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The First Eigenvalue of (p, g)-Laplacian System on
C-Totally Real Submanifold in Sasakian Manifolds
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Abstract Consider (M, g) as an n-dimensional compact Riemannian man-
ifold. Our main aim in this paper is to study the first eigenvalue of (p,q)-
Laplacian system on C-totally real submanifold in Sasakian space of form
M?™ 1 (k). Also in the case of p,q > n we show that for A1 p 4 arbitrary large
there exists a Riemannian metric of volume one conformal to the standard
metric of S™.
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1. Introduction

Studying the bounds of the eigenvalue of the Laplacian on a given manifold is
a key aspect in Riemannian geometry. A major objective of this purpose is to
study eigenvalue that appears as a solution of Dirichlet or Neumann boundary value
problems for curvatures functions. By reason of the theory of self-adjoint operators,
the spectral properties of linear Laplacian were studied extensively. As an example,
mathematicians are generally attracted to the spectrum of the Laplacian on compact
manifolds with or without boundary or on noncompact complete manifolds in these
two cases the linear Laplacian can be uniquely extended to self-adjoint operators
(see [7,8]).

Consider (M™, g) as an n-dimensional compact Riemannian manifold. Let u :
M — R be a smooth function on M or u € WP (M) where WP (M) is the
Sobolev space. The p-Laplacian of u for 1 < p < oo is defined as

Apu = div (|VulP V)
= |Vu|P72Au + (p — 2) |[VulP~* (Hess u) (Vu, Vu),
where
(Hessu) (X,Y) =V (Vu) (X,Y)
=X Yu) —(VxY)u X, Y e x(M).

The first eigenvalues of p-Laplace operator in both Dirichlet and Neumann cases
have been studied in many papers (see for example [14]).
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In this paper we are going to study the first Dirichlet eigenvalue of the system
Apu = —Au|®lv|Pv, in M,
Ao = —Aul*[v[fu, inM, (1.1)
u=v=0, on OM,
where p,q > 1 and «, 8 are real numbers such that
a+1 +1
SRS
p q

Let (M, g) be an n-dimensional compact Riemannian manifold. The first Dirichlet
eigenvalue of system (1.1) is defined as

. 1 a+1 B+1
A M) = inf VulPdv + —— Volld
1pq ( ) ugl;éo { j‘M \u|0‘+1|v|ﬁ+1dv |: p /M | ’LL| v+ q /M | U| U:| }7

where

1.

(u,0) € W' (M) x Wy (M) \ {0}.

As an example, the second author studied the first eigenvalue of the system (1.1)
in [3].

The (p, q)-Laplacian system (1.1) was studied before in many papers. As an
example the authors of this paper studied the first eigenvalue of the general case
of the system (1.1) under the integral curvature condition in [9]. These types of
systems have been found in different cases in physics. For example, they are relevant
to the study of transport of electron temperature in a confined plasma and also to
the study of electromagnetic phenomena in nonhomogeneous super conductors (
see [5,6]).

The study of submanifolds, especially Legendrian submanifolds in contact man-
ifolds from the Riemannian geometric perspective was initiated in the 1970s. The
main problem in this area is to establish the classes which include such subman-
ifolds. As an example, nonharmonic biharmonic submanifolds in Sasakian space
forms of low dimension were studied before in [11,17]. The importance of studying
eigenvalues of Laplacian was clearly obtained by Reilly in [15]. As a quick remark,
we recall that the n-manifold M™ is called a minimal submanifold, if the mean
curvature vector vanishes on M™ everywhere. In this case Reilly showed that the
first eigenvalue of the Laplacian for a compact n-manifold isometrically immersed
in Euclidean space is bounded above by n times the average value of the square
of the norm of the mean curvature vector. Moreover, if the eigenvalue achieves
this bound, then the submanifold is a minimal submanifold of some hypersphere in
the Euclidean space. Ali et al. studied the first non-zero eigenvalue of p-Laplacian
operator in [1].

Proposition 1.1. Let X" be an n-dimensional closed oriented C-totally real sub-
manifold in a Sasakian space form M?*™*! (k). The first non-zero eigenvalue A1,
of the p-Laplacian satisfies the following conditions.

o If1<p<2then

tp e 2 D (500 ) )
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o If2<p<2y1

My < 20_3)(%;;;;_5)”5 L((5)+ |H|2)g v,

where H denotes the mean curvature of the immersion of X™ into R™.

