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Abstract This paper delves into an examination of the existence, uniqueness
and controllability results concerning impulsive functional fuzzy nonlinear neu-
tral integro-differential equations with non-local conditions. Additionally, we
explore the fuzzy solution within the context of normal, convex, upper semi-
continuous and compactly supported interval fuzzy numbers. Our findings are
derived through the application of the Banach fixed point theorem. Also, we
illustrate the result with an example.
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1. Introduction

Many topics in studies relating to elasticity and viscosity have been modeled in
several domains of physics and engineering due to their widespread applications.
These problems are expressed using integral equations, differential equations, and
integro-differential equations. In particular, neutral differential equations appear
in many fields of applied mathematics, which is why they have received so much
attention in recent decades [8,13-16,19,20].

The significance of fuzzy differential equations within fuzzy analysis is supported
by an extensive body of literature in the field, as referenced in [10,11]. Over recent
years, impulsive differential equations have emerged as a focal point of research.
Additionally, incorporating a delay in the fuzzy model enables the exploration of
more comprehensive situations, as discussed in [7,17]. Fuzzy theory is a model used
for uncertainty. Fuzzy integro-differential equations play the most important role in
the analysis of phenomena with memory where imprecision is inherent. Chalishajar
et al. [4] studied the existence of fuzzy solutions for nonlocal impulsive neutral
functional differential equations. Najat et al. [12] studied the existence of impulsive
fuzzy nonlinear integro-differential equations with the nonlocal condition by using
the Leray-Schauder alternative fixed point theorem.

Controllability plays an important role in examining and suggesting control sys-
tems. It means the presence of a control function that directs the system’s solution

fthe corresponding author.
Email address: najathu2016@gmail.com(Najat H. M. Qumami), rupalis-
jain@gmail.com (R. S. Jain), bsreddy@srtmun.ac.in (B. Surendranath Reddy)
1School of Mathematical Sciences, Swami Ramanand Teerth Marathwada Uni-
versity, Nanded-431606, India
2Department of Mathematics, Hodeidah University, P.O. 3114, Al-Hodeidah,
Yemen.


http://dx.doi.org/10.12150/jnma.2024.1122

On Controllability of Solution for Nonlinear Neutral Fuzzy Integro-Differential Equations 1123

from its initial condition to the intended end state. Recently, there have been a
few researchers who are interested in studying the controllability of fuzzy integro-
differential systems. Chalishaja et al. [3] developed controllability for impulsive
fuzzy neutral functional integro-differential equations using the Banach fixed point
theorem. Kumar et al. [1] established the existence and total controllability result
of a fuzzy delay differential equation with non-instantaneous impulses. Radhakris-
han et al. [2] studied the controllability results for nonlinear impulsive fuzzy neutral
integro-differential evolution systems.

In [3] and [5], the authors studied controllability for impulsive fuzzy neutral
functional integro-differential equations of the type:

2elo0) = 30,9 = Ap() + 2000 [ T, + 500, € 0. = £

Ap(lin) :Inp(ﬁ;)7 K 7é Rnp, 1= 1323 N 'ak7

p(0) =1 € X%,
and
d
= [p() = 305, )] = Ap() + (s, pu) + (), € [0.K) = £,
Ap(’%n) = Inp(“;)7 K 7& Kn, TV = 1727 . ',ka

¢(/€) = p(ﬁ) + h(pdlap@v' .- vpdq)(ﬁ)v K€ [—t,O],

respectively by using Banach fixed point theorem.

