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Exact Solution to the Compressible Euler System
in 1-D*
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Abstract In this paper, the exact solution of one-dimensional isentropic Eu-
ler equations is studied. When the exponent of the state equation satisfies
v = 2, we get an exact solution which is linear with respect to the spatial
variable z. For this end, we solve some ordinary differential equations with
time dependent variable coefficients.
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1. Introduction

As the most basic equations in the field of fluid mechanics, the compressible Euler
system can be used to describe and simulate many physical phenomena in real fluids.
The long time behavior of the solution to the equations has been widely studied.
Although there is no complete explanation so far, the research in this aspect is going
on all the time. There have been a lot of results. The isentropic compressible Euler
equations in n-d are as follows

Op+V-(pu)=0, (t,x) € Ry xR",

1.1

Oe(pu) + V- (pu®@u)+Vp=0, (t,z)€ Ry xR, (-0

where p = p(t,z), v = u(t,x) = (u1(t, ), us(t, ), - ,u,(t,z)) and p = p(t,z) as

the real value of the unknown functions, represent the density, velocity and pressure
of the fluid, respectively.

System (1.1) is a nonlinear system of partial differential equations. General
speaking, it is very difficult to obtain the exact solution. The exact solution results
are mainly for one-dimensional Euler equations or high dimensional radial sym-
metry cases so far. Li and Wang considered radially symmetric solutions in any
dimension and constructed an exact solution of the form u = ¢(t)r (where r = |z
and c(t) satisfies a second-order ordinary differential equation) and the blow up
of the solution of the compressible Euler equations was further analyzed [1]. Liang
constructed an exact solution to the non-isentropic one-dimensional Euler equations
in the form of u = ¢(t)z [2]. Furthermore, the blow up result is discussed by setting
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appropriate initial values ¢(0) and ¢/(0). Using similar methods, Yuen obtained the
following analytic solution in one-dimensional case:

01, t) = ma { 710,1) = 32 [5() + b0 29 | o

(y=1)¢ xz,0}7 (1.2)

T 2K~ya (1)

u(z,t) = %x +0(t),

where a(t), b(t), and c(t) satisfy a system of differential equations [3]. Dong and Li
obtained radially symmetric and self-similar analytic solutions to compressible Euler
equations with time dependent damping and free boundary in three dimensional
space, and proved the global existence of such solutions [4]. Jia considered one-
dimensional isothermal Euler equations (p = ap) with time dependent damping, and
an exact solution of the form p (z,t) = e“(Y*+4(*) was obtained [5]. For compressible
Navier-Stokes equations, there has also been a lot of work on solving the analytical
solutions and further studying the large time behavior of the solutions, see [6—8]
and the references therein.

The existing results show that the exact analytical solution is possible to obtain
in the case of one-dimensional or high-dimensional radial symmetry. In other cases,
although it is not easy to obtain the exact solution directly, it is very important
to study the large time behavior of the solution. Since the compressible FEuler
equations can be written in the form of the symmetric hyperbolic system, which
admits a common phenomenon of singularity formation. We refer to [9-20] and
references therein for such kinds of results.

In this paper, the compressible Euler equations in one-dimension are mainly
considered. If the state equation is p = %pz, by solving an ordinary differential
equation, we obtain an exact solution, in which the density p(t, z) and the velocity
u(t, ) are linear with respect to the space variable x.

Specifically, we consider the following theorem.

Pt + (pu)$ = 07 (l‘,t) € R x R+,

1.3
(pu)e + (pu®)  + (30%), =0, (x,t) € R X RT. (13)

Then we have

Theorem 1.1. For system (1.3), there exists an exact solution of the following
form

pla,t) = c(t)z + d(t),

() (#)d(t) — 2¢(t)d (t) (1.4)
u(xvt) - 720(t)x + 202(t> ;
where .
W= Tr2ap .
¢ cq — 2 — c3log (t + 2c1) ‘
dlt) = t+3201 = 2(t+2201)2 =

and ¢y, co, C3,Cq are constants.
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2. The proof of Theorem 1.1

First, we verify that the solution given by (1.4) satisfies the first formula in system
(1.3). According to the expression in (1.4), it can be calculated directly that

pz = c(t),
pr =c (t)z + d'(t),
S0 (2.1)
Uz = —5(1)>
2 (t)—c(t)c” (¢ c(t)e” (£)d(t)+3c(t)c’ (£)d' (£)—2c2 (£)d" (£)—2c"2 (t)d(t
wp = ()2028 ()x—|—() (t)d(t) ()()20(3()0 (t)d"”(t) (®)d(t)

From the first formula of equation (1.3), we substitute the above formula, and get

pt+ (pu>ac
/ ! c/
—cwtd +C“+p'(_2c) (2.2)
1 'd —2cd 1 /
=cr+d — ic’x + % - gc’x - QC—Cd
=0.

Therefore, we can get that the solution (1.4) satisfies the above mass equation.
Next we consider the second formula of equation (1.3). From the second formula of
equation (1.3), it can be obtained

pets + pug + pau’® + 2puny + ppy =0, (2.3)
then the first formula of the side end (1.3), that is
—pau? — putg + pus + pau® + 2puny + ppe = 0, (2.4)

which can be simplified to
Uptt + Uy + pp = 0. (2.5)

The formula (2.1) is substituted into

Ug U + Uy + Px

_ c; cil c?d—2cc’d’ ?—cc”’ cc”d+3cc’d’—2czd”—2c'2d

- 2 < 20) x 4¢3 + 2z T + 2c3 +ec (2 6)
_ ([ + c?—cc” _ ?d—2ccd’ + cc”' d+3cc’d' —2c%d" —2"%d + ’
T\ 4c? 2c? €z 4c3 2¢3 ¢

’2 1 ’2 7 g 1" ! gt 2 q11 2
3c 4;gcc r— dZESCC d + cc''d+3cc d2;§c d"’" —2c'“d L= 0.