As a quick review, in this paper, by improving this result for the first Dirichlet
eigenvalue of system (1.1) in the Sasakian space form, also we are going to prove
the following theorems.

Theorem 1.1. Let M™ be an n-dimensional compact Riemannian manifold and
consider X" as an n-dimensional closed oriented C-totally real submanifold in a
Sasakian space form M*™* (k) with a constant sectional curvature k. If A1 pq
denotes the first eigenvalue of system (1.1), then for arbitrary natural N :

e Forp>q>2 we get

) 1 3 ;
Mpa V2 (m+1>5p2”%/ <(HI )+H|2) B

o forl<q<p<2weget

a
— p 2
Mg < V2 atatD) (m+ 1)7%[1@“) n? / ((H 1 3> + |H2> dv.

e Forp>q>2 we get

Mg < V2T (4 1) 207 0) 8 /n ((’” 3) + |H2)g dv,

4
where H is the same as the previous one.

Theorem 1.2. Consider M as an n-dimensional compact manifold. If X1, 4 de-
notes the first eigenvalue of the (p,q)-Laplacian system (1.1) and p > q > n then
fore>0

limsup App 4 (€) €n = co.
e—0

2. Preliminaries in Sasakian spaces

In this section, we are going to introduce the Sasakian space forms and some other
useful notations. Consider (M , g) as an odd dimensional smooth manifold with an
almost contact structure (¢, &,n), to be an almost contact metric manifold and also
for every U,V € T’ (TM ) the following relations hold.

' =—I+n@¢& nE) =1 ¢ =0 nop=0,
g (U, V) =g (U V) =nU)n V), nU)=g(U¢),
where ¢, £ and 7 are called a (1, 1)-type tensor field, a structure vector field and a

dual 1-form respectively. In this case an almost contact metric manifold is called
Sasakian manifold with Riemannian connection

(Vop)V =gUV)E=n(V)U,
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where
vUS = _SDU;

U, V are vector fields on M?™*+! and V denotes the Riemannian connection with
respect to g (for more details see [2]). We recall that for tangent vectors X, Y, Z,
W on X7, the Gauss equation is given by

R(X,Y,Z,W)=R(X,Y,Z,W)+g(h(X,Y),h(Y,W)) - g (h(X,W),h(Y,Z)),
where R, R are the curvature tensors on M2?™*! and X" respectively. If M?™+1 (k)
denotes the Sasakian space form of ¢-sectional curvature r, then the curvature
tensor R of M?™*! (k) can be explained as

rexyzw) = () s gz} e

() 0@ w9 x.2)
—n(Y)n(2)g(X, W) —=n(X)g(Y,Z)n(W)
+9(@Y, Z2) g (X, W) —g(pX,Z) g (¢Y, W)

+2g (X,soY)g(soZ,W)},

where XY, Z €T (TM)

Let M?™*+1 (k) be a Sasakian space form of constant ¢-sectional curvature k.
The n-dimensional Riemannian submanifold ¥" of M?2?™+! (k) is called C-totally
real submanifold in the case that £ is a normal vector field on ¥™. That is, the
standard almost contact structure ¢ of M?™*! (k) maps any tangent space of %"
into the corresponding normal space (see [16]).

By the quantity ( 2.1) the curvature tensor R for a C-totally real submanifold
in a Sasakian space form M?™+1! (k) is given as

R, 20) = (S22 (s 200 (W) = g (X, 2 g (o) ).

In the case where yx is a C-totally real immersion from ¥" to an (2m + 1)-dimensional

Riemannian manifold (]\Z/,g), " has an induced metric gz = x*g. If {e; fg"”l“ is

an orthogonal frame for M?™*! (i) where {e;}7_, are tangent to X" and {ek}izxil

are normal to X" as well, then A. Ali et al. have already proved in [1] that

R= (HI3>n(n—1)+n2|H|2—S,

. 2,
where R is the scalar curvature of X", S = Zi’j,k (ij) is the norm square of

the second fundamental form. H = Y, H"e, = 1% (3, wfj) e is the mean
curvature vector of X" and

1<4,5<n, n+1<k<2m-+1.

