(s)e M=) dW, (s) + 02/ R(s)e™ M E=9) W, (s)
0 0

t
—|—03/ I(s)e M=) qWy(s).
0
Clearly, M (t) is a continuous local martingale with M (0) = 0. Define
Y(t)=Y(0)+ A(t) - U(t) + M(t),

where

Y (0) = S(0) +1(0) + R(0), A(t) = %(1 — ety

U(t) = (S(0) + I(0) + R(0)(1 — e~"1t).

By (2.4), when ¢ > 0, we have S(t) + I(¢t) + R(t) < Y (1).

Obviously, when ¢ > 0, A(t) and U(t) are continuous adapted increasing pro-
cesses, and A(0) = U(0) = 0. So according to Theorem 1.1.2 in [31], it holds that
tlgglo Y (t) < co. Therefore, the result (2.1) is established. Set

My (1) = /O S(s)dWa(s), M () = /0 e (¢ — 8)S(s)dWi (s),
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My (t) = /0 R(s)dWs(s), My (t) = /0 et — s)R(s)dWa(s),

Mg(t):/o I(s)dW3(s),M§(t):/0 e (t — s)I(s)dWs(s).

Due to the quadratic variations

< My(t), My(t) > = /O $*(t)ds < (sup S* ()t

t
< M7(t), My (t) > = / e 2 (=9 82(1)ds < (sup S%(t))t,

0 t>0

and according to the large number theorem for martingales(See [31]), the following
two equations hold

o1 .1
lim —M;(t) =0, tlggo EMl (t) =0. (2.5)

t—oo t

Similarly, we also have
li 1le—Ol' 1M*t—01' 1Mt—01' 11\4*t—0 2.6
Jim S M(t) =0, lim —M;(¢) =0, lim —My(t) =0, lim —Mz(t) =0.  (2.6)

And because
t s
<M(t) > = % / / e M= §(u)dW, (u)ds
o Jo
t s
+2/ / e MG~ R(u)dWoy (u)ds
t Jo Jo

t s
+@/ / e M= [(4)dWs(u)ds
t Jo Jo

= 70—1 ' u 1 u) — tef.ul(tfu) u 9 u

ult[/o S(u)dW(u) /0 S(u)dWo(u)]
L S LN Py —
+u1t[/o R(u)dWa(u) /0 R(u)dWs(u)]

T8 e d e () — [ e =) [ d W (a
+M1t[/0 I(u)dWs(u) /o I(u)dWs(u)],

from (2.5) and (2.6), we obtain that tllm < M(t) >= 0 holds.
From (2.4), we have
t

1 A
3 _ _ —H1S8
tlgglo t ), (S(0) + 1(0) + R(0) o Je H1%ds

1 1
= lim — ——(1—emhH=0.
Jim ult(S(O) +1(0) + R(0) ,Ult( e M) =0

The above demonstrates the validity of conclusion (2.2). This concludes the proof.
O
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Lemma 2.4. Let (S(t),1(t), R(t)) be the solution of model (1.2) and model (1.2)
meets the following prerequisites:
(1)Model (1.2) is with an initial value (S(0),1(0), R(0)) € R3.
(2)N(t) = S(t)+ I(t) + R(t).
Then
(H2 + QA ps(p2 + G) + pow

< S(t) >= T Gia 10 + o - G £ )+ au < I(t) > +H(t), (2.7)

< N2(t) > = 4 < N(t) > 22 R()N(t) > —asur < I({t)N(t) >

o e (2.8)
+ 20;1 < S2(t) > +2% < I2(t) > +B(%),
where
g9 g3
B(t) = W/ RN @aWa(s) + 2% [ 1) N (i) -
# 2 [ SN + 5 (V) - N0
and
_ /1204 ' 5 o) 4 o2(p2 +¢) — p2os ' 5 5
i) = [ul(uz+4)+uzU]t/o S()dWa(s) + (11 (2 + €) + poult / R()dWa(s)
2 B o1 t2 + ¢
it + O e O G 0 S | St
CENNNTE S S— b RN
t m(uz+c‘)+u2U/o 1(s)dWs(e)
p2 + ¢ _
St ) T T e S+ T+ RO = (S0) + 10) + RO)) .

Proof. By applying the Ités formula [32] and utilizing equation (2.3), we establish
the validity of the following equation

dN?(t) = LN?(t)dt + 2N (t)[o1 SAW1 (t) + oo RAW,(t) + o3 IdWs(t)], (2.11)
where
LN?(t) = 2AN(t) — 2u1 N%(t) — 202 R(t) N (t) — 2a3I(t)N(t) + 0252 (t) + 02 R?(t)
+ o3 1(t).

Next, integrating both sides of equation (2.11) from 0 to ¢, we have

N2(t) — N%(0 —2A/N ds—2u1/N2 ds—2a2/R

—2a3/ I(s)N ds—|—01/52 ds+02/R2

(2.12)
+03/ I*(s )ds+201/ S(s)N(s)dW(s)

+ 20, / R(s)N(s)dWa(s) + 205 /0 ()N (s)dW ().



