
Journal of Nonlinear Modeling and Analysis http://jnma-online.com

Volume 6, Number 4, December 2024, 1216–1227 DOI:10.12150/jnma.2024.1216

On Some Relations of R-Projective Curvature
Tensor in Recurrent Finsler Space

Adel. M. Al-Qashbari1, S. Saleh2,3,† and Ismail Ibedou4

Abstract In this paper, we present a novel class of relations and investigate
the connection between the R-projective curvature tensor and other tensors of
Finsler space Fn. This space is characterized by the property for Cartan’s the
third curvature tensor Ri

jkh which satisfies the certain relationship with given
covariant vectors field, as follows:

BnBmBlR
i
jkh = almnR

i
jkh+blmn(δ

i
hgjk−δik gjh)−2[clmBr(δ

i
hCjkn−δikCjhn)y

r

+dlnBr(δ
i
hCjkm − δikCjhm)yr+µl BnBr(δ

i
hCjkm − δikCjhm)yr],

where Ri
jkh ̸= 0 and BnBmBl is the Berwald’s third order covariant deriva-

tive with respect to xl, xm and xn respectively. The quantities almn =
Bnulm + ulm λn , blmn = Bnvlm + ulm µn, clm = vlm, and dln = Bnµl are
non-zero covariant vector fields. We define this space a generalized BR-3rd
recurrent space and denote it briefly byGBR-3RFn. This paper aims to derive
the third-order Berwald covariant derivatives of the torsion tensor Hi

kh and the
deviation tensor Hi

h. Additionally, it demonstrates that the curvature vector
Kj , the curvature vector Hk , and the curvature scalar H are all non-vanishing
within the considered space. We have some relations between Cartan’s third
curvature tensor Ri

jkh and some tensors that exhibit self-similarity under spe-
cific conditions. Furthermore, we have established the necessary and sufficient
conditions for certain tensors in this space to have equal third-order Berwald
covariant derivatives with their lower-order counterparts.

Keywords n-dimensional Finsler space Fn, generalized BR-3rd recurrent
spaces, employing Berwald’s third order covariant derivative, Ri

jkh Cartan’s
third curvature tensor
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1. Introduction

The study of recurrent Finsler spaces began in 1973 with the work of Sinha and
Singh [24], who explored the properties of recurrent tensors in these spaces. The dif-
ferential geometry of Finsler spaces subsequent research on recurrent Finsler spaces
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was conducted by Rund [20] in 1959 and 1981. While Abdallah [3] and Baleedi [15]
in 2017, investigated the recurrence of Berwald’s curvature tensors Ri

jkh and Ki
jkh.

Building upon these foundational works, Ahsan and Ali [4] in 2014, studied the
properties of W -curvature tensor. Opondo [18] and Abu-Donia et al. [10] intro-
duced and analyzed the recurrence conditions of the curvature tensor W i

jkh using
Berwald’s approach.

From 2019 to 2023, Ali et al. [11–13] and Shaikh et al. [21, 22] presented some
properties of the tensors W and M . They delved into the semi-conformal symme-
try a new symmetry of the spacetime manifold of the general relativity. Qasem
and Abdallah [19] furthered this research by defining the generalized BR-recurrent
Finsler space and establishing the necessary and sufficient conditions for both the
Berwald curvature tensor and Cartan’s fourth curvature tensor to exhibit general-
ized recurrence. Subsequently, Al-Qashbari and Qasem [5] investigated generalized
BR-trirecurrent Finsler spaces. Then in 2020, Al-Qashbari [6–8] derived various
identities for generalized curvature tensors in B-recurrent Finsler spaces and other
tensors.

The most recent contribution to this field is the work of Al-Qashbari and Al-
Maisary [9], who studied generalized BW -fourth recurrent Finsler spaces in 2023.
Chen, Decu et al. [16, 17] in 2021, introduced the concept of classification of Roter
type spacetimes and recent developments in Wintgen inequality and Wintgen ideal
submanifolds. In 2021 and 2022, Atashafrouz et al. [1] and Saleem et al. [23] studied
the notions of D-recurrent Finsler metrics and the U -recurrent Finsler space re-
spectively. Recently, Abdallah [2] studied the relationships between two curvature
tensors in Finsler space. Embarking on an exploration of the inherent attributes
of an n-dimensional Finsler space Fn, we presuppose that its metric function F
adheres to the well-defined stipulations outlined in [18].