We recall that if M>™*+! is equipped with a new metric g = e**g which is conformal
to g, then {e; ?211“ = e H{e; ?;”1“ is an orthogonal frame for (M,g) where p €

C° (M). In this case it was proved in [1] that
e (8 —n|H|?) = S —n|H|”.
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Also, there are some other valuable works in which Sasakian space forms are ex-
amined (see [10,12,18]). We will use these relations to provide proof for our main
results.

3. Main results

In this section, we are going to give appropriate proofs for our main results. At the
first step, we must mention some lemmas which make our proofs more possible. The
conformal bounds for the first eigenvalue of the p-Laplacian operator were studied
by Matei in [13] extensively. The first eigenvalue of the (p,q)-Laplacian system
(1.1) can be viewed as a functional as

g )\1,[),(1 (M7g) ’

on the space of Riemannian metrics on M. Since Ay 4 is not invariant under
dilatations i.e. A pq(M,Kg) # A pq(M,g) for a real constant K, we need a
normalisation when we study the uniform boundedness for the mentioned functional.
Consider M (M) as a set of Riemannian metrics of volume one. We consider the
unit sphere S™ and we construct metrics in M (M) conformal to the standard
metric which is denoted by can. For a Riemannian metric on M as g, we denote
the conformal class of g by

lg) = {falf ™), f>o0},
and also
G(N)= {'y e Diff (SN) |[v*can € [can] },

for a group of conformal diffeomorphisms of (SN ,can) where N is an arbitrary
natural number. We will divide our main issue into two different parts, first of all
we consider the case where p, ¢ < n and then the case of p,¢ > n will be assumed.
In the first case we are going to study the upper bound for the first eigenvalue of
the (p, ¢)-Laplacian system (1.1) with respect to the Sasakian space form. For this
purpose, we have to prove some useful lemmas. For the first lemma which is called
Chebyshev inequality, a suitable proof can be found in many papers such as [4].

Lemma 3.1 (Chebyshev inequality). Consider {a;}?, and {b;}, as two de-
creasing real sequences. Then

1 & 1 & 1 &

Lemma 3.2. Consider ¢ : (M,g) — (SN, ccm) as a smooth map whose level sets
are of measure zero in (M, g). Then for a, 8 > 0 there exist v,6 € G (N) such that:

e Ifp,q> 2, then

1,2 1 1
At (M) < (N 4 1) (‘” / o + P2 / |d<de>.
p M q M
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o If1<p,q<?2, then

1 1 1
Mg (M) < (N + 1) 3900+ (M / dfrdu + 212 / |d<|qd”> '
p M q M
o I[f1<q<2<p, then
1(,2 1
Mg (M) < (N +1)3(7"~0) (a*/ \dw|‘1dv+5“/ |d<|qd)
p M

where for arbitrary natural N and 1 <i < N +1

Yi=(v09),, G=(0009),.
Proof. Consider 1); = (yo ¢), and (; = (d 0 ¢),. For 1 <i < N +1 we get

1 a—|—1/ - ,6’+1/ .
Mpg (M) < —— _ dilPdv + 2= [ jagi)e,
l,p’q( ) f "lz}i|a+1|gi|ﬁ+1d’l}|: D | 1/}| q | C|i|

where {¢}; and {C}; denote the decreasing rearrangement of {t}; and {C}; respec-
tively. Thus

/\l,p,q (M)
N+1 N+1

1 a +1 / g+1 ,
adirdo+ 252 3G,
S SuTaT el AP e
where the last inequality comes from

. . 1 . 1
)\/ |¢z‘\a+1|Ci|ﬂ+ldv < axl |dv; [P + B u / |dCz|qu
M p M

and summing both sides from 1 to n + 1,

n+1

n+1
T okl F B+ atl ptl Ci )
S ([ wiiapa) < 3 ([ e+ 2 [ are).

i=1 i=1

First consider p,q > 2. Then

N+l N+1 o, Nt1 o g )
Do lddil =Y (|dif*)” < (Z dW) = |dgJ?,
=1

=1 i=1

and

N+l N+1 . N+1 3 )
Do ldGile =" (jddi)? <Z|d<z|2> = |d¢|°.
=1

i=1
By Chebyshev inequality, we have

N+1 N+1

PTG = Z i 1 IG

= _N—|—1
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. <1NZW> <1NZ“WH>
AN+ &= N+1 &
> (1 NZH |¢i|p(a+1)> <1 NZH |€i|q(5+1)>
“\N+1 = N+1