1100 S. Gao & X. Sun

Then, both sides of equation (2.12) are divided by ¢. So the following equation

holds
A 2

<Nt > = < N(t)> -2 < RON(E) > -2 < [(()N(t) > + 2L < §%(t) >
1 M1 1 2u1

9 9% _p
< R(t) > + < I7(t) > +B(t),

+
24 241

where B(t) is already given in equations (2.9). So from the above analysis, equation

(2.8) can be obtained.
Next, by integrating both sides of the third equation in model (1.2) simultane-

ously, we obtain the following equation
t t t t
R(t) - R(0) = u /O S(ts)ds—ug /O R(s)dst+w /O I(s)ds — ¢ /0 R(s)ds
+a4t /0 S()dWa(s) + o2 t/o R(s)sz(s)t |
—u /O S(s)ds — (iz +©) /0 R(s)ds + /0 I(s)ds + o4 /0 S(s)dWa(s)

+02/0 R(s)dWs(s),
(2.13)

< R(t) > = < S(t) >+
® po + ¢ ®) o +

04 t
g9 t 1
Gt RO~ G0 —RO)
(2.14)

Based on integrating equation (2.3) from 0 to ¢, and dividing both sides of the
equation by ¢, the following equation is obtained

%[S(t) L I() + R(t) — (S(0) + I(0) + R(0))] = A — iy < S(8) > —pg < I(t) >
— o < R(t) >

1 t
tor /O S(s)dWi (s)

1 t
+ JQE/O R(s)dWs(s)
4 03% /O I(s)dWs(s).

Consequently,
_A e T W (s
<S(t)>= P < I(t) > o < R(t) > +M1t ; S(s)dWi(s)
+ 22 [ R(syaw(e) + /0 I(s)dWis(s) (2.15)
1

— —[S@®) + I(t) + R(t) — (S(0) + I(0) + R(0))].
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By substituting (2.14) into (2.15), we obtain

L m+0A (O + e
<5t) >= pa(pz + Q) + pou i (p2 + ) + pou

< I(t) > +H(t),

where H(t) is already given by equation (2.3) in (2.10), equation (2.7) can be
derived. O

Lemma 2.5. (see [25]) Supposing there exist functions Y € C(Ry x Q,R1) and
Z € C(Ry xQ,Ry) that satisfytlim @ Moreover, when t > 0, there are two
— 00

constants vg > 0 and v > 0 such that InY (t) = vot — vfot Y(s)ds + Z(t), then
. . 1 rt v
tlggo inft [y Y(s)ds =22,

v

3. Results

3.1. Persistence and extinction

In order to investigate the dynamics of the proposed system, firstly, we are concerned
about the solution being non-negative. In the following part, we make a proper
Lyapunov function to verify the qualitative analysis of globally positive solutions of
model (1.2). Define

s 248(1 —u)(p1 + u+ 2o} + 1o3)
03B2A% + o (m +u+ 307+ 303) +2(ps + @) (1 + u+ 307 + 303)2

RO_

Theorem 3.1. Assume that 01 =0 and a1, a2z > 0 (the definition of ai1, aze will
be given later) in model (1.2). Let (S(t),I(t), R(t)) be the solution of system (1.2)
with initial value (S(0),1(0),R(0)) € R3. If R§ > 1, then tli}m inf < S(t) >>
o0
O,tlim inf <I(t) >> O,tllm inf < R(t) >> 0.
In other words, model (1.2) must be stochastic.

Proof. By using Itos formula, the following equation holds

dinI(t) = (BS — BSu — p3 —w + %UXBQSQ - %Ug)dt — 04B3SdW,y(t) + o3dWs(1).
(3.1)

By integrating equation (3.1) over the interval from 0 to ¢, and then dividing both
ends of the equation by t, we arrive at the following equation

InI(t) —InI(0)

t =(B—Bu) <S(t) > —(us + @) + %UEBQ < S2(t) > —%0?2)

t (3.2)
—045%/0 S(S)dW4(S) +U3%W3(t).
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Further, by means of equation (2.7), we have

InI(t) —Inl(0) _ (p2+QAB = Bu)  (p2+Qus(B = Bu) + p2(8 — Puw)

t pa(p2 +C) + pou pa(p2 +C) + pou
<I(1) > +(8 — B H(D) — (13 + %) — 3038 < §°(1) >

1 1 [ 1
- 50’% - 0’4ﬁ¥/ S(S)dW4(S) + U3¥W4(t).
0
(3.3)
From (2.8) in Lemma 2.4, when o1 = 0,we obtain
A 2 2
< N2(t) >< = 4 T2 R2(t) > +3 < [2(t) > +B(t). (3.4)

1o 2p 210
Similarly, from Lemma 2.3, for solution (S(t), I(¢), R(t)) of model (1.2), there exists
a constant M > 0 which makes I(¢) < M holds. At the same time, R(t) < M a.s.
for ¢ > 0. Therefore, the following can be deduced from (3.4),
2

