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Stability in a Multi-Stage HIV Infection Model 
with General Incidence Rate

Ruiwen Yang1, Xiaofei Wei1 and Jiemei Li1,†

Abstract In this paper, we propose a multi-stage HIV infection model with
general incidence rate to describe the influence of raltegravir intensification
on viral dynamics. The basic reproduction number R0 is established. The
infection-free equilibrium E0 is locally asymptotically stable if R0 < 1. The
infection equilibrium E∗ is locally asymptotically stable if R0 > 1.
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1. Introduction

AIDS, caused by the human immunodeficiency virus (HIV), is a contagious disease
that damages the immune system and can lead to severe illness and even death. In
the field of AIDS treatment, the application of mathematical models has become
a crucial area. Over the past few decades, many scholars have made remarkable
contributions by developing different types of HIV mathematical models to better
understand the development and treatment of AIDS.

In 1996, Nowak [1] proposed the earliest host-virus dynamic model

dT

dt
= s− βV T − dT,

dI

dt
= βV T − δI,

dV

dt
= NδI − cV,

(1.1)

which described the dynamic behavior and diffusion process of HIV in the human
body based on differential equations.

In 2002, Callaway [2] proposed an efficient antiretroviral therapy model, which
considered the impact of HIV treatment drugs on the model. Reverse Transcrip-
tase Inhibitors (RT) can interfere with the transcription process of HIV virus, while
Protease Inhibitors (PI) can disrupt HIV’s ability to generate infectious viral parti-
cles, thus allowing infected cells to produce two types of viruses: one type contains
infectious virus particles VI ,while the other type is a non-infectious virus VNI .

In 2012, Dimitra [3] added two compartments to the existing model: one for
infected cells without integrated DNA (I1),and another for infected cells unable to
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produce virus due to Raltegravir (I2),providing a more accurate description of the
role and effects of Raltegravir in the treatment of HIV, where a and b are the rates
of 2-LTR circle formation and integration into DNA. References [4] studies the (n+
2)dimensional nonlinear HIV dynamic model, which characterizes the interacting T
cells of the HIV particle, susceptible CD4+T cells, and n−stages of infected CD4+T
cells. References [5] investigated a randomized, multistage model to evaluate the
effects of intensive therapy with the integrase inhibitor raltegravir on viral load and
2-LTR dynamics in HIV-suppressive therapy patients.

In 2017, Wang Xia [6] has established an infectious disease model with multiple
infection stages and efficient antiretroviral therapy as follows:

dT

dt
= s− (1− εRT )βVIT − dT,

dI1
dt

= (1− εRT )βVIT − d1I1 − (1− εII)k1I1 − k2I1,

dI2
dt

= (1− p)(1− εII)k1I1 − δI2 + aL,

dI3
dt

= k2I1 − d3I3,

dL

dt
= p(1− εII)k1I1 − dLL− aL,

dVI

dt
= (1− εPI)NδI2 − cVI ,

dVNI

dt
= εPINδI2 − cVNI .

(1.2)

Detailed biological considerations of the parameters of the model (1.2) can be
found in Table 1.

This model can better simulate the infection process of HIV, including multiple
stages such as acute infection, chronic infection, and immune failure, and the impact
of antiretroviral therapy in this model is also considered.

In 2012, Hattaf [7] proposed a general form of incidence function f(x, y, v)v,
where f ∈ C1([0,+∞),R3

+,R+) and satisfies

(i) f(0, y, v)v = 0, for all y ≥ 0 and v ≥ 0;

(ii)
∂f(x, y, v)

∂x
> 0, for all x > 0, y ≥ 0 and v ≥ 0;

(iii)
∂f(x, y, v)

∂y
≤ 0 and

∂f(x, y, v)

∂v
≤ 0, for all x > 0, y ≥ 0 and v ≥ 0.

The incidence rate can accurately describe the transmission and infection process of
HIV, thus better support the research on disease treatment.References [8] employed
the aforementioned general incidence rate to investigate a delayed virus infection
model with Gaussian white noise disturbances.