Motivated by the above mentioned work, here we consider the controllability of
fuzzy solutions for impulsive functional nonlinear neutral integro-differential equa-
tions with nonlocal conditions of the following type:

Telo0) = 35,9 = Ap() + 2000 [ T, ) + 500, 1 € 0] = £

Ap(kn) =Tnp(k, )y & # Eny, n=1,2,...,k, (1.1)
7#(”) = P(H) + h(p0'17p0'2’ s ’paq)(ﬁ)’ K€ [_t’ 0]7

where A : £ — X% is the fuzzy coefficient, X? is the set of all convex, upper
semicontinuous, and normal fuzzy numbers with bounded a-levels, 20 : £ x X% x
X X4 T Lx LxXY = X% and b : (C[—r,0],X%)? — X are regular fuzzy
nonlinear functions, 3 : £ x C([—t,0],X%) — X% are continuous nonlinear functions,
¢ : £ — X9 is an admissible control function, 9 : [~t,0] — X¢, and Z,, € C(X4,X9)
are bounded functions. Ap(k,) = p(k}F) — p(k, ), represents the left and right
limits of p(k) at kK = Ky, respectively, n = 1,2,..., k. p(s}) = hlir(r)l+ p(kn +b) and
—

p(k,,) = lim p(k,—bh). Moreover, p,(.) represents the history where p, = p(k+w);
h—0—

w € [—t,0].

In this study, we generalize the results mentioned in [3] and [5], while also
employing the Banach fixed point theorem to derive the existence, uniqueness, and
controllability results for nonlinear impulsive fuzzy neutral integro-differential equa-
tions with nonlocal conditions.

This paper is organized as follows. We present preliminaries in section 2. We
prove the existence, uniqueness and controllability of nonlinear fuzzy solution for
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neutral impulsive functional integro-differential equations with nonlocal condition
in sections 3 and 4. The theorem is demonstrated using an example in section 5.
Finally we conclude the study in section 6.

2. Preliminaries

Definition 2.1. [5]. Let Y be a nonempty set. A fuzzy set AinY is characterized
by its membership function x4 : Y — [0,1] and p 4(v) is interpreted as the degree
of membership of element v in fuzzy set A for each v € Y. Tt is clear that a fuzzy
set is defined by A = {(v,u;(v)) : v €Y, u;(v) €[0,1]}.

Let K,(R?) be the family consisting of all nonempty, convex, and compact
subsets of R, Denote by X¢ = {9 : R — [0, 1] such that ¥ satisfies (1) — (4) as
follows

(1) ¥ is normal, that is, there exists a g € |? such that 9¥(tg) = 1.

(2) ¥ is fuzzy convex, that is, for 10,3 € R% and 0 < A < 1, J(Aw + (1 — N\)3) >
min{d(w), J(3)}-

(3) 9 is upper semicontinuous.

(4) [9]° = {r € Re: Y(r0) > 0}, is compact.

For 0 < o <1, [U]* = {p € R" : J(p) > a}. Then from (1)—(4), it follows
that the a- level sets [9]* € K,.(R%). If h : R? x R4 — R? is a function, then
by using Zadeh’s extension principle, we can extend h to X x X? — X9 by the
equation [h(¢, 0)(w)] = sup min{¥(p),o(v)}. It is well known that [h(F,0)]* =

w=h(p,v)
h([9]%, [0]%), ¥¥,0 € X4,0 < a < 1 and the function b is a continuous. In addition,
we have

[0+ o]* = [9]" + [0]*, [ad]" =[],
where
Yo0eX 0<a<l1, aeR.

Let C7 and C3 be two nonempty bounded subsets of Me. The distance between C}
and C} is determined by using the Hausdorff metric

Ho(Ch,Ca) :max{ sup inf |le; — eo|, sup 122 ||81—Cg},
1

c1€Cy c2€Cs c2€Cy C1

where ||.|| denotes the usual Euclidean norm in R?¢. Then (K (9%%),H,) is a separable
and complete metric space [9].

Definition 2.2. [6]. The complete metric go, on X¢ is defined by

00o(V,2) = sup Ho([U]%, [2]*) = sup [I7 — 2,05 — 2.
0<a<l 0<a<l

For any 9, 2, n € X%, which satisfies H, (9 + p, z + p1) = H,(9, 2). Hence (X%, 0s0)
is a complete metric space.
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Definition 2.3. [6]. The supremum metric H; on C(£,X9) is defined by

Hi(¥,2) = sup 0s0(V(K), 2(K)).