9 A
< N2(t) >< < N(t) o (t) >+ 2#13 < I(t) > +B(t). (3.5)

Secondly, equation (2.2) has been proved in Lemma 2.3, thus it is possible to obtain
that for any small € > 0 there exists T' > 0 such that the following inequality holds

< N(t) >< A +e, (3.6)
Ha
forallt>T.
When t > T, by replacing (2.14) and (3.6) into (3.5), it can be found that the
following inequality holds,

A A Mo?2 Mo?2
<N2t)>< () + (2B 422 F o) >

M1 2p1 20 p2+(

Mo3u (37)
2
_ % - 5(t) > +T() + B(t),
S (2 - O) (t) (t)+ B()
where
M0204 / S(s)dWa(s M 0202 / R(s)dWa(s
" 2 (2 + Ot 2#1 (p2 + )t (3.8)
M02 ’

T 3 + Ot [R(t) = R(0)].

From Lemma 2.4, by substituting (2.7) into (3.7), we have

A A Mo2 Mo2w
<N?*(t)>< —(—+4e)+ 3 2 I(t) >
®) Ml(/ﬂ ) 21 2pa(p2 +C) ()
+Ma§u A
2p1 pa(p2 + Q) + pou
M 2
osu  pz(p2 + C) + pow () >

2 (2 +€) g (p2 + ) + pou
Mo3u

+ mH(t) + T(t) + B(t).
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Replacing (3.8) into (3.3), when t > T', due to < S2(t) ><< N?(t) >, the following
inequality can be further obtained
InI(t) —Inl(0) _ (p2+ QAP = Pu) _ (B = Bu)l(pz + Ops + pow]
t — pa(p2 + Qpau p1(p2 + ) + pou

5= WA (i + @)~ 3od +oay [ S
G T
%U‘%BQ J\g:?u pa (pa :2) + pau

I Gt e g ) < 10>

~ JORBAT() + B®)).

Consequently, for all t > T,

<I(t) >

| < I(t) >

1
+ 0'3W3(t)¥ —

(B = Bu)[(p2 + Q)ps + pow|  038% Mo} Mojw
pa(p2 + €) + pou 2 " 2m 2 (p2 +¢)
 0iBPModu ps(pe + Q) + pew
dpa(po 4 C) pa(pe +C) + uzu] <1 >
)

A(B — 1 t 1
= (Zf (:ﬁ g()b) + f;ﬁ 2"3 tosfy / S(s)dWa(s) + o3 —dWa(1)

A A

+(8= B = (1s-+ =) = 5038 = (2 +2)

_EQQMUSU A _122L§u
2046 201 pa(p2 + Q) + pou 2045 2H1(H2+C)H(t)

- SABTE) + B().

(3.9)

According to the large number theorem and Lemmas 2.3 and 2.4 mentioned above,
the following equations hold based on (2.9), (2.10) and (3.8)

: : o1
tlglgo B(t) = O,tgnolo H(t)= O,tliglo ;(lnl(t) —InI(0)) =0,

t

1
lim T(t) =0, lim — [ S(s)dWy(s) = O,tlim Ws(t) =0

t—o00 Tt 500 t 0

Therefore, due to the arbitrariness of ¢ and the fact from (3.9), eventually the
following inequality holds,

: 1 (p2 +¢Q)A(B — Bu) 1 L ,0A A
lim <I(t)>> — — + w s +e€
i < 10) P opa(pe +¢) + pou (3 ) - 277 2 i Ml(ﬂl )
1 4 o Mo3u A ]
— =0,
277 2u pa(pe + Q) + pau

“U\N

(Ry—1) >0,



1104 S. Gao & X. Sun

where

p— [(6 — Bu)[(p2 + Qps + paw] Mo} Mo}w
pa(p2 + C) + pou
292

2p 2 (p2 +C)
o3 Moju  ps(p + Q) + pow

2 22 +C) m(uz+€)+u2u]>0’

)

1
+ 504%»32(

11012
X =—,
21422

an = 2A4pF (p2 + ¢) (B = Bu) — [ (2 + €) + pou][243 (u3 + @) + 0§ B2 A(A + pw))],

1
2

1

503103 + 2015 + @) > 0,

a1y = 03f%A% 4+ (uy +u+ ~of +

a1 = 243 1 (p2 + ¢) + pou] > 0,

1 1 1 1
a2 = (1 +ut 507 + 507)[AB(L - u) — o3 ( +u+ 507 + 507) = 2(us + )]

— 02p% A%,
From the first equation of model (1.2), the following equation holds,

S(t)—S(O):1/t(A—mS—BIS—BuIS—uerCR)dt
t tJo

+7 0t</ﬂ<s>5<s> — 5(s))dWi(s) (3.10)
> A — (BM + 1 + BuM) < S(t) > +%M4(s),
where
t t t

My(t) = /O (BIS — S)dWy(s) = /0 BISAW,(s) — /0 SdWy(s) = My (t) + M (t).
The following quadratic variations are made

< Mj(t), M}(t) > = /Ot B252%(s)I%(s)ds < B2M*t,

< ME(t), Mi(t) > = /Ot S%(s)ds < L°t.
And by the large number theorem for martingales, it is found that

lim Mj(t) =0, Jim Mi(t) = 0.
—00

t—o0
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Then, tlim 1 My(t) = 0.
— 00
Consequently, it follows further from Lemma 2.3 and equation (3.10) that

> A >
BM + p1 + BuM

tgrgoznf < S(t) > 0.