References [9] considered the HIV model with general incidence rate, CTL im-
mune response and intracellular delay. References [10] proposed a random HIV
infection model with logical target cell growth, general nonlinear incidence rate,
CTL immune response and parameter perturbation. Zhai [11] reduced the infection
rate of susceptible persons by generating protection awareness on them through
education and publicity, and proposed a new HIV/AIDS extinction threshold λ0,
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Table 1. Summary of model parameters

Para. Description

T The counts of uninfected cells

I1 The counts of infected cells that have finished the process of reverse transcription

I2 The counts of infected cells which can produce virus

I3 The counts of infected cells that fail the DNA integration

L The counts of latently infected cells (L)

VNI Non-infectious viral particles owing to efficacy of protease inhibitors

VI Infectious viral particles

s Generation rate of uninfected cells

d Death rate of uninfected cells

β A rate at which the virus infects uninfected cells

d1 Death rate of cells in the I1 class

k1 A Rate at which I1 cells move to I2

k2 Rate at which I1 cells move to I3

p A small fraction of infected cells become latently infected

δ Death rate of infected cells in the I2 class

d3 Death rate of infected cells in the I3 class

dL Death rate of L

a A rate of productively infected cells

Nδ Generation rate of virus release form an infected cell per unit time

c Viral clearance rate

εRT Drug efficacy of reverse transcriptase inhibitor

εII Drug efficacy of integrase inhibitor

εPI Drug efficacy of protease inhibitor
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when λ0 < 1, HIV/AIDS would be extinct, and when λ0 > 1, the model expe-
rienced a stable distribution. Xu [12] studied the quantum stability of stochastic
nonlinear time-delay systems under the action of multiple periodic pulses, defined
the global weak stochastic exponential stability, and discussed the double effects
caused by multiple periodic pulses. Wang [13] discussed the stability and stabiliza-
tion of discrete semi-Markov jump linear time-delay systems, gave the probabilistic
structure of Lyapunov-Krasovskill functional and semi-Markov switching signals,
and determined the sufficient conditions for system stability.

In recent years, scholars have considered various practical factors and proposed
different forms of incidence rates, such as bilinear incidence, standard incidence and
general incidence rate [14]. Therefore, this paper adopts general incidence rate to
describe HIV dynamics under drug treatment, which is more general and can be
adjusted and modified according to specific situations. The introduction of general
incidence rate can reduce the complexity of the computation in the model.

The general incidence rate was used to describe the dynamics of HIV under drug
therapy. In the second section, the non-negative and boundedness of the model
solution, the limiting behavior of the solution and the basic regeneration number
are studied. In section 3, the global stability of the infection-free equilibrium point
is studied. In section 4, the global stability of infection equilibrium point is studied.

2. Analysis of the model

Based on the above literature, the following dynamic model of HIV was studied in
this paper

dT

dt
= s− (1− εRT )f(T (t), VI(t))VI(t)− dT,

dI1
dt

= (1− εRT )f(T (t), VI(t))VI(t)− d1I1 − (1− εII)k1I1 − k2I1,

dI2
dt

= (1− p)(1− εII)k1I1 − δI2 + aL,

dI3
dt

= k2I1 − d3I3,

dL

dt
= p(1− εII)k1I1 − dLL− aL,

dVI

dt
= (1− εPI)NδI2 − cVI ,

dVNI

dt
= εPINδI2 − cVNI .

(2.1)

Because variables I3 and VNI are decoupled from the other equations in model
(2.1), it is sufficient to analyze the dynamical behavior of the solutions of the fol-
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lowing subsystem

dT (t)

dt
= s− (1− εRT )f(T (t), VI(t))VI(t)− µ1T (t),

dI1(t)

dt
= (1− εRT )f(T (t), VI(t))VI(t)− d1I1(t)− (1− εII)k1I1(t)− k2I1(t),

dI2(t)

dt
= (1− p)(1− εII)k1I1(t)− δI2(t) + aL(t),

dL(t)

dt
= p(1− εII)k1I1(t)− dLL(t)− aL(t),

dVI(t)

dt
= (1− εPI)NδI2(t)− cVI(t).