0<r<Kk

Hence (C(£,X%),H;) is a complete metric space.
Definition 2.4. [6]. We define the derivative p’(x) of a fuzzy process p € X¢ by

0" (k)] = [(p(") (%), (p1)' ()],
provided that the equation defines a fuzzy set p’(k) € X%
Definition 2.5. [6]. We define the fuzzy integral fcd p(K)dk, c,d € [0,K] by

[/Cdp(/i)dmr = {/Cdp?(ﬁ)dﬁ,/cdpg(ﬁ)d’f],

provided that the Lebesgue integrals on the right-hand side exist.

3. Existence and uniqueness result

Let X¢ be the space of all fuzzy subsets u of 3¢ which are normal, convex and upper
semicontinuous fuzzy sets with bounded supports. Let T be the space defined by
T = {p|p: L — X% is continuous }. In addition, there exists p(rF), p(k, ) where
q=1,2,....k, with p(k;) = p(kg), T =T nN C(L,X9).

Let us introduce the following hypotheses.

(r), D7 (r)], D(0) = I and

B1) ©(k) is a fuzzy number, where [D(k)]* ), D%(k I
NN > 0,|AD (k)| < N,

= [or
D2 (k),(m = Il,r) is continuous with |D,, (k)| <
Vk € [0,K] = L.

By) The nonlinear function 3 : £ x X¢ — X? is continuous and there exists a
constant b; > 0 satisfying global Lipschitz condition such that

Ho([3(k, p)]%, [3(r, )]%) < b1Ho([pr(10)]%, [v4(w)]Y),
Vi € £ and p,v € X4

B3) The nonlinear function 2 : £ x X? x X? — X% is continuous and there exists
constants bs > 0 and bg > 0 satisfying global Lipschitz condition such that

Ho([0(n, p1(n), v1 ()], [W(n, p2(n), v2(n)]*) <
baH o ([p1(10)]%, [p2(w)]%) + bsH,([v1(0)]%, [v2()]?),
where p,(n),vn(n) € X4,n =1,2.
B4) If b is continuous and there exists constants Q,,, n = 1,2,...,¢q such that

H ([b(poupazw--,paq)(n)]a7[h(Vaonz,---ﬂ/aq)(n)}"‘)

<ZQ” (lpo, (M]*, Vo, (M]),

Vn € [~t,0], and all p,, ,v,, € C([-1,0],X%), n=1,2,...,q
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Bs) The nonlinear function k : £ x £ x X% — X% is continuous and there exists
constant by > 0 satisfying global Lipschitz condition such that

HolT (k,m, p1 (], [T (k,m, p2(m)]™) < baH,([p1(10)]%, [p2(10)]¥),
where p,, (k) € X4, n =1,2.
Bg) There exists a constant bs such that
Ho([Znp(k)]* [Lov(r,)]Y) < bsHo([p()], [v(K)]*),

where p(k),v(k) € Y.
B;) It

I K2 K3
>0 +b1(1+NNIK) + b2V + b3buN = + b5V < 1,

n=1
then the problem (1.1) has a unique fuzzy solution.

Definition 3.1. If p is an integral solution of the problem (1.1) (¢ = 0), then p is
given by

pl) =D(x) [w<o> D(Pos: Poas -+ ) (0) — 30, w] T3k p0)

/ADK— npndn+/ D(k—n (mpn,

[ Tmpi)ine 3 D= mTot). (G)

0<kn<K

Theorem 3.1. Suppose that the hypotheses (B1) — (B7) hold, then for all K > 0,
the problem (3.1) (¢ = 0) has a unique fuzzy solution on L.

Proof. For each p € T and x € L, define ©p € T by

Op(r) =D(r >[w<o> 0(pos s -2 P )(0) — 3(0, M T3k p0)

/ AD(k —1 npnder/ D(k—n (77;/)7]»

JRECRYETEN RS DU A )

0<kp<K

Similarly,

O(k) =D(x) [ww) Wy Vs 10, )(0) — 5(0,1/))} N

+ /OK AD(k — n)z(n,vn)dnJr/
/ T, x, un)dm)>dn+ S D5 — ha)Ta(w(s)).