From the third equation of model (1.2), the following equations hold,

t
w — < S(t) > —(uz +C) < R(t) >+ < I(t) > +%/ S(s)ds
0
+ 22 tR(s)ds,
t Jo
tlg?omf < R(t)>= Mzigtlirgoinf < S(t) > +M21?_Ctlirgoinf <I(t)>
Au X
2 Ga T OBM + i+ gudd) T P~ >0

This demonstrates that model (1.2) must be persistent. The proof is complete. [

Theorem 3.2. Assume o4 =0 in model (1.2). Let (S(t),I(t), R(t)) be the solution
of system (1.2). The following two conditions are met

(1) The initial value of system (1.2) is (S(0),1(0), R(0)) € R%,

(2)R§ > 1.

Then the model exhibits the following properties,

lim < I(t) >
t—o00

_ 24(B — Bu)(p2 +¢) — 2(us + @)y — 2upa(8 — Bu)S* — oFp (k2 + ¢)

22w (B — Bu)
=1,
u w
lim < R(t) >= S* — I* .= R*,
t—r00 ®) o + ¢ p2 + ¢
lim < S(t) >= — A2 tQ  plzt Q) pew g
t—00 pi(pe +C) 4+ pou pa(pe +¢) + pou

Proof. According to Itos formula, the following equation holds
Oy —1(8— 1S — (s + ) — So3ldt + o3d W)

H1
5_ﬂu(A—ulS—u3I—u2R)dt+ g bu
H1 251

B_ﬁu ﬁ_ﬁuUlldwl(t)

O'QRde(t) +
H1 H1
1 B — Bu
A— +w) — =ol|dt —
m (M3 ) 9 3] 11

d(inl +

+

Gg[de (t)

+

2 Rdt + Ugde, (t)

BB sawy 1)+ L =P oy aws (1) + B =P a1,

31 H1 21

(3.11)
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Integrate both ends of the above equation (3.11) and divide by ¢, which has

8= Bu i 1 §-pu
LEN ) - 1 1n1(0) + LN ()

%(ln[(t) +

_B—pu
m A= (s 2
B —=Pu

ps < I(t) > +os— WB()
/
“ ),

0
0
2

B ! B — pu '
+ S(s)dW1(s) + it 02/0 R(s)dWa(s)
+ b- I(s)dWs5(s)

M1
— Bu
o
pt
pu
prt

Meanwhile, deriving from (2.14), the subsequent equation is obtained

08— Bu 1, B—-pu u
A—(uz+w)— o8 —
1 (b3 ) 273 M1 Ha p2 + ¢

P B i) > - P < 1) > 410,

M1 p2 + ¢

%ln[(t) = < S(t) >

where

5_6UN(0) B

M1 1251
B — pu 02 K 8 — Bu 1
T Pl ot /0 R(s)dWa(s) + PR reaT: (R(t) — R(0))

ﬂual/OtS(s)dwl(s) p- 5“02/ R(s)dWa(s)

5 Bu B —Bu 4
fut o (uz+<)t/o S(e)dWa(s)-

And according to the large number theorem for martingales and Lemma 2.3 men-
tioned above, it is clear that tlim J(t) = 0. Thus, from Lemma 2.5, it can be
—00

deduced that

T(t) = %(lnI(O) +

+ 0'31W3(t) + B

g3 ‘/Ot I(s)de(s) —

tlggo < I(t) >
_ 248 = Bu)(p2 +¢) — 2(ps + @) (p2 + §) — 2upa(B — Bu)S* — od i (42 +¢)
2upw (B — Bu)

=TI
Among them, the definition of S* will be given later.
Furthermore, from equation (2.14) it follows that

u w

lim < R(t) >= S* — I := R,
g, < ) p2 + ¢ p2 + ¢
and from (2.7) we further obtain

oo pa(pe + C) + pau pa(pe + C) + pou
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O
Particularly, when o; = 0(: = 1,2,3,4), then the stochastic model (1.2) is
degenerated into the specific model (1.1). At the same time, we have

AB(1 — )
(h+w+a)lutp)

From Theorem 3, when Ry > 1 for any solution (S(¢),I(t), R(t)) of model (1.1)
with initial value (S(0),1(0), R(0)) € R3, it follows

. A .

_ 1y utrmta)(pt -
. B uA .
tliglo < R(t) >= (7@_’_#)]%0 +wl )7M+C.

Hence, Theorem 3.2 on the stochastic model (1.2) can be considered as an extension
of the conclusion (2) of Lemma 2.1 on the specific model (1.1).