879

N+1 1 2 (at1) N+1 1(8+1)
ZNH (lal?) ZNHW)

(3.1)

Since z > z% for £ > 11is convex, and given that ZNH |;|> = 1 and ZNH 1G|? =
1, by applying Jensen s inequality to formula (3.1) we get

N+1

D G

=1

N+L - 5lat+1l) Ny . 2(B+1)

Z(; mhﬁﬂ ) <§ mKJ )

_( 1 >§(a+1) <N§:1|w |2>’5(a+1)( 1 >§(ﬁ+1) (NEEIIE 2) $(8+1)
N+1 =1 Z m i=1 i

=(N+ 1)*%(P(a+1)+q(5+1)) )

Now under consideration p > ¢, we have

1,2 1 1
Mg (M) < (N +1)2F <a+ / |d1/z|Pdv+L+ / |d§qdv>.
p M q M

For 1 < p,q < 2, since

p+1 a+1 ..
also x — x 2 and x — x~ 2 are convex, by the similar process we see

N+1 N+1

s 1 s
DI TG > N1 D G
i=1 i=1

<1NZ+1|1/].|04+1> <1NZH|C|B+1>

N+1 i=1 ' N+1 =1 '

> ( 1 Nilw |(p+1>(a+1>) ( 1 ]Vzﬂ|éi|(q+1)(,8+1)>
N+1 N1+

i=1

R 25 (541)
=<;N+1(wi| )(ZNH GI?) )

Continuing from the last line of the previous formula by Jensen’s inequality, we get
N+1

D oG
=1
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N+1 BN A (a+1) oy BN i Can)
> 2 2

=1

|\ Harn) /N4 T( atl) 1\ BB+ N+1 L (B+1)
_ N2 52
<N—|—1> <Z|T/&| ) (N—i—l) <ZQ| >
=1

i=1

=(N+ 1)—%((p+1)(a+1)+(q+1)(/3+1)) '

. ya g
Since x +— x2 and z — 22 are concave, we conclude that

N+1 N+1 b N+1
doldilr =Y (jdil*)® < (N +1)" (Z dW)
i=1

|

i=1

= (n+ 1) F |aylP,

and
N+1 N+1 q 4 N+1 %
S oldGlr =Y (1d6?)? < (N +1)tE (Z |d<i|2>
1=1 =1 =1

= (N+1)'"% |d¢|".

Now similar to the previous case, under consideration p > ¢, we have
1 1 1
Mg (M) < (N + 1)~ 2900+ (H [ 1aupan+ gl / |dC|qdv> .
p M q M

In the third case for 1 < ¢ < 2 < p, since = — 22 is convex, by the similar process
we get

N+1 N+1
a+1 B+1 7o+l 8+1
;\wl Gi _—NH;W Gi
1 N-+1 1 N+1
> - V,. a+1 - V,. B+1
. <N+1 >0 ) <N+1 > )
1 N+1 1 N+1
> . |p(e+1) Fp(B+1)
(NH;W ><N+1;|<1|

N+1 2(atD) N+1 2(84+1)
50‘ 5
(Z N+1 (1:F%) )(Z N+1 (IGF) >

and by Jensen’s inequality

N+1
Z W)i|a+1|<i|5+1 > (N+ 1)*%(a+6+2)_
=1

. q .
Furthermore, since x — x2 is convex,

Z|d¢z|p<z|dwl|q > (jdwif?)?

N+1 N+1 N+1 <N+1
=1

<Y |dwz|2> (V + 1'% |y,
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and

S oldGT =" (jd¢i?)?
=1

N+1 N+1 <N+1
=1

‘I
q 2 q
DGR ) = (N +1) 2 e,
which conclude that

;(pzq)(a“ agy 4 BH1 ‘ )
Mg (M) < (N + 1) - /Mldwl v+ 2 /M|d<| v

O
Proof. [Proof of Theorem 1.1] Taking account of Lemma 3.2, there exists a
function ¢ and v, € G (2m + 2) such that

a+1 B+1
Moy /Z S sl < 2 /E > laviprao + 22 /E S |dGi|dv,

where ¢; = (y0¢),, ¢; = (6§ 0 ¢), and
1<i<2(m+1).