0<kn<k

D(x n)Qﬁ(n,
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Hence ©p : L — Y is continuous, so © is a mapping from Y into itself. By
hypotheses (B;1) — (Bg) we have the following inequalities. Now for p, v € T we have

Ho([00(s))", [OV()]")
sm([@m [0(0) = B(poss prss- -+ o )(0) — 30, )] +3 (32

(s + [ " AD (s — 0)3(n. pu)dn + / e

0

o [ Tmp a3 D0 m) Lol

0<Fv’n<f§

[@(@ [0(0) — B0y s, )(O) — 5(0,8)] + 5. )
n / " AD (5 — )3 vy)dy + / "Dk — )Wy, / "7

()i + 3 D0~ wn) L) )

0<Kkn<K

SH@([h(ponpch ----- Poq)(o)]a7 B(Voys Vays -+ Vm;)(o)]a)

FH (505 )% 3 ) ®) + Ho([ / " AD(k — )3, )

K

) [ / " AD(k — s v)ds] ") + M| / D(s — )W
(n, o, / " Tk pe)di)dn)] [ / "Dk )

SR R CAATEIT SRR (D DTS

0<kn<K

Za(p(k [ D Dk = wa)Ta(v(my)]%)

0<Kn<K

<" 0ty ([P (O] [, (O%) + by (ol + 10)]°,
n=1
o+ )+ NAG [ "o My (o + 1)), [
)i+ A | ” (bﬁgqp(n )], [ + o))

+aba [ Hyllolo + )" o + m)]“)do) dn
N H ()] [ ()]%).
Therefore,

050(Op(k), Ov(r)) = sup Hy([Op(r)]%, [OV(K)]*) < D Qn sup H,y([ps, (0)]°

0<a<l 0<a<1

Vo, (0)]%) + b1 S Ho([p(k +10)]%, [v(k +10)]%) + NN}
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K

by sup ?‘lg([p(vﬁm)]“v[V(”JF“’)]a)d"H\//(:7 [62

0 0<a<l

sup Ho([p(n + )], [(n + 10)]%) + bb / " sup Hy(lolo

0<a<l 0<a<l

+m>]“,[u<o+m>]a>da}dn+ms sup Hy([o(R)]® ()],

0<a<l

Hence,

0<k<K 0<k<K
K

+b1 sup ooo(p(k+ 1), v(k+w)) + NNy [ b1 sup o
0<Kr<K 0 0<Kk<K

n
(o + 1), (5 + 1))y + N / <b2 Sup 0o (p(n + 10),
0 0<k<K

q
H1(Op,0v) = sup 000(Op(k), Ov(k SZQn SUP  0oo(Poy s Vo)

n
-+ ) +bsba [ sup gw<p<a+m>,u<a+m>do) n
0 0<k<K

+Nbs S 000 (p(K), V(K)).

Thus,

Ha(00.00) 32 QuHa(5) + 0Pl )+/wv1/ by (p, v)dn + N

MM@

QM
([32H1 P,V +bsb4/ Hi(p,v )d0>dﬂ+/\/bs7{1(ﬂa v)

3
Zgn+b1 1+ NN + 5 b

/"\

+ b5N> Hi(p,v).
By the hypothesis By, O is a contraction mapping . By applying the Banach fixed
point theorem, it is concluded that (3.1) has a unique fixed point. O
4. Controllability result

Definition 4.1. If p(k) is an integral solution of the problem (1.1), then p(k) is
given by

plx) =D(x) [wm) (s P2 ) (0) mw] T30k 0)

+/ORACD(K—n)z(n,pn)dn+/ﬁi‘3(%— (77 Pm/ T (1, K,

p@dm)dn)—i—/j@(n— nsmdn+ > Dk — k) Lu(p(sy)),  (4.1)

0<kn<kK

where k € L,k # ki, (n=1,2,..., k) and D (k) satisfies B.
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Lemma 4.1. The fuzzy solution p(k) for equation (4.1) is controllable and satisfies
p(K) = pt ice. [p(K)]* = [p']* where p* € X¢ is a target set.