Theorem 3.3. Let (S(t),I(t), R(t)) be the solution of model (1.2), where (S5(0), I(0),
R(0)) € R3 is the initial value of the model. Assume either of the two criteria below
holds
(A) bi1baz > 0, Ry < 1 (the definition of bi1bay will be given later);

(8 — Bu)? L o
Then the infectious people I(t) almost certainly dies out exponentially. In other
w < x(R§ — 1) (x will be given

later). And tlirgo supw < (g;ﬁ’fggf — (u3 + @) — 303 <0 a.s. if (B) holds.

words, if condition (A) is satisfied, then tlim sup
—00

Proof. If condition (A) is satisfied, and based on equations (2.6) and (3.6), the
following inequalities hold,

nl(t) _ (ne+ QAL = Bu) (8= Pu)lus(ps + ) + pow]

t B MI(U2+C)+M2U - HI(M2+C)+u2u <I(t)>
1 50 (2 +¢)A
(8~ Bu)HE) = (s + ) - 2046 [ul(u2+<)+u2u

A <0 P

L L InI (0
_§a§+o4ﬁ¥/ S(s)dW4(s)+(;3W3(t)E+ nt( )
0

< Alpa + (8 = pu)
= pa(pz +€) + pou

t
+045%/0 S(s)dWy(s) +O’3%W3(S).

—_

+ (8= BBH() ~ (s + ) — 50%
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According to the large number theorem for martingales and Theorem 3.1, the fol-
lowing inequality holds,

nI(t) _ Al + (8 — fu)
t 7 pma(pe + Q)+ pou
Thus, it follows that,

1
— (ps + @) — 50%.

lim sup
t—o0

Inl(t)
< -
tlggo sup—-— < x(R5—1) <0,
where
_ bubiy
bo1bas’

bir = A(pz + ) (B — Bu) — (u3 + @ + 03) [ + (2 + ¢) + poul,
bio = 03 8°A% + (un +u+
bor = 2[p1 (p2 + ) + poul,

1
~07)%03 + 2(us + @)],

1
70%4_2

2

1 1 1 1
by = (pn +ut 501 + SoD[AB(L — u) = o5 (p + u+ 507 + 507) = 2z + @)
— 023242

If condition (B) is valid, the following inequalities hold from (3.2),

Inl(t) < InI(0)
t t

t
+a46% /O S(s)dWa(s) —&—04%W3(t)

(B Bu) < S(0) > —(ps + @) — 2036 < $(1) > 503

lnI() (8 — Bu)? Lo 150 B—Bu,,

+ 20232 — (us + @) — 503 - 5045 (<S(t) > - 022 )
+04ﬂ / dW4 +CT4 Wg( )
InI(0) ,B Bu)? 1

S £ Zﬁg (HB + w) - 503
I 1
+O‘4¥ﬁ S(s)dWy(s) —‘y—O’g;Wg(S).
0
From the above equation, it is clear that the following holds
: nl(t) _ (8- pu)? L
tlg(r)lo sup ; < 2075 — (p3 + @) — 503 < 0.
O

4. Stationary distribution

The following section studies the existence of the unique stationary distribution of
model(1.2).
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First, let X (t) be an autonomous Markov process in R?, which can be expressed
as the solution of the below stochastic differential equation [33]:

k
dX(t) = b(X)dt + Y gr(X)dB,(t). (4.1)
r=1

The diffusion matrix of equation (4.1) is

k
M) = (Mg (2), Mg (2)) = Y gi(2)gh ().

Lemma 4.1. (see [22]) This is defined by the existence of a bounded domain U € R?
with a regular boundary that meets the requirements of (i) and (ii) below.

(i) In the domain U € R® and its vicinity, the minimum eigenvalue of the diffusion
matriz A(x) is bounded far from zero.

(ii)If x € R*\ U, the mean time T at which a path issuing from x reaches the set

U is finite, and supE,T < oo for every compact subset K € RY.
reEK
Then, the Markov process X (t) of equation(4.1) has a stationary distribution

u(+) with density in RY. Assume that f(-) is an integrable function about measure
w. Then for any x € RY, we have

T—oo T

T
P, lim l/ Fx@dt= | f@)ulde) = 1.
0 R4

When there is no stochastic perturbation in the model (1.2), that means o; =
0,(i=1,2,3,4), then model (1.2) becomes the specific model,

S = A—BIS+ BulS — (u1 +u)S + CR.
I =BIS — (u3 +w)I. (4.2)
R =uS+wl — (p2 4+ O)R.

Let Ry = 5Au+(uffl)(#3+w). What can be proved is that model (4.2) has a unique
endemic equilibrium (S*, I*, R*) when Ro > 1, where
«_ M3+ @
St = )
B — fu

s A(pz +¢) — (p2 + Q) (1 +u)S* +ulS*
Bpz +)S* —u(pe +¢)BS* — (w7

A+ (BS* —uBS*)I* + (p1 4 u)S*

- : ,

R*

Define the constants
M= (=1 —a1)oj — (ag + asl*)of + ag(p1 +u — 07) + pua,
Ao = (=1 —az)o2 + (a3 + 1) 3 + azw,
A3 = (=1 = a1)of + a1 (p2 + ¢) + pa,

2
E= %z* +d1(S*)? + do(I7)? + ds(R*)?,

dy = 2(0? +03) 4+ 031", dy = 203, d3 = 203,
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where
aq = M1 — H3
_ (2 + ps)(u — @) — w(p — p3)l(ps + @+ +u) + ((u — @) (1 + p3)
? BC(u—w)(1 —u) ’
05 = (2 + ps)(u — @) — w(p — p3)

(u—@)¢
Now, we concern the existence and uniqueness of the stationary distribution for
model (1.2).