1. Positively homogeneous: F (x, ky) = k F (x, y), k > 0.

2. Positively: F (x, y) > 0 , y ̸= 0.

3. { ∂̇i ∂̇jF
2(x, y) } ξi ξj , ∂̇i =

∂
∂yi is the positive definite for all variables ξi.

The corresponding metric tenser denoted by gij , the connection coefficients of
Cartan represented by Γ∗i

jk and the connection coefficients of Berwald designated

by Gi
jk, are all related to the metric function F .

(a) gij yi yj = F
2
, (b) gij yj = yi, (c) gij =

1

2
∂̇iyj , (d) yi y

i = F 2,

(e) gij gik = δkj = {
1 if j = k

0 if j ̸= k
, (f) δih gik = ghk,

(g) δik yk = yi, and (h) δii = n.

(1.1)

The torsion tensor Cijk is defined by [20]

Cijk =
1

2
∂̇i gjk =

1

4
∂̇i ∂̇j ∂̇k F 2, (1.2)

and its associate is the torsion tensor Ci
jk which is defined by:

(a) Ch
ik = ghj Cijk , (b) Ci

jk yk = Ci
kj yk = 0. (1.3)
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These tensors satisfy the following conditions.

(a) Cijk yk = Ckij yk = Cjki y
k = 0, (b) Gi

jkh yj = Gi
hjk yj = Gi

khj yj = 0,

(c) δik Cjin = Cjkn, (d) Cjkr gjk = Cr,

(e) Γ∗i
jkh yh = Gi

jkh yh = 0, where Gi
jkh = ∂̇j Gi

kh and ∂̇j =
∂

∂yj
.

(1.4)
The Berwald covariant derivative BkT

i
j of an arbitrary tensor field T i

j with respect

to xk is defined as:

Bk T i
j = ∂k T i

j −
(
∂̇r T i

j

)
Gr

k + T r
j Gi

rk − T i
r Gr

jk. (1.5)

The Berwald covariant derivatives of the metric function F, the vectors yi , yi and
the unit vector li are all identically zero [3]. In other words,

(a) Bk F = 0 , (b) Bk yi = 0 , (c) Bk yi = 0, and (d) Bkl
i = 0. (1.6)

However, Berwald’s covariant derivative of the metric tensor gij is not identically
zero, that is Bk gij ̸= 0. It is expressed as:

Bkgij = −2 yh Bh Cijk = −2 Cijk|h yh. (1.7)

The covariant differential operator of Berwald with respect to xh and the partial
differential operator with respect to yk commute, as defined by:

(∂̇k Bh−Bh∂̇kt) T
i
j = T r

j Gi
khr−T i

r Gr
khj , where T i

j is any arbitrary tensor. (1.8)

The second Berwald covariant derivative of the vector field Xi, with respect to xk

and xh is given by:

BkBh Xi = ∂̇kBhX
i − ( ∂̇sBhX

i) Gs
k + (BhX

r)Gi
rk − (BrX

i)Gr
hk. (1.9)

The tensors Ri
jkh and Ki

jkh are defined by:

(a) Ri
jkh =∂hΓ

∗i
jk + (∂̇rΓ

∗i
jk) Γ

∗r
shy

s + Ci
jm(∂kΓ

∗m
sh ys − Γ∗m

kr Γ∗r
sh ys) + Γ∗i

mkΓ
∗m
jh

− ∂kΓ
∗i
jh − (∂̇rΓ

∗i
jh) Γ

∗r
sk ys − Ci

jm(∂h Γ∗m
sk ys − Γ∗m

hr Γ∗r
sk ys)− Γ∗i

mh Γ∗m
jk ,

(b) Ki
jkh =∂kΓ

∗i
hj + (∂̇sΓ

∗i
jk)Γ

∗s
th yt + Γ∗i

mkΓ
∗m
hj − ∂hΓ

∗i
kj − (∂̇sΓ

∗i
jh)Γ

∗s
tk yt − Γ∗i

mhΓ
∗m
kj .
(1.10)

The aforementioned tensors, namely Cartan’s third curvature tensor and Cartan’s
fourth curvature tensor, respectively, display skew-symmetry regarding their last
two lower indices and maintain positive homogeneity of degree zero in their direc-
tional arguments. These tensors are governed by the following relations:

(a) Ri
jkh yj = Ki

jkh yj = Hi
kh , (b) Ki

jkh = Hi
jkh − ym (∂̇j Ki

mkh),

(c) Ri
jkh = Ki

jkh + Ci
jsH

s
kh , (d) Ki

jkh = Hi
jkh − P i

jkh − P r
jkP

i
rh + P i

jhk + P r
jhP

i
rk,

(e) Rijhk = Kijhk + Cijm Ks
rhk ym, and (f) Rijkh = grjR

r
ikh.