Proof. Define the a-level set of fuzzy mapping Q : P(R) — X4 by
ary o D —m)stydn cCZ
Q%) = :

0 ; otherwise,

where Z is the closure of support ¢. In [18], the support Z. of a fuzzy number v is
defined as a special case of the level set by Z. = {p : &(p) > 0}, then there exists
Q% (m =1, r) such that:

K
Q% (uy) = / DF(K — ) un)dn, () € [ (), ()],

K
Q%(v,) = / DK — )2, (), 2, () € [ ()< ()

Consider that Qf, QY are bijective mapping. Introduce a-level set of ¢(n) for (4.1)
and we get

[s(m]* =l (), " ()]

—(or)! (<p1>7 DR (K) [W(O) O (s P o) (0) af%o,w]
K K
KR - / AFDF(C — )3 (1, o2, )y — / D7 (K — )07 (1, 2.

/On%a(n,mpil)dﬁ)dn 3 @?(icmnﬂa(pﬂnn))),@?)l

0<rn <K

<(91)? ~0(K) [ws«n % (P s P, )(0) — 3200, M (K,
K

K n
) — / AR = )53 0. )n = [ DF(C— w20 .5 /

TE g )d))dn — Y @?(/c—mzz,.(p?(n;))).

0<rn<K

Substituting this in Equation (4.1), we get a-level set of p(K) as
N = (70067 0) = 07 o, JO) = 570, 89] + 550 5)
K K n
+ [ apop e - wstnpngan+ [ ot —mamn e [

K

() + S0 DR~ )T i) + [ DR )
0<rn<K 0

(@) ()8 = DR O) = 57 v po -0, )0) — 570,0)

K K
K ) — / APDE (K — )3 (0% )by — / D (K — )20 (1,
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/ T o2 )dk)dn) — 3" DE(C — k)2 (00 (s >>)dn,

0<kn <K

( ) () = B (Do Poas o+ 9, )(0) — 52(0,6)] + 32K pE2)
K K n
+ [T i —mstin g dan+ [ o200 onss,. [T

K
o2 )R+ 3 DE(C — k)T (02 (k) + / D2(K 1)

0<Kn <K

(Q(rx)_l ((pl)g - ;D;:v(IC) W?(O) - bg(pawpaw ce 7p0q)(0) - 3?(07 77[])]
K K
-3 (K, pk,) — / AZDI(K = )37 (0, pyy, )dn — / D7 (K — 027 (1,

/ ja 777K’ pn dli d77 Z :Da _"{n Ia (pr( n)))dﬁ;
0<kn <K
Therefore,
(") (p1)2] = ']

Hence, the fuzzy solution p(k) for Equation (4.1) satisfies [p(K)]* = [p!]®. O

Now we define,

O(p(r)) =D(K)[(0) = B(par; Posy - - oy ) (0) = 3(0,9)] +3(%, px) +/0 A

n n
Dk =n)3(n, pn)dn + /O D(r =)W, py, /0 T (0, 5, pr)di)dn

Y Dk ) Tapl) + /Onm—nxg-l)((pl) oK)

0<kn<kK

K
[60) = 60y P -+, )(0) — (0, 8)] — 5(K ) — / AD(K

I yi
—n)a(n,pn)dn—/ ©(K—n)m(n,pm/0 J(n, kK, pi)dr)dn)  (4.2)

- Y DKol ) o

0<k, <K

where (Q)~! satisfies the previous statements.

Observe O(p(k)) = [p'] which represents that the control (k) steers (4.2) from
the arbitrary stage to p' in time K, given that there must exist a fixed point of the
nonlinear operator ©.