(2.2)
The initial conditions for model (2.2) is given as follows:

T (0) = T0 > 0, I1(0) = I10 > 0, I2(0) = I20 > 0,

L(0) = L0 > 0, VI(0) = VI0 > 0.
(2.3)

we assume that the incidence rate is the general incidence function f(T, VI)VI ,
where f ∈ C(R2

+, R+) satisfy the following conditions:

(H1) f(T, VI)VI ≥ 0, for T ≥ 0 and VI ≥ 0; f(T, VI) = 0 if and only if T = 0;

(H2)
∂f(T, VI)

∂T
≥ 0, for T ≥ 0 and VI ≥ 0;

(H3)
∂f(T, VI)

∂VI
≤ 0, for T ≥ 0 and VI ≥ 0;

(H4)
∂(f(T, VI)VI)

∂VI
> 0, for T > 0 and VI ≥ 0.

2.1. The non-negativity and boundedness of the solution

Theorem 2.1. Each component of the solution to model (2.2), subject to condition
(2.3), remains non-negative and bounded for all t ∈ [0, +∞).

Proof. By theorems [15,16], we can prove that T (t), I1(t), I2(t), L(t), VI(t) are
all non-negative for t ≥ 0 and there exists a unique solution for model (2.2). For
t ≥ 0, we define

M(t) = T (t) + I1(t) + I2(t) + L(t) +
1

2(1− εPI)N
VI(t).

Due to the solution, for t ≥ 0, we have

M ′(t) = s− µ1T (t)− (d1 + k2)I1(t)−
δ

2
I2(t)− dLL(t)−

c

2(1− εPI)N
VI(t)

≤ s− ζM(t),

where ζ = min

{
µ1, d1 + k2,

δ

2
, dL, c

}
. Hence, we get

lim sup
t→+∞

M(t) ≤ s

ζ
,

thus, it implies that T (t), I1(t), I2(t), L(t), VI(t) is ultimately bounded. Then the
proof is completed.
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2.2. Limiting behavior

Theorem 2.2. Let X be a solution of system (2.2). If X(0) ∈ R5
+ then the limit of

X(t) exists when t → +∞.

Proof. Add the first four items of the system

s =
dT (t)

dt
+ µ1T (t) +

dI1(t)

dt
+ (d1 + k2)I1(t) +

dI2(t)

dt
+ δI2(t) +

dL(t)

dt
+ dLL(t).

Multiply both sides of the equation by eµ1t

seµ1t =
dT (t)

dt
eµ1t + µ1T (t)e

µ1t +
dI1(t)

dt
eµ1t + (d1 + k2)I1(t)e

µ1t +
dI2(t)

dt
eµ1t

+ δI2(t)e
µ1t +

dL(t)

dt
eµ1t + dLL(t)e

µ1t.

Integrating from 0 to t on both sides of the equation simultaneously,we obtain∫ t

0

seµ1xdx =

∫ t

0

(dT (x)
dx

eµ1x + µ1T (x)e
µ1x
)
dx

+

∫ t

0

(dI1(x)
dx

eµ1x + (d1 + k2)I1(x)e
µ1x
)
dx

+

∫ t

0

(dI2(x)
dx

eµ1x + δI2(x)e
µ1x
)
dx

+

∫ t

0

(dL(x)
dx

eµ1x + dLL(x)e
µ1x
)
dx,

then, ∫ t

0

seµ1xdx =

∫ t

0

dT (x)eµ1x

dx
dx+

∫ t

0

e(µ1−(d1+k2))x
dI1(x)e

(d1+k2)x

dx
dx

+

∫ t

0

e(µ1−δ)x dI2(x)e
δx

dx
dx+

∫ t

0

e(µ1−dL)x dL(x)e
dLx

dx
dx.

Hence,

s

µ1
(eµ1t − 1) =T (t)eµ1t + I1(t)e

µ1t + I2(t)e
µ1t + L(t)eµ1t − T0 − I10 − I20 − L0

− (µ1 − (d1 + k2))

∫ t

0

I1(x)e
µ1xdx− (µ1 − δ)

∫ t

0

I2(x)e
µ1xdx

− (µ1 − dL)

∫ t

0

L(x)eµ1xdx.