(1.11)
Ricci tensor Rjk, the deviation tensor Ri

h and curvature scalar R derived from the
curvature tensor Ri

jkh are defined as:

(a) Rr
jkr = Rjk , (b) Ri

jkh gjk = Ri
h , and (c) Ri

i = R. (1.12)
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The curvature tensor of Berwald Hi
jkh, torsion tensor Hi

kh, Ricci tensor Hjk, de-

viation tensor Hi
h and curvature scalar H are defined as:

(a) Hi
jkh yj = Hi

kh , (b) Hi
kh yk = Hi

h, and (c) Hj yj = (n− 1)H. (1.13)

The Concircular curvature tensor M i
jkh, the torsion tensor M i

jk , the Ricci tensor
Mjk, the curvature vector Mk and the scalar curvature M satisfy the following
conditions:

(a) M i
jkh yj = M i

kh , (b) M i
kh yk = M i

h , (c) M i
jki = Mjk,

(d) M i
ki = Mk and (e) M i

i = M.
(1.14)

The conformal curvature tensor Zi
jkh, the torsion tensor Zi

jk, the Ricci tensor Zjk,
the curvature vector Zk and the scalar curvature Z are satisfying the following
conditions:

(a) Zi
jkh yj = Zi

kh , (b) Zi
kh yk = Zi

h , and (c) Zi
ki = Zk. (1.15)

Notations. Ri
jkh: Cartan’s third Curvature Tensor, Zi

jkh: Conformal curvature

tensor, Hi
jkh : Berwald Curvature Tensor, Rjk: Ricci Tensor, Ri

h: the deviation
tensor, R: Scalar Curvature.

2. On generalized BR-3rd recurrent Finsler space

Let us explore in GBK-RFn for whose Cartan’s third curvature tensor Ri
jkh is

defined as [9]:

BmRi
jkh = amRi

jkh + bm
(
δihgjk − δik gjh

)
, Ri

jkh ̸= 0.

This space is designated as a generalized BR-recurrent space, where Bm represents
the first-order covariant derivative (Berwald’s covariant differential operator) with
respect to xm. By taking the third-order covariant derivative of curvature tensor
Ri

jkh in the Berwald sense with respect to xl, xm and xn, we obtain:

BnBmBlR
i
jkh =almnR

i
jkh + blmn (δih gjk − δik gjh)

− 2
[
clm Br

(
δihCjkn − δikCjhn

)
yr+dln Br

(
δihCjkm − δikCjhm

)
yr

+µlBnBr

(
δihCjkm − δikCjhm

)
yr
]
.

(2.1)
Multiplying (2.1) by yj , using (1.6b), (1.11a), (1.4a) and (1.1b), we obtain

BlBnBmHi
kh = alnmHi

kh + blnm(δihyk − δikyh). (2.2)

Multiplying (2.2) by yk, using (1.6b), (1.14b), (1.1d) and (1.1g), we obtain

BlBnBmHi
h = alnmHi

h + blnm(δihF
2 − yiyh). (2.3)

In conclusion, we find the following theorem.
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Theorem 2.1. In the GBR-3RFn, Berwald’s covariant derivatives of the third
order for the torsion tensor Hi

kh and the deviation tensor Hi
h are given by the

conditions (2.2) and (2.3), respectively.

Summing over the indices i and h in condition (2.1), using (1.12a), (1.4c), (1.1f),
(1.1h) and setting n = 4, we obtain,

BlBnBmRjk =alnmRjk + 3[blnmgjk − clnmCjkn

− dlnmCjkl − elnmCjkq − 2bnmyrBrCjks.]
(2.4)

Multiplying (2.4) by yk, using (1.6b), (1.12b), (1.4a), (1.1b) and setting n = 4, we
obtain

BlBnBmRj = alnmRj + 3 blnmyj . (2.5)

Multiplying (2.5) by yj , using (1.6b), (1.14i) and (1.1d), we obtain

BlBnBmH = alnmH + blnmF 2. (2.6)

Multiplying (2.4) by yj , using (1.6b), (1.14h), (1.4a), (1.1b) and setting n = 4, we
obtain

BlBnBmHk = alnmHk + 3 blnm yk. (2.7)

In conclusion, we find the following theorem.

Theorem 2.2. In the GBR-3RFn, the curvature vector Rj, the curvature vector
Rk and the curvature scalar H are all nonzero.