Similarly,

Ov(r)) =D()[$(0) = h(¥oy, Vs -+ ¥, )(0) = 5(0, )] + 5(r, vi) + /K AD(k — 1)

3(7],1/77)d’l7—|—/ D(k—n)W T],l/n,/ J(n, k, v )dK))dn + Z D(k
0

0<Kkn<K
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- K'n)In(V(K/';)) + /RD(’% - n)(Q_l) ((1/1) - 3D(K:) W(O) - h(VO'NVO'Qa
0
K K
++%5,)(0) = 3(0,4)] = 3(K, ve) —/ AQ(/C—U)z(mVn)dn—/o D(K

> DK k)T vl ).

— 1)20( n,vn,/ T, K, v )dr)dn) —
0<kn,<K

The following theorem discusses the controllability of the nonlocal impulsive func-
tional for nonlinear fuzzy solutions neutral integro-differential equation.

q
Theorem 4.1. If the hypotheses (B1) — (Bg) are satisfied and ( > 9,(14+NK)
n=1
+ b1 (1 + NV1K + NK) + ba(NK + N2K?) + b3b4(/\/’% +N2%) + b5(N + NK)
+N2N11C2> < 1, then System (4.2) is controllable on L.

Proof. For p,v e Y/,

Ho(Op(x)]*, [Or(x)]") =Hg([©<m> [0(0) — B(pors prss -+ 9, )(0) — 3(0,)]

+3(k,00) + | AD(k—n)3(n, pp)dn+ [ D(k—n)
0 0

anpm/ T,k p)dR))dn+ Y D(k — kn) L,

0<kn<k

(ol + | KQ(HU)(QI)O/?) D) [(0) -
0
K<
(P s+ 90 )(0) — 3(0,28)] — 3(KC. prc) — / AD
K n
(’C—n)z(n,pn)dn—/ Q(K—n)‘m(n,pn,/o J(n, K,

dr)dn — > DK — k) ”((”))d”r’

0<kn <K

[mn)wm (Vs Vs sV )(0) — 3(0,46)] + 50,

ve) + / " AD(k — )3, vy} + / Dk — ) W(k,

/jn,nuﬁdli )dn + Z D(k — bin)In(v(k,))

0<kn<K

+ /O Q(H - 77)(9_1) ((V1> - Q(’C) [¢(0) - b(l/an Vogseoo
K
v, )(0) = 3(0, )] — 5(K, i) — / AD(K — )3, vy )l

K Ui
_ / DK — )W, vy, / T (0, kv )dr))dn
0 0
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- Y DKL) Ja] )

0<kn,<K
<Ho([6(poys Poss- - - paq)(o)]aa (LICZ5 Z Voq)

(O1%) + Ml I 01" + ol [ [ " A (x

— s o)) [ /0 " AD(k — n)3(m, )] )
T+ H,(] / "Dk — )W py. / " 0, pe)di) )],

] "Dk — )W,y / " T, 5]
FH( Y D m Lo ) Y Ds

0<kn<k 0<kn<k

—nnm(u(n;))]a)wg([ / "Dk - m)@

(<p1> D) [(0) = Do+ s -+ P )(0) — 3(0,)]
K K
(K, pm—/o AD(K — )3, m)dn—/o (K - 1)

Wi [T ropddn)dn) = 30 D)

0<kn <K

zn<p<nn>>dn] N / "Dk — (@) — D) [(0)
K

Dy Vs 7o) (0) — 3(0,)] — 3(K, i) — / AD
0

K n
(K —=n)3(n, vy)dn —/ D( /C—n)ﬁﬁ(n,vm/o T, K,
w)dr))dn — Z D(K = k) In(v(ky,))dn]®)