Multiply both sides of the equation by e−µ1t

s

µ1
(1− e−µ1t)

=T (t) + I1(t) + I2(t) + L(t)− (T0 + I10 + I20 + L0)e
−µ1t

− (µ1 − (d1 + k2))

∫ t

0

I1(x)e
(x−t)µ1dx− (µ1 − δ)

∫ t

0

I2(x)e
(x−t)µ1dx

− (µ1 − dL)

∫ t

0

L(x)e(x−t)µ1dx.

(2.4)



HIV Infection Model with General Incidence 1163

From (2.4)and according to Lemma 3.3 in [17], we have

s

µ1
≥ lim sup

t→+∞
T (t) +

d1 + k2
µ1

lim sup
t→+∞

I1(t) +
δ

µ1
lim sup
t→+∞

I2(t) +
dL
µ1

lim sup
t→+∞

L(t),

s

µ1
≤ lim inf

t→+∞
T (t) +

d1 + k2
µ1

lim inf
t→+∞

I1(t) +
δ

µ1
lim inf
t→+∞

I2(t) +
dL
µ1

lim inf
t→+∞

L(t).

Subtracting two formulas yields

0 ≥ lim sup
t→+∞

T (t)− lim inf
t→+∞

T (t) +
d1 + k2

µ1
(lim sup
t→+∞

I1(t)− lim inf
t→+∞

I1(t))

+
δ

µ1
(lim sup
t→+∞

I2(t)− lim inf
t→+∞

I2(t)) +
dL
µ1

(lim sup
t→+∞

L(t)− lim inf
t→+∞

L(t)),

then,
lim sup
t→+∞

T (t) = lim inf
t→+∞

T (t), lim sup
t→+∞

I1(t) = lim inf
t→+∞

I1(t),

lim sup
t→+∞

I2(t) = lim inf
t→+∞

I2(t), lim sup
t→+∞

L(t) = lim inf
t→+∞

L(t).
(2.5)

Hence, the limit of T (t), I1(t), I2(t), Lt exists when t → +∞.
Adding system(2.2), we get

VI(t) = VI0e
−ct + (1− εPI)Nδ

∫ t

0

I2(x)e
(x−t)c dx,

then,

lim sup
t→+∞

VI(t) ≤
(1− εPINδ)

c
lim sup
t→+∞

I2(t),

lim inf
t→+∞

VI(t) ≥
(1− εPINδ)

c
lim inf
t→+∞

I2(t).

(2.6)

From (2.5) and (2.6), we get

lim sup
t→+∞

VI(t)− lim inf
t→+∞

VI(t) ≤ 0,

thus,
lim sup
t→+∞

VI(t) = lim inf
t→+∞

VI(t).

Hence, the limit of VI(t) exists when t → +∞.

2.3. Basic reproduction number and equilibria

Using the method of reproducing matrices [18], considering the parts of infection
and virus generation, the following matrix is defined

F =


0 0 0 (1− εRT )f(s/µ1, 0)

0 0 0 0

0 0 0 0

0 0 0 0

 ,
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and

V =


D 0 0 0

−(1− p)(1− εII)k1 δ −a 0

−p(1− εII)k1 0 d 0

0 −(1− εPI)Nδ 0 c

 ,

in which
D = d1 + (1− εII)k1 + k2, d = dL + a.

Because F is a non-negative matrix and V is a non-singular M -matrix, calculate the
basic regeneration number

R0 = ρ(FV−1) =
(1− εRT )f(s/µ1, 0)(1− εPI)N(1− εII)k1(ap+ (1− p)d)

Dcd
.

Theorem 2.3. There is only one infection-free equilibrium E0 = (T̄ , 0, 0, 0, 0)
for model (2.2) if R0 < 1 and an infection equilibrium E∗ = (T ∗, I∗1 , I∗2 , L∗, V ∗

I )
if R0 > 1, where T̄ = s/µ1.

Proof. If I1 = 0, I2 = 0, L = 0, VI = 0, then model (2.2) has only one infection-
free equilibrium E0 = (T̄ , 0, 0, 0, 0).