Theorem 4.1. Let Ry = ﬁAu+(uf£)(M3+w) > 1, which satisfies the following two
iequalities
A > 07 E < m'm{)\ls*, )\QI*, /\3R*} (43)

Then model (1.2) has a unique stationary distribution and ergodic property.

Proof. First, the definition of the Lyapunov function is as follows [2§],
V(S,I,R) = a1 Vi(R) + a2Va(I) + asV5(S, I) + V4(S, I, R),
where

1 ) I

= _(R— R* =] — I*In—

Vi 2(R R*)*,Vy lnI
1

V3:§(S+I—S* )2, (S+I+R S* —I* — R*)?.

LV; = (R — R")[uS — @l — (uz + )R] + 0452 agRZ
< u(S—S*)(R—R*)—W(R—R*)(I—I*) —( 2+ (—03)(R—R")?
+02(8*)? + 02 (R*)? + 02(S — S*)?,
LVo = (1= T)[BIS( —w) — (s + =)) + 5y

< B(1—u)(I - I")(S — §%) + %032, +I703(S — S*)% + I*oi(S*)Q,

(0382 1°S* + a3 1°)

LVs=(S+1—8—TI)A— (1 +u)S — (M3+w)I+CR]+ o282

—(m +u—0f —03)(S = 8) — (s + @ — a3)(I — I")°

— (s + @+ pm+u)(S=5)I —I") + (S = S")(R - RY)

+C(I = TI")(R— R") + (0F + 0§)(S")* + 03(1")?,
LVi=(S+I1+R—-5"—TI"— R*)(A— puaR — pusl — 1 9) + 0152

+ 0312 USRQ

—(ul—0%)(5—5*)2—(uz—ai)(R—R*) — (s —03)(I = I")?

= (1 + ps)(I = I7)(S = %) = (1 + p2) (S = S™)(R — R")

— (u2 + pa)(I = I")(R = R*) + 0{(5*)* + 03 (R")? + 03(I")?,
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LV(S,I,R) = aLVi(R) + asLVa(I) + a3 LV3(S, I) + LVi(S, I, R)
< —)\1(5 — S*)2 — )\2(] — I*)2 — )\3(R — R*)2 + FE.

If (4.3) holds, then the episode A;(S — S*)2 4+ Xo(I — I*)? + A3(R — R*)? = F lies
in the positive zone of Ri. Hence, there exists a constant C' > 0 and a compact
set K C R3 such that for any z = (S,I,R) € R3 /K, there are the following
inequalities

M(S =S+ (I -T2 +XMR-R)>FE+C.
Therefore, the following equation ultimately holds
LV (z) < -C.

This demonstrates the fulfillment of condition (i) in Lemma 4.1. The diffusion
matrix related to model (1.2) is

028% + 02(BIS — S)* —a3BIS(BIS — S) 0
A(z) = (bij(w))sxs = | —o3BIS(BIS —S) 03B%I%S? +0317  o3BIS% |,
o3S(BIS - 9) 0 035% + 03 R?

(4.4)
where x = (S, I, R).
Choose Q = mins,1 gycv{01S? 05R?, 031%}, so Q > 0. From (4.4), for any
z=(S,I,R) € U and (n1,m2,n3) € R, it is obtained that
3
> bij(@)nin; = [0S + 03 (BIS — S)?|mm — [03BIS(BIS — S)|mne
ij=1
— [03BIS(BIS — S)nom + (0387 12S? + 317 )n2n2
+03S(BIS — 5 — S)mns + (035 + 03 R*)nans
= 0150} + o3 1% + o3 R?nj

+ [%:74(6[5' —8) + 04Sm3)* + [?04(515 - S)m — 73

o4 B1Sn)?
> minotS?, o3 R?, o3 1% (i +n5 +n3) = QInl*,

where [n| = (n +n3 +13)%.
Thus, model (1.2) has a unique stationary distribution and the ergodic property.
This is completed by proving that.
O
In the following, consider a special situation of model (1.2). In this case, the
model (1.2) will take the below form

dS(t) =[A— 1S — B(1 —uw)IS — uS + (R]dt + o1 SdW(t),
dI(t) =[B(1 —w)IS — psl — wl|dt + o5 I1dW5(t), (4.5)
dR(t) = (uS — pe R+ wl — (R)dt + oo RAW,(t).
A novel result on the existence of unique stationary distribution of model(4.5) is
given below. By definition we have
_ BA
Ry = T3 T o
(/Ll +tu+ 20—1)(:“3 tw+ 203)
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Theorem 4.2. Let Ry > 1. Then model (4.5) has a unique stationary distribution
and the ergodic property.