0<kpn<K

<32 QuHallpon O e, (OF) + ool [+ )"
(5 + 10)]%) + NAG / b1, ([p(n + )], [v(n + 10)]*)dy
+N/O (bg’Hg([p(n—i-m)}“,[V(n+m)]a)+bgb4/0n7-lg
(oo + 1)), (o + m)]%dn) dn -+ NogHy([p(x)]",
c q
o) + A / {Z QuHy ([0, (0)]°, [V, (0)]%) + by

c
Hollp(K + )], v(K + 10)]*) + NG / b1 M, ([0 (n
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K
), oty + )y + V| (bz’Hg([P(n L),
-+ w)]") + bt [ " Ho([plo + 1)), (o + w)]°)

da) dn -+ NosHa([p(x)]°, [V(ﬂ)]“)}dvr

Therefore,

0:(Op(), Ov(x)) = sup H,([Op(R)]" ZQnoigglﬂ [P, (0)]
by sup Hy([p(s + )], b0+ 1)]) + VA / by

0<a<l 0
sup Ha(lpn+ o), vl + )] )y + A [ (bg sup H,
0<a<l1 0 0<a<l1
(n-+ ), o+ w)1*) + by [ sup (oo + )]
0 0<a<l

0<a<l

[v(o + m)]“)dcT) dn+Nbs sup H,([p(r)]% [v(k)]%)

v [ {Z Qn sup Hyl([pa, (0], v, (0)]) + by sup

0<a<l 0<a<l

K
Hg([p(/C+m)]a,[V(’C+m)}”‘)H\f/\/l/o by sup Hy([p(n

0<a<l

K
o)), [y + w)])dy + N / (52 sup Hy([o(n

0<a<l

4 10)]%, [p(n + )]°) + bsby / " sup Hy(lo(o 4w,

0 0<a<l

[V(U+m)]ad0’>dn+/\/bs sup Hgap(n)]a,[u(n)]a)}dn

0<a<l

q
< Z QnQoo(pana Vcrn) + bl«QOO(p("€ + m),U(Ii + m)) + NN

n=1

/ 01000 (0 + 10), v + 1))y + N / K (bwoo(pwm),
0 0

K

s+ 10) + bt [ ol + ).t + o)) )

+ Nb5000(p( +N/ {ZQnQoo po,(0), vo,(0))

I
+blgm(p<fc+m>7u</c+m>>+w1/o 61000 (p( + 10),

K n
v+ 0))dy + N / (52Qoo(P(ﬁ+ ), v(n + 10)) + bsb, /
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Ooo(p(c +10),v(0 + m)da) dn + Nbs0sc(p(n),v(n)) }dn.

Hence,

q

H1(Op,Ov) = sup 00(Op(k),Ov(k ZQ" SUP 0o (Po,s Ve, ) + b1 sup

0<k<K n—1 0<k<K 0<k<K

goo(P(H+m),V(H+m))+NN1/ b1 sup 0ec(p(n + 1), v(n
0 0<k<K

o)) + A / ’ (bz Sup a0 (P 4 10), (1 + 1)) + bb, / !

0<Kk<K

sup Qoo(p(o—i—m),u(o—i—m)da>dn+/\/bs SuUp 0o (p(k),v(k))

0<Kk<K 0<Kr<Kk

+N/O {Z Qp Sup 0oo(p(on),v(on)) + b1 sup 0so(p(K

0<k<K 0<k<K

), (K + ) + / NN1by sup 0uo(p(n + 1), [v( + 10)])dn

0<K<K

K n
+/\// (bz sup Qm(p(n+m),u(n+m))+b3b4/ sup
0 0

0<r<K 0<r<K
00(p(o 4 10), (0 + m)do—) dn+Nbs sup om(p(n), V(n))}dn~

0<Kr<Kk

Thus,

q K
H1(0p,0v) <D QuHi(p,v) + 01Hi(p, ) +NN1/ b1 H1(p, v)dn
n= 0
1 . .
+N (bng(p, V) + bgb4/ Hl(p, V)dO') d77 + N55H1(p, I/)
q
{Z pa d77+b17'l1(p, )+NN1/ Hl p, )
+N/ (527‘[1(,0, l/) + [33[34/ Hl(p, l/)dO')d’I] +Nb57‘[1(p, I/)}dn
0 0
q
S(Z Qn,(1+NK) +b,(1 + NN K + NK) + ba(NK + N2K?)

n=1

2 3
+ bgb4(/\/’% +N2%) by (N + NK) +N2J\/11€2>’H1(p, ).