By comparing the coefficients of the primary term of x and the constant term, a
system of equations about ¢ and d is obtained as follows

3c’?—2¢cc” 0
gt (2.7)
_ *d—2cc'd’ cc” d+3cc’d' —2c2d" —2¢%d =0 ’
4¢3 + 2c3 +c=0.
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32 (t) — 2¢(t)"(t) = 0
a(6) = 2 (1) + EUZL D) = ).

For the first equation in the above equation, we have

2 (C/Q _ CCN) 4 ? = 0,

2
2((JCQCC>+1=0.

that is

So, it can be converted to

and integrating both sides, we get

() *fltJrc
J) 2 b

where ¢; is an arbitrary constant. Separating the variables, we get

d 1

L

c —st+a
so we integrate both sides again to get

1 1
log |¢| = —2log fit +c1| =log —Y—= 6
(-3t +a)
and hence,we have
C2 C2

c(t) = (—%t+01)2 = (t+2cl)2.

Next we solve for d(t). From (2.15), we obtain

d(t) = =25 (t+2¢1) > = =2¢(t +2¢1) ",
' (t) = 6¢g (4 2¢1) ™ = 6¢(t +2¢1) 2.

Therefore, the second equation in the above (2.8) can be reduced to

4 , 2 di) — 3

d”(t)+t+201 )+(t—|—201)2( C(t4 20"

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

This is a second-order nonhomogeneous ordinary differential equation with vari-
able coefficients. First,we try to obtain the general solution of the corresponding

homogeneous equation, that is

(t+2¢1)%d"(t) + 4(t + 2¢1)d'(t) + 2d(t) = 0.

(2.18)

This equation is a typical Euler equation, and it is considered to be transformed

into an ordinary differential equation with constant coefficients.
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Let 7 =t + 2¢q, then the above expression is converted to
72d" (1 — 2¢1) + 41d’ (T — 2¢1) + 2d (T + 2¢1) = 0. (2.19)

Let m =log 7, then 7 = ™. Thus it follows that

fododeolt
frm k= h (- ) = (-,

Therefore, equation (2.18) can be reduced to
d"(m) —d'(m) +4d' (m) + 2d(m) = d"(m) + 3d'(m) + 2d(m) = 0. (2.21)

The second order ordinary differential equations with constant coefficients can be
solved by eigenroot method. The characteristic equation of this equation is

2 +3r +2=0, (2.22)
and two eigenroots can be solved as r; = —1, ro = —2. So the general solution is
d(m) = cze™™ + cge” ™, (2.23)

that is
Cc3 Cq

t+2e1  (t426¢1)°
We get the general solution of equation (2.17) corresponding to the homogeneous

equation. Now let’s think about the particular solution. Let’s assume the general
solution is

d(t)

(2.24)

d(t) = c3yr(t) + caya(t), (2.25)
where y; (t) = ﬁ and yo(t) = m It’s easy to verify that both y;(t) = 7t+12(11
and yo(t) = m satisfy the homogeneous equation (2.18), that is, y;1(t) =

ﬁ, ya(t) = m are the corresponding solution of homogeneous equation for
equation (2.17).

The following uses the method of constant variation to find the special solution
of the above nonhomogeneous equation. We set

Yy = (@) (2) + ya(x)va(2). (2.26)

In order to make the above nonhomogeneous equation (2.17), we first need to de-
termine the unknown functions vy (z) and va(x). Taking the derivative of (2.26),
we have

Y™ = y1v] + Yoy + y1v1 + Yoo, (2.27)

By v1(x) and va(x), as defined by the solution of y* for the nonhomogeneous equa-
tion (2.17), it is better to make them meet another relationship. According to y*
expression, in order to make the y” not contain the v} and v}, we can set

Y1) + yavy = 0. (2.28)

Hence, we have
y" = yrv1 + yova. (2.29)
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Furthermore we take the second derivative to get

Y™ = y1v) 4 yous + Yl v1 + Y v (2-30)

!

We substitute y*,y*™ 5™ into equation(2.17), which is simplified to

I i /" 4 ! 2
Y101 + YUy + (91 T a1 T G y21> L (2.31)

4 2 __c
+ (yé’ + e v T (t+201)2y2) V2 = rae

Since y; and ys are the solutions of equation (2.17) corresponding to the homoge-
neous equation, the above formula can be simplified to

2
i 1! G

Yv] + Yovy = ————— = f(t). 2.32
1V1 T Y22 (t 201)4 (t) ( )

Simultaneously equation (2.28) and equation (2.32) imply that it can be calculated
when the coefficient matrix determinant

1 1

wo || | e Gmar oL (2.33)
vl ﬁ ﬁily’ (t+2¢1)
We have
vi(t) = _% = (t+c2§q)2 (2.34)
- .
vs(0) =% = ~mia

What we get when we integrate it is as follows

2
2

_t+2817

U1 (t) = Cl ’UQ(t) = CQ - C% IOg (t + 201) . (235)

Therefore, the special solution is

Y (t) = y1(D)v1(t) + ya(t)v2(t)
—c3 B c3log(t + 2¢1) (2.36)
(t+2¢1)* (t+2c1)?

According to the relevant theory of the linear differential equation solution, the
general solution of the above non-homogeneous equation (2.17) is

c3 cq — 3 — c3log (t + 2¢1)

d(t) = DO +v7(1) = 75 E e

(2.37)

then Theorem 1.1 is proved.
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