Proof. First let Z(9,1, R) be a C?-function which takes the specific form
Z(S,I,R) = MVi + Vi — InS — InR,

where Vi = —D1inS — —Dqlnl, Vo = S%FI(S + I+ R)%+1,
0 is a constant satisfying

2

0<0< —5—>F—
J%-I—O’%—‘ro%’

the definition of the constant M > 0 will be given later, and

24 24
1= 27D2: 2"
2u1 + 2u + o7 2u3 + 2w + o3

Then, define a nonnegative C?-function V' that can be expressed in the following
manner,

V(SvlvR) = Z(S)IaR) - Z(SOaIO7RO)'

According to the Ités formula, for any solution (S(t), I(t), R(t)) of model (1.2), the
following equations hold,

A R 1
L(InS) = —f+u1+ﬁl—ﬂ,5'u+u—(§+faf,

S 2
s I 1,
L(Z’I'LR) = —UE +/142 — WE + C+ 50’2,
D1 A R 1
LVy = — ; + Dy + DI = D1flu+ Dyu — Di(g + 5Dlaf — Dy(BS — BSu)

+ Do(us + @) + %UgDz
< —2[(AD1D2f)% — Al + D1 BT — Dy SIu — Dlgg
= —2A[(R)? — 1]+ D1B8I — Dy BIu — Dlgg,
LV =(S+1+R)°[A—(S+I1+R)— xR — asl]
+ g(S + 1+ R)?1(025% 4 02R? + 021?)
<AS+T+4R)? — [ — Q(af Va2V ad)(S+1+ R)2H

2
S _M*(Sa-‘rl +18+1 +R8+1) +D,

where
L 1 0
1 :§[M1—§(U%VU§VU§)]>O
and
D= sup {AS+IT+R?—p*(S+T1+ R} < .

(S,I,R)€RS.
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Thus, the differential operator L that applying to the V yields

LV < —2AM + Dy MBI — Dy MBIu — DlMcg — (SO 4 19 L ROTY 4 D
1
2
1
2

, S I 1,
UI_UR+M2—WE+C+§0'2
1

20_5 _ u*(Sa—‘rl +13+1 + R8+1)

A
—§+u1+61—ﬂ8u+u—§§+

< —2AMp + D+ py + po + C+u+

FDMB+B) -~ G -

2
0‘1+

where 1) = (RO)% — 1. In the following, it is necessary to find that a compact subset
I' s.t. the condition (i) in Lemma 4.1 is valid. The bounded closed set is defined
as follows,

1 1 1
F={(S,],R):e1<S<—,e9<I<—,eg<R< —},
€1 ) €3

where ¢;(i = 1,2, 3) are sufficiently small positive constants, which will be defined
later. To make it easier to calculate, the regions of R% \ I' are divided into six
regions.

1
Iy ={(S,I,R) € R},S > Ei}, Iy ={(S,I,R) € R} ,I > Z}’
1 2

1
I's={(S,I,R) € R},S > Z}’ Iy ={(S,I,R) € R},0< S <&},
3
s ={(S,I,R) € R},0< I <&, 8 >e1},
Ig={(S,I,R) € R3,0<Q<e3,8>e1,]>es}.
Ultimately, it can be proved that LV (S,I,R) < —

to verifying it in the above six regions.
Casel. If (S,I,R) € I'1, we can obtain

1 on R \ T, which is equivalent

1 1 1
LV < ——p* SOt 4 By < ——p* (=) +
2 2 €
where

1 1 1
Fy = sup{D + py + po + C +u+ =02 + =02 — —p* (S9! 4 19+ 4 RO+

2 2 2
+ (D1 MpB + B)I}.
We choose a constant €7 > 0 small enough such that

1 1 0+1 1
B el o< -
2# (51) + 11 s 9’

then it can be derived that LV < —3 for all (5,1, R) € T';.
Case2. If (5,1, R) € T'y, then the following equation holds

1 1 1
LV S 77u*18+1 +F1 S 7*[1*(*)84»1 +F1
2 2" &g



1114 S. Gao & X. Sun

We choose a constant €1 > 0 small enough such that
L TERCIS] 1
(= F < —=
()T RSy

then it follows that LV < —1 for all (5,1, R) € I's.
Case3. If (5,1, R) € I's, we can obtain

1 1 1
LV < —gu*RW + R < —iu*(—)*}“ + F.
€3

We choose a constant €7 > 0 small enough such that

1, 1. g0 1
i F<_-Z
()T s g

then it follows that LV < —3 for all (S,1,R) € I's.
Cased. If (S,I,R) € Ty, we can obtain

LVS—é+F1§—é+F1a
S €1

We choose a constant €; > 0 sufficiently small to make —g + F; < —%, then then
there is LV < —1 for all (S,1,R) € I'y.
Case5. If (5,1, R) € I's, we can obtain

LV < —2AMv + (DyMB)I + Fs < —2AM + (D1 MB)es + F,

where
1 1
Fs = sup{D + i1 + pa + C+u+ Sof + Jo5 —p (877 + RO}
We choose a constant e; > 0 small enough and M > 0 large enough such that