3. Relations between curvature tensorRi
jkh and oth-

er curvature tensors

In this section we presented the relationship between Cartan’s third curvature tensor
Ri

jkh and some curvature tensors in GBR-3RFn.

The relation between Cartan’s third curvature tensor Ri
jkh and the Concircular

curvature tensor M i
jkh for a V4 is defined as:

M i
jkh = Ri

jkh − R

12
(gjkδ

i
h − gjhδ

i
k ). (3.1)

Taking the covariant derivative of the third order for (3.1) in the sense of Berwald,
we obtain,

BlBnBmM i
jkh = BlBnBmRi

jkh − R

12
BlBnBm( gjk δih − gjh δik). (3.2)

Using the conditions (2.1) in (3.2), we obtain,

BlBnBmM i
jkh =almnR

i
jkh + blmn (δih gjk − δik gjh)

− 2[clm Br(δ
i
hCjkn − δikCjhn)y

r+dln Br(δ
i
hCjkm − δikCjhm)yr

+ µlBnBr(δ
i
hCjkm − δikCjhm)yr]− BlBnBm

R

12
(gjkδ

i
h − gjh δik).

(3.3)
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In view of condition (3.2), condition (3.3) devolves to

BlBnBmM i
jkh =almnM

i
jkh + almn

R

12
(gjkδ

i
h − gjhδ

i
k) + blmn(δ

i
hgjk − δikgjh)

− 2[clmBr(4Cjkn − Cjkn)y
r + dln Br(4Cjkm − Cjkm)yr

+ µlBnBr(4Cjkm − Cjkm)yr]− R

12
BlBnBm(gjkδ

i
h − gjhδ

i
k.

(3.4)

We can express the above equation in a different way as

BlBnBmM i
jkh = almnM

i
jkh + blmn

(
δih gjk − δik gjh

)
if and only if

BlBnBmR
(
gjk δih − gjh δik

)
= almnR

(
gjk δih − gjh δik

)
and

clmBr(4Cjkn−Cjkn)y
r + dlnBr(4Cjkm − Cjkm)yr+µlBnBr (4Cjkm − Cjkm) yr = 0.

(3.5)
In conclusion, we find the following theorem.

Theorem 3.1. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the Concircular curvature tensor M i

jkh

is GBM -3RFn if and only if the tensor R(gjkδ
i
h − gjhδ

i
k) is Trirecurrent in Finsler

space and condition (3.5) is hold.

Multiplying (3.4) by yj , using (1.6b), (1.14a), (1.4a) and (1.1b), we obtain

BlBnBmM i
kh =almnM

i
kh + almn

R

12
( yk δih − yh δik)

+ blmn(ykδ
i
h − yhδ

i
k)− BlBnBm

R

12
(yk δih − yh δik).

(3.6)

We can express the above equation in a different way as:

BlBnBm M i
kh = almnM

i
kh + blmn

(
yk δih − yh δik

)
if and only if

BlBnBmR
(
yk δih − yh δik

)
= almnR

(
yk δih − yh δik

)
.

In conclusion, we find the following theorem.

Theorem 3.2. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the curvature tensor M i

kh is GBM -
3RFn,if and only if the tensor R(gjkδ

i
h − gjhδ

i
k) is Trirecurrent in Finsler space.

Multiplying (3.6) by yk, using (1.6b), (1.14b), (1.1d) and (1.1g), we obtain,

BlBnBmM i
h =almnM

i
h + almn

R

12
(F 2δih − yhy

i)

+ blmn(F
2δih − yhy

i)− BlBnBm
R

12
(F 2δih − yhy

i).

(3.7)
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We can express the above equation in a different way as:

BlBnBm M i
h = almnM

i
h + blmn(F

2δih − yhy
i)

if and only if
BlBnBm(F 2δih − yhy

i) = almn(F
2δih − yhy

i).

In conclusion, we find the following theorem.

Theorem 3.3. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the curvature tensor M i

h is GBM -
3RFn if and only if the tensor F 2δih − yhy

i is Trirecurrent in Finsler space.

Summing over the indices i and h in condition (3.4), using (1.14c), (1.4c), (1.1f),
(1.1h) and setting n = 4 , we obtain,

BlBnBmMjk =almnMjk + almn
R

4
gjk + 3blmn gjk − BlBnBm

R

4
g
jk

− 6[ clmBrCjkny
r + dln BrCjkmyr + µlBnBrCjkmyr].