Hence, O is a contraction mapping. By applying the Banach fixed point theorem,
Equation (4.2) has a unique fixed point p € T. O
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5. Example
Consider the fuzzy solution of the nonlinear fuzzy neutral integrodifferential equa-
tion of the form:

() — pls + )] = )+ 2mps + B2 + Bwpls + B2+ <(x), w € L,

0) + zq: anp(kn) =0€ X", (5.1)
o
Inlp(en)) = T 0y

where p! is a target set, and the a— level sets of 0,1,2 and 3 are [0]* = [a — 1,1 —
al,[1]* =[a,2 — ], [2]* = [« + 1,3 — o] and [3]* [a—|—24 al, foraE[O,l].
Let W(k, px) = 26p(k + h)?,5(k, ps) = kp(r + h)?* and [T (k,n, py)dn =

q
3kp(k + h)%. The a— level set of h(p) = > anp(kn) is

B =[5 anplrn)]® = [z anp (). 3 anp;%nn)]
n=1 n=1 =

and

Similarly, the a— level set of WW(k, p), 3(kK, px) and T, (p(ky,) is
o T (5, po)dn)® = [Bkp(k + 1)%]* = Kl(a +2)p (5 + 1)%, (4 — a)pf (5 + h)?],
[20(k, pe)]* = [26p(k + h)*]* = w(e + 1)o7 (5 + h)*, (3 — a)p (5 + 7)),

[3(5, )] = Kl(Q)p (K + 7)?, (2 = @) pf (1 + h)?),

[Zn(p(rn)]” = [1 . ;(nn)r N [1 + p;(ffn)’ 1+ P;‘(“n) ’

and
Holly T (kom, pn)dn)®, [fy T (5,1, ) dn]™ < baHo([p(n + h)]*, [v(n + h)]*)
Ho([W(k, pr)]”s [ (K, vs)]*) < baHo([p(k + )], V(K + h)]?),
where

by = 3L[p; (K + h), v (k + h)], by = Alp7* (K + ), v (K + h)].
Similarly,

Ho([3(r: )], 305, va)]*) < b1, ([p(k + )] [V (K + )])
Ho(Znl(p(zn)]®, Tnl(v(kn)]%) < bsH,([p(k + 1)), [v(k + R)]7),
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where

by = 2L[pf! (k4 h), 17 (5 + 1)), b5 = DTG

Hence the unique fuzzy solution is obtained by choosing b — 0. Assuming p* = 2
we prove the controllability

[c(m]* =[s"(n), ) ()]
(%) (<p1>? ~00(K) [wm B (P P20 )(0) —5?(0,@}

I c
-3 (K, pi,) — / ATDI = )3 (n, pyy,)dn — / D7 (K — )25 (1, pyy,»
0

/ To o) dr)dy) — 3 DK mzsxp?(nn»)

0<k, <K

Q) <(p1)§‘ —D%(K) {@/;;*(0) 5% (Pors a0, )(0)
K
3?(0’1/’)} — 35 (K. pik,) */O ATDF(C — )35 (0, iy, )
K n
_/0 @?(’C_”ﬂn?(’lv/’%v/o T, (0, 5, pisy)dr)dn)

- Y Dk T ) )

0<k, <K

Substituting the above derived values into the integral system with respect to
(1.1) yields an a— level set of p(K) as [p(K)]* = 2 = [p!]. So the system (1.1) is
controllability on [0, K].

6. Conclusions

We used the Banach fixed point theorem to prove the existence, uniqueness, and
controllability of first-order nonlocal impulsive fuzzy neutral nonlinear integro-
differential equations. Sufficient conditions were also determined to get the desired
result. The future study is to extend this work to find the existence, uniqueness,
and controllability of fuzzy solutions of fractional impulsive neutral functional inte-
grodifferential differential equations with nonlocal conditions by applying a suitable
fixed point theorem.
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