If I1 ̸= 0, I2 ̸= 0, L ̸= 0, VI ̸= 0, one gets equations as follows:

(1− εRT )f

(
T,

(1− εPI)N(1− εII)k1(s− µ1T )(ap+ (1− p)d)

Dcd

)
− Dcd

(1− εPI)N(1− εII)k1(ap+ (1− p)d)
= 0,

I1 =
s− µ1T

D
,

I2 =
(1− εII)k1(s− µ1T )(ap+ (1− p)d)

δDd
,

L =
p(1− εII)k1(s− µ1T )

Dd
,

VI =
(1− εPI)N(1− εII)k1(s− µ1T )(ap+ (1− p)d)

Dcd
.

Since VI > 0, it means that T < s/µ1. Thus, the equation is defined on the interval
(0, s/µ1) by

F (x) =(1− εRT )f

(
T,

(1− εPI)N(1− εII)k1(s− µ1T )(ap+ (1− p)d)

Dcd

)
− Dcd

(1− εPI)N(1− εII)k1(ap+ (1− p)d)
,

and we can obtain by conditions (H2) and (H3) that

F ′(x) =
∂f

∂x
+

∂f

∂v

(
−µ1(1− εPI)N(1− εII)k1

Dcd

)
.
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Since F (x) is strictly monotonically increasing with respect to x, one gets

F (0) = −s,

F (
s

µ1
) = f(

s

µ1
, 0)− Dcd

(1− εPI)N(1− εII)k1(ap+ (1− p)d)

=
Dcd

(1− εPI)N(1− εII)k1(ap+ (1− p)d)
(R0 − 1).

If R0 < 1, then there exists a T ∗ ∈ (0, s/µ1) such that F (x∗) = 0. Thus,
T ∗, I∗1 , I∗2 , L∗, and V ∗

I can be computed.
We use the method of Lyapunov functionals to illustrate the global stability of

the equilibria of model (2.2). Moreover, we assume that the following conditons
hold:

(H5) T − T0 −
∫ T

T0

f(T0, 0)

f(τ, 0)
dτ → +∞, as T → +∞ or T → 0+;

(H6) T − T ∗ −
∫ T

T∗
f(T ∗, V ∗

I )

f(τ, V ∗
I )

dτ → +∞, as T → +∞ or T → 0+.

3. The global stability of the infection-free equilib-
rium

Theorem 3.1. Suppose that the following conditions are satisfied

Dcd+Dcδ +Ddδ + cdδ > (1− p)(1− εII)k1(1− εPI)Nδ.

Then the infection-free equilibrium E0 of model (2.2) is locally asymptotically stable
if R0 < 1; E0 is unstable if R0 > 1.

Proof. The Jacobian matrix of model (2.2) at E0 is given by

J0 =



−µ1 0 0 0 −(1− εRT )f(s/µ1, 0)

0 −D 0 0 (1− εRT )f(s/µ1, 0)

0 (1− p)(1− εII)k1 −δ a 0

0 p(1− εII)k1 0 −d 0

0 0 (1− εPI)Nδ 0 −c


.

It is easy to see that it has an eigenvalue λ = −µ1 < 0, and other eigenvalues are
given by eigenvalues of the matrix

J0 =


D 0 0 (1− εRT )f(s/µ1, 0)

(1− p)(1− εII)k1 −δ a 0

p(1− εII)k1 0 −d 0

0 (1− εPI)Nδ 0 −c

 ,

to be exact, the roots of characteristic equation

λ4 + b1λ
3 + b2λ

2 + b3λ+ b4 = 0,
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where

b1 = D + c+ d+ δ > 0,

b2 = D (c+ d+ δ) + c (d+ δ) + dδ > 0,

b3 = Dcd+Dcδ +Ddδ + cdδ − (1− εRT )f(s/µ1, 0)(1− p)(1− εII)k1(1− εPI)Nδ,

b4 = Dcdδ(1−R0).

From hypotheses and R0 < 1, we have bi > 0, i = 1, 2, 3, 4. Thus, E0 is locally
asymptotically stable if R0 < 1 by the Routh-Hurwitz criterion. Denote

y(ξ) =ξ4 + (D + c+ d+ δ)ξ3 + (Dc+Dd+Dδ + cd+ cδ + dδ)ξ2 +
(
Dcd+Dcδ

+Ddδ + cdδ − (1− p)(1− εII)k1(1− εPI)Nδf(T, VI)
)
ξ +Dcdδ(1−R0).