(3.8)

We can express the above equation in a different way as:

BlBnBmMjk = almnMjk + 3blmn gjk

if and only if
BlBnBmRgjk = almnRgjk

clm BrCjkny
r+dln BrCjkmyr+µlBnBrCjkmyr = 0. (3.9)

In conclusion, we find the following theorem.

Theorem 3.4. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the Ricci tensor Mjk is GBM -3RFn, if
and only if condition (3.9) is hold.

Further, summing over the indices i and h in conditions (3.6) and (3.7), using
(1.14d), (1.14e), (1.4c), (1.1f), (1.1h) and setting n = 4 , we obtain,

BlBnBmMk = almnMk + almn
R

4
yk + 3 blmnyk − BlBnBm

R

4
yk, (3.10)

and

BlBnBmM = almnM + almn
R

3

(
F 2 − 1

)
+ 3blmn

(
F 2 − 1

)
− BlBnBm

R

4

(
F 2 − 1

)
.

(3.11)
We can express the above equation in a different way as:

BlBnBmMk = almnMk + 3blmn yk

if and only if
BlBnBmR yk = almnR yk;

and
BlBnBmM = almnM + 3blmn yk

if and only if
BlBnBmR

(
F 2 − 1

)
= almnR

(
F 2 − 1

)
.

In conclusion, we find the following theorem.
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Theorem 3.5. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the vector tensor Mk and scalar tensor
M are GBM -3RFn, if and only if the tensors (Ryk) and R(F 2−1) are Trirecurrent
in Finsler space.

For a Riemannian space V4, the Conharmonic curvature tensor Zi
jkh is defined

as [19]:

Zi
jkh = Ri

jkh +
1

2
(gjkR

i
h + δihRjk − δik Rjh − gjh Ri

k). (3.12)

Taking the covariant derivative of the third order for (3.1) in the sense of Berwald,
we obtain

BlBnBmZi
jkh = BlBnBmRi

jkh−
1

2
BlBnBm(gjkR

i
h+ δihRjk− δikRjh−gjhR

i
k). (3.13)

Using the condition (2.1) in (3.13), we obtain,

BlBnBmZi
jkh =almnR

i
jkh + blmn(δ

i
h gjk − δik gjh)− 2[clm Br(δ

i
hCjkn − δikCjhn)y

r

+dlnBr(δ
i
hCjkm − δikCjhm)yr + µlBnBr(δ

i
hCjkm − δikCjhm)yr]

− 1

2
BlBnBm(gjkR

i
h + δihRjk − δikRjh − gjhR

i
k).

(3.14)
In view of condition (3.12), condition (3.14) devolves to,

BlBnBmZi
jkh =almnZ

i
jkh − 1

2
almn( gjk Ri

h + δih Rjk − δik Rjh − gjh Ri
k)

+ blmn

(
δih gjk − δik gjh

)
− 2[clm Br

(
δihCjkn − δikCjhn

)
yr

+ dln Br(δ
i
hCjkm − δikCjhm)yr + µlBnBr(δ

i
hCjkm − δikCjhm)yr]

+
1

2
BlBnBm(gjkR

i
h + δihRjk − δikRjh − gjhR

i
k).

(3.15)
We can express the above equation in a different way as:

BlBnBmZi
jkh = almnZ

i
jkh + blmn(δ

i
h gjk − δik gjh)

if and only if

BlBnBm(gjkR
i
h + δihRjk − δikRjh − gjhR

i
k) = almn(gjkR

i
h + δihRjk − δikRjh − gjhR

i
k)

and
clmBr

(
δihCjkn − δikCjhn

)
yr+dln Br

(
δihCjkm − δikCjhm

)
yr

+µlBnBr

(
δihCjkm − δikCjhm

)
yr = 0.

(3.16)

In conclusion, we find the following theorem.

Theorem 3.6. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the Conharmonic curvature tensor
Zi
jkh is GBM -3RFn, if and only if the tensor (gjkR

i
h + δihRjk − δikRjh − gjhR

i
k)

is Trirecurrent in Finsler space and condition (3.16) is hold.

Multiplying (3.15) by yj , using (1.6b), (1.15a), (1.4a), (1.11a) and (1.1b), we obtain
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BlBnBmZi
kh =almnZ

i
kh +

1

2
almn( yk Ri

h + δih Hk − δik Hh − yhR
i
k )

+ blmn(ykδ
i
h − yhδ

i
k)−

1

2
BlBnBm(ykR

i
h + δih Hk − δik Hh − yh Ri

k).