It should be mentioned that if

2m—+2

> il =
i=1
}2m+1

then |1;| < 1. Now with respect to the preliminaries section, consider {e}:m
an orthogonal frame for M?™*! (k) where {e;}"_; are tangent to X", we have

as

2m-—+2

Z |dwl|2 - i \Veﬂlh\z = ne2u7
=1 =1

and

2m—+2

G =D Ve G =
=1 i=1

where g = e?#g and p € C°° (M). Now by applying Lemma 3.2 we have seen before,
as an example for p, g > 2 and setting N as 2 (m + 1), we get

)\LP,q S \/§p (m+1 %

2m--2 2m+2 ‘|

e >l =y >l

By Holder’s inequality and under consideration of p > ¢ we easily get

/ <2§2|d¢1|2> dv+5 / <2§2|dg|2>qdv

)‘l,p,q

p> 1,2
<V2' (m+1)2P

<\fp (m+1)27

m\»—A
Q
3
—
3
(q]
D
=
SN—
M)
ISH
S
N———
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where we used the fact for system (1.1) that

1.

a+1 +1
Mh
p q

Since by some conformal relationships and also by some calculations it was proved

before in [1] that
3 5
/ Py < / <|"EI T H|2|) dv,
we conclude that

2 1 » 3 g
Apg < ﬁp (m + 1>2p2 ni/ ((HI ) - |H|2) do-

By the same process for other cases, we get

o If 1 <p,q <2, then

_ . 3 5
)\1,p,q§\/§ q(g+1) (m+1) éq(q-s-l)ng/ ((HI )+|H|2) do.

e If 1 <q<2<p,then

Mg < VEE ™Y (g 1)2079) % /n <<“13> + |H2>g dv.

O
Consider r € [0,7] as a geodesic distance and € > 0. In this case the radial
function f. : S™ — R is defined as

Je (T) =enle=m X[0,Z —€]U[Z +e,m] (7”) + X(l_e)g+e) (7”) ’

2

thus the parametrisation of the first eigenvalue of the (p, ¢)-Laplacian (1.1) is given
by

Mopg (€)= inf {Re(uv)] (u,0) € We™ x W\ {0},

u,v7#£0
where
1 1 n—p
Re (u,v) = . S o,
fSn—l fe2 |u|a+1|v|ﬁ+1dvcan p Sn—1
+1 n—p
—|—L/ fe 2 |dv|Tdvean | -
q Sn—1
Proof. [Proof of Theorem 1.2] The radial functions @, o, : S™ — R are defined
as
ug (r) = 1 |ue (r,.) [Pdvcan,
‘ V Jgn-1
1
vd(r)=— |[ve (r,.) |*dvean,
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where V' = vol (S”’l, can). We just give calculations in the case of p and u and
also the same process holds for ¢ and v. By taking derivatives with respect to r we
get

Oue
or

paig_lal _ 7 |u€|p_2u€

=V o Atean.

By Holder’s inequality we see

1= 1 _1,0u
L e

p—1 1
1 D . P
S 7 </ |U€ |pdvcan> </ | au |pdvcan> )
1% Sn—1 Sn—1 87"

which concludes that

_ 1 Oue 1
< [ G P < [ lduddv, (3.2)

Since O‘T'fl + % = 1, by Holder’s inequality we get

at1 B+1
P q
[l o v < ([ v, ) ([ et )
Now by some calculations we obtain
/ fé ‘aela—i_l |ﬁe‘5+1dvcan (3.3)
S'IL

T
=V. / [ a5 P sin e~ L
0

B+1

=V. 7Tf% l/ |ue|Pdv ’ l/ |ve|9dv " sinrmldr
- V- 0 € V Sn_l € can V Sn_l € can

atl
n p q
:/ 2 </ u6|pdvcan) (/ |v6|qdvcm> sinr™dr
0 Sn—l Sn—l
™ n
2/ 2 </ u6|0‘+1|v65+1dvcan) sinr™dr
0 Ssn—1

2/ FE el oe " dvgan.
S’!L
By formula ( 3.2) we conclude that
n—p T n—p
/ fe 2 |ulPdvean = V./ fe? |al|Psinr™ tdr
§n 0

4 n—p
§/ [/ |du6|pdvcan} fez sinr™ ldr
0 S"_1

o
= fe? |due|Pdvcan,
n
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also by the similar process
=g q =5t q
fe |Ue | dvca’n < fe |d'Ue ‘ d/Ucan .
S Sn