(3.1)
From hypotheses and R0 > 1, one gets

y(0) = Dcdδ(1−R0) < 0, lim
ξ→+∞

y(ξ) = +∞.

Thus, (3.1) has at least one positive eigenvalue. Hence, E0 is unstable if R0 > 1.

Theorem 3.2. Assume that (H1)-(H6) hold. If R0 < 1, then the infection-free
equilibrium E0 of (2.2) is globally stable.

Proof. Let (T (t), I1(t), I2(t), L(t), VI(t)) be a solution of (2.2) with the initial
condition, we define a Lyapunov functional:

V0 =T − T0 −
∫ T

T0

f(T0, 0)

f(τ, 0)
dτ + I1 +

Dd

(1− εII)k1[ap+ (1− p)d]
I2

+
Da

(1− εII)k1[ap+ (1− p)d]
L+

Dd

(1− εPI)N(1− εII)k1[ap+ (1− p)d]
VI ,

where s = µ1T0. By (H1)-(H6), We know that V0 is positively defined with respect
to E0. By calculating the time derivative of V0 along the solutions of model (2.2),
one gets

V̇0 =

(
1− f(T0, 0)

f(T, 0)

)
Ṫ + İ1 +

Dd

(1− εII)k1[ap+ (1− p)d]
İ2

+
Da

(1− εII)k1[ap+ (1− p)d]
L̇+

Dd

(1− εPI)N(1− εII)k1[ap+ (1− p)d]
V̇I

=µ1

(
1− f(T0, 0)

f(T, 0)

)
(T0 − T ) + (1− εRT )f(T, VI)VI

f(T0, 0)

f(T, 0)
−DI1

+
Dd(1− p)

ap+ (1− p)d
I1 +

Dap

ap+ (1− p)d
I1 −

Dcd

(1− εPI)N(1− εII)k1[ap+ (1− p)d]

=− Dcd

(1− εPI)N(1− εII)k1[ap+ (1− p)d]

(
1− f(T, VI)

f(T, 0)
R0

)
µ1

(
1− f(T0, 0)

f(T, 0)

)
(T0 − T ).

By (H1)-(H3) and R0 < 1, one gets

µ1

(
1− f(T0, 0)

f(T, 0)

)
(T0 − T ) ≤ 0,

(
1− f(T, VI)

f(T, 0)
R0

)
≥ 0.
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Hence, V̇0 ≤ 0 if R0 < 1.
Moreover, for t ≥ 0, V̇0 = 0 means that T (t) = T0, I1(t) = 0, I2(t) =

0, L(t) = 0, VI(t) = 0. Thus, let E0 be the largest compact invariant set in

Γ =
{
(T0, 0, 0, 0, 0) ∈ C|V̇0 = 0

}
. Since any solution of model is bounded, it fol-

lows from LaSalle invariance principle [15, 16] that E0 is globally stable if R0 < 1.

4. The global stability of the infection equilibrium

Theorem 4.1. Assume that (H1)-(H6) hold. If R0 > 1, then the infection equilib-
rium E∗ of (2.2) is globally asymptotically stable.

Proof. By the following Lyapunov function,

V =

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
T − T ∗ −

∫ T

T∗

f(T ∗, V ∗
I )

f(τ, V ∗
I )

dτ

)

+

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
I1 − I∗1 − I∗1 ln

I1
I∗1

)
+

(
I2 − I∗2 − I∗2 ln

I2
I∗2

)
+

a

dL + a

(
L− L∗ − L∗ ln

L

L∗

)
+

1

N(1− εPI)

(
VI − V ∗

I − V ∗
I ln

VI

V ∗
I

)
.

V is positive difinite with respect to E∗ and the time derivative of V along the
solutions of system (2.2) is

V̇ =

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
1− f(T ∗, V ∗

I )

f(T, V ∗
I )

)
Ṫ

+

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
1− I∗1

I1

)
İ1 +

(
1− I∗2

I2

)
İ2

+
a

dL + a

(
1− L∗

L

)
L̇+

1

N(1− εPI)

(
1− V ∗

I

VI

)
V̇I .