(3.17)
We can express the above equation in a different way as

BlBnBm Zi
kh = almnZ

i
kh ++ blmn

(
yk δih − yh δik

)
if and only if

BlBnBm(ykR
i
h + δihHk − δikHh − yhR

i
k) = almn(ykR

i
h + δihHk − δikHh − yhR

i
k).

In conclusion, we find the following theorem.

Theorem 3.7. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the curvature tensor Zi

kh is GBM -
3RFn , if and only if the tensor (ykR

i
h + δih Hk − δik Hh − yh Ri

k) is Trirecurrent
in Finsler space.

Multiplying (3.17) by yk, using (1.6b), (1.15b), (1.1d), (1.14c) and (1.1g), we obtain

BlBnBmZi
h =almnZ

i
h +

1

2
a
lmn

(F 2Ri
h + 3 δih H −Hhy

i − yh Ri
ky

k)

+ blmn

(
F 2 − 1

)
δih − 1

2
B
l
BnBm(F 2Ri

h + 3δih H −Hhy
i − yh Ri

k yk).

(3.18)
We can express the above equation in a different way as:

BlBnBm Zi
h = almnZ

i
h ++ blmn(F

2δih − yhy
i)

if and only if

BlBnBm

(
F 2Ri

h +3 δih H−Hhy
i−yh Ri

k yk
)
=almn

(
F 2Ri

h +3 δih H−Hhy
i−yh Ri

k yk
)
.

In conclusion, we find the following theorem.

Theorem 3.8. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the curvature tensor Zi

h is GBM -
3RFn,if and only if the tensor (F 2Ri

h + 3 δihH −Hhy
i − yhR

i
ky

k) is Trirecurrent
in Finsler space.

Summing over the indices i and h in condition (3.15), using (1.15c), (1.12c), (1.4c),
(1.1f), (1.1h) and setting n = 4, we obtain,

BlBnBmZjk =almnZjk − 1

2
almn(gjkR+ 4Rjk −Rjk −Rkj)

+ 3blmngjk − 6[clmBrCjkn yr + dlnBrCjkmyr + µlBnBrCjkmyr]

+
1

2
BlBnBm(gjkR+ 4Rjk −Rjk −Rkj).

(3.19)



On Some Relations of R-Projective Curvature Tensor in Recurrent Finsler Space 1225

We can express the above equation in a different way as

BlBnBmZjk = almnZjk + 3blmn gjk

if and only if

BlBnBm (gjk R+ 4Rjk −Rjk −Rkj) = almn (gjk R+ 4Rjk −Rjk −Rkj)

clmBrCjkny
r+dlnBrCjkm yr+µlBnBrCjkm yr = 0. (3.20)

In conclusion, we find the following theorem.

Theorem 3.9. In the GBR-3RFn(in the sense of Berwald space), the covariant
derivative of Berwald on the third order for the Ricci tensor Zjk is GBM -3RFn

if and only if condition (3.20) is hold.

4. Conclusions

The generalized BR-third recurrent space meets the criteria outlined in condition
(2.1). In the context of Berwald spaces, GBR-3RFn (in the sense of Berwald space)
exhibits the B-derivative of the third order for the Ricci tensor Rjk and the cur-
vature vector Rj , as defined in equations (2.4) and (2.5), respectively. Within
GBR-3RFn , the curvature tensor M i

jkh satisfies the conditions for a generalized

third recurrent Finsler space if and only if the condition R(gjkδ
i
h−gjhδ

i
k)is trirecur-

rent in Finsler space and condition (3.5) holds. Furthermore, the curvature tensor
M i

kh qualifies as GBR-3RFn if and only if the tensor R(gjkδ
i
h−gjhδ

i
k) is trirecurrent

in Finsler space.

The Conharmonic curvature tensor Zi
jkh in GBR-3RFn is categorized as GBR-

3RFn if and only if the tensor (gjkR
i
h + δihRjk − δikRjh − gjhR

i
k) is trirecurrent in

Finsler space and condition (3.16) holds. The curvature tensor Zi
kh falls under the

GBR-3RFn classification if and only if the tensor
(
yk Ri

h + δihHk − δik Hh − yh Ri
k

)
is trirecurrent in Finsler space. Additionally, the third-order covariant derivative of
Berwald for the Ricci tensor Zjk belongs to the GBR-3RFncategory if and only if
condition (3.20) is satisfied.

The authors advocate for further investigation and exploration of generalized
BK-higher recurrent Finsler spaces, emphasizing the potential connections to spe-
cialized Finsler spaces.
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