If S and S™ denote the upper and the lower hemispheres centered at zg and —xzg
respectively, then

Alpq (€)
lra+1 n_p _ +1 n—p
21’T|: fe 2 |u/5‘pdvcan + L fe 2 ‘Ué|qdvcani|
! p sn q Sn

o
> mm{)‘l,p,tﬁ )‘l,p,q}7
+ -
where AT, and A ke
to upper or lower hemispheres respectively, and ¥; = fS" [ | P T dvean.-
Without loss of generality, we assume

are determined by the case of taking integrals with respect

Alpq (€) > AT (€),

1,p,q

which means that

Alp.q (€)

1 1 n—p 1 s
Zf[ﬂ/ £o 7 |E P dvean + ﬂi/ fe 2p|@é‘qdvcan:|7

b p o Jsp a Jsp

where ¥ = [, f€%|ﬂ5\“+1|ﬁe|5+1dvcan. Functions a, € W' (M) and ¢, € W14 (M)
¥

are defined as

Qe =

and b, = 4. — a. as well as

where similarly d. = v — c.. It is obvious that on [O, 5= e} we have
be = ds = Oa

and on (g — €, %} also

a. = =0,
and by the above definition we conclude that
| ” = lacl” + [bc]”,
|De|? = lec® + |de|?,
|a€‘a+1 < 9o (|a6|a+1 + |b€|a+1) ,
|,DE|5+1 < 25 (|C€‘ﬁ+1 + |d€|ﬁ+1) .
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By the definition of f, (r) and also substituting in the formula of A\, j, ; we get
9—(a+8)

P 1 1
[6—27, i/ |aé|pdvcm+ﬁi/ I, | dvean
A b Jsn q Jsr

AM.p.q (€) >

1 1
O e dug, + P

I / |d/e|qdvcan:|,
p sn q 5%
where

-A:/ f5%|a€|a+1|c€|ﬁ+1dvcan—|—/ |ae‘a+1|de|ﬁ+1dvcan+/ ‘be|a+1|ce|ﬁ+1dvcan
St Sr S
+/ |b€|a+1|d€|beta+1dvcan'
S’!L

+

Let

It is clear that

+

™
1 1
+ (OH'/ 1. |Pdvean + BL/ |d2|qdvcan)}
p Sit q St

There are two different cases. First of all,

. a+1 /
lim sup [7
e—0 P S

n
+

» 1 1
My (O 2 2@ [ (50 [ o, + 52 [ Jptdvn, ) (.9
p Sn q Sn

1
‘aélpdvcan + BL /
q S

n
+

|c'6|qdvam} > 0.
In this case

® _ » [a+1 +1
>\1,p,q (6) ~€Z >2 (a+ﬂ)€ " ( / ‘a;|pdvcan + B / Cé|qdvcan> 5
P Jsy q Js»

. P
limsup Ay p 4 (€) .€7 = o0.
e—0

which concludes that

In the other case

lim
e—0

{oﬁ—l

1
/ 0 Pdvean + P / €] = 0.
D Sm q S

+ +
Now consider the sequence ey — 0 as a.y + ¢, —+ a + ¢ where a and c are some
constants. Since

lim / fjv |Gen |a+1 |Cen |B+1dvcan

= lim

/ fgv (‘aﬁN‘a+1|C€N|B+1 - ‘a|a+1|c|5+1) dvca”
N—o0 Si
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a+1),8+1 li 5 d —
+ (a1 ) Jim [ Fhdvan =0,
for p,q > n and arbitrary N, {fc, } is uniformly bounded. Thus we have

lim f& dvean = 0.
N—0 Jgn
n

By substituting all those in ( 3.4), we get

2740 ro + 1 +1
M (02 2= [ [ v + 5 [ 0d0)]
B P Jsn q Jsn

9—(a+p) 3 1 1

= — / <a i |bL|P + R |d2|q> sinr™ " dr
J7_., Dsinrn=ldr /3 P q

2

—en

ne1 L[5y edp 4 BEL (5 g jady
2 (] ) L A e

i I

ff% Ddr
5 —EN
where
B:/ |a€|a+1|d6|ﬂ+1dvcan+/ |be|a+1‘ce|6+1dvcan
s sn
+/ |b6|a+1‘d6‘ﬂ+1dvcan;

st

and

D= |a6|a+1|de|ﬁ+1 + ‘b6|a+1|ce‘ﬁ+l + |be‘a+1|d6|ﬂ+1~
Similar to the previous one, we define a., € W™ (—ex,ey) as
_ T
Gey (T) = ey (m—i— 5 eN) .