1
—2AM + (D1 MB)es + F5 < ok

then it follows that LV < —3 for all (S,1,R) € I'.
Case6. If (S,I, R) € T's, we can obtain

1
V< -w—+F <-o2+h.
R £3
We choose a constant €5 > 0,e3 > 0 small enough such that
1
— w2 4 F <—=(S,I,R) € T.
3 2

It follows that condition (i) needs to be proved in Lemma 4.1. Obviously, the dif-
fusion matrix related to model (1.2) is
028?20 0
A(z) = (bij(z))sxz=| 0 o2I> 0 |,
0 0 o3R?
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where z = (5,1, R).
Choosing Q = mins 1, ryev{075?, 03 R? 031%}, we have Q > 0. For any = =
(S,1,R) € U and (11, m2,m3) € RY, we have

3
> bij(@)min; = (01507 + 03105 + 03 R*nj]
ij=1
> minoiS?, 0317, 03 R*(n; +n3 +n3)
= M|n|?,

where [n| = (77 + 13 +n3)*.

According to Remark 4.1, it is straightforward to demonstrate that condition
(i), as stated in Theorem 4.1, holds true. Hence, the final result is that the model
(1.2) has a unique stationary distribution and is ergodic. The proof is complete.

O

5. Numerical Simulation

Now, assign certain values to the parameters of A = 04,5 = 0.1,w = 0.3, =
0.2,1 = 0.1, 42 = 0.3;andps = 0.2 in the model (1.2), and give a certain initial
proportional value of S = 0.5, = 0.4,andR = 0.2. While keeping the above
parameters unchanged, change the value of u to observe how the proportion of the
three groups of people in the population changes during the fifty day period.

SIR model
15 T T ] L !

s
(=]
2 1f 1
5
3
o
g —&— infected people:|f)
‘S susceptible people:S()
g’ recovered people:R(f)
]
3
05 b
o

a‘a Number of contacts D:0.3 Initial number of 1(t):0.4 Initial number of 5(t):0.5

%,
R,
,&.&?\
R S
SPO0600-6-6-000 60 06060-6-0-00000600-6-0066-60000
o L I L L . . L I L
1] 5 10 15 20 25 30 35 40 L5 50
Time t

Figure 1. When u is 0.3, the variation in the proportion of population accounted for by SIR groups in
the population.
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Figure 2. When

Percentage of population%
N
T

Percentage of population%

SIR model

©— infected people:If) £l
———— susceptible people:Sf)
recovered people:R(f)

1 4l 1
~~ Nnumber of contacts D:0.3 Initial number of I(t):0.4 Initial number of S(t):0.5

Mo

0 S e e La e i R e i
] 5 10 15 20 25 30 a5 a0 50
Time t

w is 0.6, the variation in the proportion of population accounted for by SIR groups.

5 SIR model
—&—infected people:l(f)

) Ml i susceptible people S(f) 1
recavered people R(f)

6 - -

5 - -

4 1

3 - N

2r i 1
- Number of contacts D:0.3 Initial number of 1(t):0.4

LI Initial number of $(1):0.5

0%@(& = - = sood

0 10 20 50

Time t

Figure 3. When u is 0.8, the variation in the proportion of population accounted for by SIR groups.

It can be seen from the Figures 1, 2 and 3, that with the increase of the vacci-
nation rate, the number of infections will reduce the time to zero, which indicates
that vaccination plays a great role in controlling the spread of infectious diseases.
Next, it considers the population proportion of three groups of people under random

disturbance.
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4.5 T T T

- infected people-l(f)
4 < susceplible people:S) |
recovered people R(f)

Percentage of population%

Time t

Figure 4. When u=0.3, the change of the proportion of SIR groups in the population under random
disturbance.

45

T
- infected people-l(f)
4 < susceplible people:S(f) 1
recovered people R(f)
35 i

Percentage of population%

Time t

Figure 5. When u=0.6, the change of the proportion of SIR groups in the population under random
disturbance.
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6 T T T

- infected peaple-l{f)

-~ susceptible people:S(i)
5 recovered people R(f) 7
4 - -
3 - -

Percentage of population%

Time t

Figure 6. When u=0.8, the change of the proportion of SIR groups in the population under random
disturbance.

It can be seen from Figure 6 that when the vaccination rate is large enough, the
number of infected people tends to zero soon after a short period of oscillation.

Through the numerical simulation in this article, it can be found that as the
vaccination rate gradually increases, the time for the number of infected individuals
to approach zero will be shortened, and even under random interference, it will
quickly approach zero after a short period of oscillation.

6. Conclusion

This article mainly studies a stochastic STR infectious disease model with vacci-
nation, and the random effects are assumed to be fluctuations in mortality and
vaccination rates. Research has shown that if Rf < 1, the disease will die out, and
if R > 1, the disease is permanent, and a conclusion on the global stability of the
model’s equilibrium point is given. Importantly, this article obtains the conditions
for the existence of a unique stationary distribution in the model by constructing a
Lyapunov function.
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