Noting that s = (1− εRT )f(T
∗, V ∗

I )V
∗
I + µ1T

∗, (1− εRT )f(T
∗, V ∗

I )V
∗
I = DI∗1 ,and
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δI∗2 = (1− f)(1− εII)k1I
∗
1 + aL∗, we obtain that

V̇ =

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
1− f(T ∗, V ∗

I )

f(T, V ∗
I )

)
(
(1− εRT )(f(T

∗, V ∗
I )V

∗
I − f(T, VI)VI + µ1(T

∗ − T )
)

+

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
1− I∗1

I1

)(
DI∗1

f(T, VI)VI

f(T ∗, V ∗
I )

−DI1

)
+

(
1− I∗2

I2

)(
(1− p)(1− εII)k1I1 −

(
(1− p)(1− εII)k1I

∗
1

I∗2
+

aL∗

I∗2

)
I2

)
+

(
1− I∗2

I2

)
aL(t) +

a

dL + a

(
1− L∗

L

)
(p(1− εII)k1I1 − dL)

+
1

N(1− εPI)

(
1− V ∗

I

VI

)
((1− εPI)NδI2 − cVI)

=

µ1

(
ap

dL + a
+ 1− p

)
(1− εII)k1

D

(
1− f(T ∗, V ∗

I )

f(T, V ∗
I )

)
(T ∗ − T )

+ (1− p)(1− εII)k1I
∗
1

(
5− f(T ∗, V ∗

I )

f(T, V ∗
I )

− I∗1f(T, VI)VI

I1f(T ∗, V ∗
I )V

∗
I

− I1I
∗
2

I∗1 I2
− I2V

∗
I

I∗2VI

− f(T, V ∗
I )

f(T, VI)

)
+ (1− p)(1− εII)k1I

∗
1

(
−1 +

f(T, VI)VI

f(T, V ∗
I )V

∗
I

− VI

V ∗
I

+
f(T, V ∗

I )

f(T, VI)

)
+ aL∗

(
6− f(T ∗, V ∗

I )

f(T, V ∗
I )

− I∗1f(T, VI)VI

I1f(T ∗, V ∗
I )V

∗
I

− L∗II
LI∗1

− LI∗2
L∗I2

− I2VI

I∗2V
∗
I

− f(T, V ∗
I )

f(T, VI)

)
+ aL∗

(
−1 +

f(T, VI)VI

f(T, V ∗
I )V

∗
I

− VI

V ∗
I

+
f(T, V ∗

I )

f(T, VI)

)
.

Since the arithmetic mean is greater than or equal to the geometric means,

5− f(T ∗, V ∗
I )

f(T, V ∗
I )

− I∗1f(T, VI)VI

I1f(T ∗, V ∗
I )V

∗
I

− I1I
∗
2

I∗1 I2
− I2V

∗
I

I∗2VI
− f(T, V ∗

I )

f(T, VI)
≤ 0,

6− f(T ∗, V ∗
I )

f(T, V ∗
I )

− I∗1f(T, VI)VI

I1f(T ∗, V ∗
I )V

∗
I

− L∗II
LI∗1

− LI∗2
L∗I2

− I2VI

I∗2V
∗
I

− f(T, V ∗
I )

f(T, VI)
≤ 0.

By hypotheses (H3)-(H4), one gets

− 1 +
f(T, VI)VI

f(T, V ∗
I )V

∗
I

− VI

V ∗
I

+
f(T, V ∗

I )

f(T, VI)

=
f(T, VI)− f(T, V ∗

I )

f(T, V ∗
I )

f(T, VI)VI − f(T, V ∗
I )V

∗
I

f(T, VI)V ∗
I

≤ 0.

Hence, V̇ ≤ 0 if R0 > 1. Similarly, we can obtain that E∗ is globally attractive
when R0 > 1.
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5. Discussions and conclusions

In this paper, we develop a model with general incidence rate to describe the influ-
ence of raltegravir intensification on viral dynamics. We prove the existence of the
limit of the solution and show that the infection-free equilibrium E0 is asymptoti-
cally globally stable if R0 < 1. The infection equilibrium E∗ is locally asymptoti-
cally stable if R0 > 1.