Also, the similar definition works for b., from W, ™* (—en,en) and &, dey €
Wol’q (—GN,EN). Thus

CEL [ lpdr + FE [ ld|tdr et f g edy + BEL [ | ady

f§7 Ddr I Ddr
2 €N
_ okl [N b fpdr + ZEL [N |di|9dr
f”' Ddr
EN

Z >\1,p,q (*GNv 6N)

= EJ_Vp)‘l»P»q (_1’ 1) )

and

_ X s n—1
A pg(€) > 278 1P (sm <§ - eN)) Apq(—1,1),
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which finally concludes

¥

limsup A1 p 4 (€) €7 = o0.
e—0
- - [
For e > 0, f € C*(S™) is a radial function such that f. < f.. Also, on
[Z — 5,2+ 5] we have
fe(r)=fe(r)=1,
and
fe(m—r)=f(r)
Thus
_ _n % _n
vol (S", fecan) = fé dvean = / f& sinr™ rdrdveg,
Sn Sn— 7%

vy -

+5
> V. / sinr™ ldr

T _€
2 2

> eV[sin (g - 6) }7171,

where V' = vol (S’”_l, can).

Corollary 3.1. Let p > q > n and A pq denote the first eigenvalue of the (p, q)-
Laplacian system (1.1). Then for arbitrary large A1 p 4 there exists a Riemannian
metric of volume one conformal to standard metric can.

Proof. By improving a method from [13], let @ and . denote the eigenfunctions
for A1 pq (S™, fecan). Also af, a_, v and v are assumed as the positive and
negative values of 4. and ¥, respectively. For the system (1.1) we conclude that

= 1 a+1 B _n—p
)‘l,p,q (Sn’fecan) = -z / |du:—|pf6 2 dvcan
fSn |a2-|a+1|5:-|ﬁ+1f62 dvean p "

1 _n—p
20 [ a7 v
q n
1 1 —n—p
- |:a+ / |dﬂe_|pfe 2pd'”can

= Ty
fSn |ae_‘a+1|77€_|ﬁ+lf€2 dvean p

1 _n—p
+ 22 [ 140175 dvean).
q Sn

Set t € R such that
Uey = tul +a; .

So we get

- 1 a—+1 _ ., Snzp
)\1710#1 (Snvfecan) = —n |: / |du6|pf€ 2 dvcan
fSn |a€|(x+1‘@€|[3+1f62 dvcan b sm
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+1
+ 6 / |d11€| fe dvcan:l
q n

1 1
> [ [ v,

fSn |ﬂe|a+1‘l_} |ﬁ+1f2dvcan p
1
+ BL/ |d1}€|qf€ dvcan:I
q n

> Mg (6) .

Under the consideration that p > ¢ and by Theorem 1.2, we finally see

limsup Ay .4 (8™, fecan) vol (8™, fecan) " >V limsup A p 4 (€) €7
e—0

e—0

= 00.
Just setting
he = vol (S",ﬂcan)f% fe,
we have
vol (8™, hecan) = 1,
and

limsup A1 p,q (S™, hecan) = co.
e—0

O

Remark 3.1. Someone may consider the situation ¢ < n < p. In this case by the
same process as in Theorem 1.2, consider the radial function f. : S™ — R as

4q
fe(r) = €m0 X0, 5-quig+en (1) + X(3-c54¢) (1)

and we have

1 1 1 an
Re (uv'U) = 193 [a; A . 2 |dU| dvcan + ﬂ: /S . fe 2 |d1}|qd'l/can:|,

where 93 = [¢._, f5%|u\a+1|v|6+ldvmn and

M (€) = inf {Rc (u,0)] (u,0) € WoP x W\ {0} }.

u,v7#£0
By the same process as in Theorem 1.2 we finally get

. a
limsup A1 p 4 (€) .€7 = o0,
e—0

which means that the same statement as Corollary 3.1 holds for the first eigenvalue
of system (1.1) when ¢ < n < p.
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