References

[1] M. A. Nowak and C. R. Bangham, Population dynamics of immune responses
to persistent viruses, Science, 1996, 272(5258), 74–79.

[2] D. S. Callaway and A. S. Perelson, HIV-1 infection and low steady state viral
loads, Bulletin of Mathematical Biology, 2002, 64, 29–64.

[3] D. Bon, C. Stephan, O. Keppler and E. Herrmann, Viral dynamic model of
antiretroviral therapy including the integrase inhibitor Raltegravir in patients
with HIV-1, Biomath, 2012, 1(1), 1–5.

[4] A. M. Elaiw, N. H. Alshamrani, A. Abdel-Aty and H. Dutta, Stability analysis
of a general HIV dynamics model with multi-stages of infected cells and two
routes of infection, Discrete Continuous Dynamical Systems-S, 2021, 14(10),
3541–3556.

[5] C. Lu, G. Sun and Y. Zhang, Stationary distribution and extinction of a multi-
stage HIV model with nonlinear stochastic perturbation, Journal of Applied
Mathematics and Computing, 2022, 68(2), 885–907.

[6] X. Wang, G. Mink, D. Lin, X. Song and L. Rong, Influence of raltegravir in-
tensification on viral load and 2-LTR dynamics in HIV patients on suppressive
antiretroviral therapy, Journal of Theoretical Biology, 2017, 416(416), 16–27.

[7] K. Hattaf, N. Yousfi and A. Tridane, Mathematical analysis of a virus dynam-
ics model with general incidence rate and cure rate, Nonlinear Analysis: Real
World Applications, 2012, 13(4), 1866–1872.

[8] M. Pitchaimani and Q. Zhu,Stochastic probes in delay viral infection model with
general incidence rate and control strategies, Journal of the Franklin Institute,
2023, 360(12), 8506–8527.

[9] C. Chen, Y. Zhou, Dynamic analysis of HIV model with a general incidence,
CTLs immune response and intracellular delays, Mathematics and Computers
in Simulation, 2023, 212, 159–181.

[10] Y. Wang, D. Jiang and T. Hayat, Stationary distribution of an HIV model
with general nonlinear incidence rate and stochastic perturbations, Journal of
the Franklin Institute, 2019, 356(12), 6610–6637.

[11] X. Zhai, W. Li, F. Wei and X. Mao, Dynamics of an HIV/AIDS transmission
model with protection awareness and fluctuations, Chaos, Solitons and Fractals,
2023.
DOI: 10.1016/j.chaos.2023.113224

[12] H. Xu, Q. Zhu andW. Zheng, Exponential stability of stochastic nonlinear delay
systems subject to multiple periodic impulses, IEEE Transactions on Automatic
Control, 2023, 21(2), 1918–1943.



1170 R. Yang, X. Wei & J. Li

[13] B. Wang, Q. Zhu and S. Li. Stability analysis of discrete-time semi-Markov
jump linear systems with time delay, IEEE Transactions on Automatic Control,
2023, 68(11), 6758–6765.

[14] T. Gharahasanlou, V. Roomi and Z. Hemmatzadeh, Global stability analysis
of viral infection model with logistic growth rate, general incidence function
and cellular immunity, Mathematics and Computers in Simulation, 2022, 194,
64–79.

[15] Y. Kuang. Delay differential equations: with applications in population dynam-
ics, Mathematics and Computers in Simulation, 1993, 35(5), 452–453.

[16] J. Hale and S. Lunel. Introduction to Functional Differential Equations,
Springer Science and Business Media, New York, 1993.

[17] Y. Noura, H. Khalid and T. Abdessamad,Modeling the adaptive immune re-
sponse in HBV infection, Journal of mathematical biology, 2011, 63(5), 933–
957.

[18] P. van den Driessche and J. Watmough, Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease transmission,
Mathematical Biosciences, 2002, 180, 29–48.


	Introduction
	Analysis of the model
	The non-negativity and boundedness of the solution
	Limiting behavior
	Basic reproduction number and equilibria

	The global stability of the infection-free equilibrium
	The global stability of the infection equilibrium
	Discussions and conclusions

