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Dynamics Analysis and Optimal Control for an
Avian Influenza Model among Multi-Populations*
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Abstract In this paper, a compartment model is formulated to study the
transmission dynamics of avian influenza virus among birds, poultry and hu-
man population. Due to the strong coupling of the system caused by the trans-
mission route, there are some mathematical challenges to obtain the existence
of the endemic equilibrium and its global asymptotic stability. Firstly, we give
the well-posedness of the model and then discuss the threshold dynamics for
three sub-models. Next, we give the threshold dynamics for the whole system:
the disease-free equilibrium is locally asymptotically stable with Ry < 1, and
the other conditions are required for the global asymptotic stability of the
disease-free equilibrium. The endemic-equilibrium is globally attractive when
Ro > 1. Furthermore, the sensitivity analysis and an optimal control problem
are discussed. Finally, some numerical simulations are carried out to illustrate
our theoretical results and visualize the impact of various parameters on model
dynamics, which suggest that decreasing the recruitment rate and increasing
the death rate of poultry, can only control the disease by simultaneously cut-
ting off the transmission from birds to poultry and humans even if the ultimate
scale of the disease can be effectively controlled. In addition, enhancing public
awareness of prevention to reduce the transmission from birds and poultry to
humans is also effective in controlling the final scale of disease.
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1. Introduction

Avian influenza(AI) is an animal infection caused by an avian influenza virus (AIV),
a type of influenza A virus, which normally does not infect humans [1]. However,
since human infection with avian influenza (highly pathogenic A (H5N1)) was dis-
covered in Hong Kong in 1997, the disease has become a zoonotic disease and has
been of great concern to WHO worldwide [2]. From 2003 to July 14, 2023, 878 con-
firmed human cases of H5N1 virus infection have been reported to WHO including
458 deaths [3]. In addition, in the biological sense, there is a gap between the host
types of different types of avian influenza viruses, and there are many subtypes
of influenza viruses which can infect humans, such as, HIN1, H5N6, H7N9, and
HIN2 [4], which belong to zoonotic virus AIV. The outbreak and epidemic of Al
has had a serious impact on the aquaculture, catering, international trade and the
ecological environment [5]. Therefore, it is necessary and meaningful to study in-
fluenza dynamics and design control strategies by understanding of the transmission
mechanism of pathogenic AIV among birds, poultry and humans.

In recent years, it has been well-recognized that mathematical models are one of
the most powerful tools for studying the dynamics of infectious disease because they
can provide some useful epidemiological characteristics and effective prevention and
control measures for relevant departments [6-10]. In particular, a number of sophis-
ticated mathematical models for the spread of Al have been previously developed,
see e.g. [11-20]. In particular, Liu et al. [19] introduced two different laws for the
avian population into an Al bird-to-human model and analyzed their dynamical
behavior. Bourouiba et al. [20] used the patch-type delay model to characterize
the transmission mechanism migratory birds and non-migratory poultry, and fur-
ther studied the role of migratory birds in the spread of H5N1 avian influenza. In
addition, considering the effect of seasonal temperature and spatial heterogeneity
environment on Al, Zheng et al. [14] proposed a time-spatial heterogeneity reaction-
diffusion AI model. And Calvin et al. [12] formulated an avian—human influenza
epidemic model with diffusion, nonlocal delay and spatial homogeneous environ-
ment to describe the transmission of avian influenza among poultry, humans and
environment. However, there are many noises in the real world that affect the
spread of diseases in different degrees [24,25]. Mate et al. [17] proposed a stochastic
AT model with Ornstein-Uhlenbeck (O-U) process to investigate the relative con-
tribution of direct and environmental transmission routes in the recurrence of Al
epidemics. Zhou et al. [9] examined a stochastic avian influenza model with a non-
linear incidence rate within avian populations and the psychological effect within
the human population, and they obtained the threshold dynamics of Al and the
probability density function.

Although many avian influenza dynamics models, such as ODE, PDE, DDE,
and SDE, have been discussed above, most of these models are only related to
two compartments: birds and poultry, birds and humans. In fact, the spread of
avian influenza often involves three groups: birds, poultry and humans. And the
transmission path is also relatively complex, for example, wild birds and poultry
can infect each other, and the wild birds can infect humans and even humans can
be infected by poultry. Hence, it is meaningful and reasonable to incorporate the
complex transmission routes among wild birds, poultry and humans. Nevertheless,
it poses significant challenges to the dynamic analysis of the system, especially the
existence and global stability of endemic equilibrium. In addition, although there
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Figure 1. The diagram of the AI transmission

are few multi population dynamics models for avian influenza, there is some research
on multi population dynamics models for other diseases, e.g., [21-23] and references
therein, which can provide us with some reference for our analysis.

The organization of this paper is as follows. In Section 2, we establish the
avian influenza model and introduce some preliminaries. In Section 3, the dynamic
behavior of three sub-models are discussed, especially, the poultry-birds models.
Sections 4 analyzes the dynamics of the whole system. The sensitivity analysis and
an optimal control problem are discussed in Section 5. Section 6 carries out some
numerical simulations to illustrate our theoretical results and visualize the impact
of various parameters on model dynamics. A brief conclusion and discussion ends
the paper.

2. Model formulation and preliminaries

To use mathematical models to characterize the dynamics of Al transmission be-
tween among birds, poultry and humans, we let Ny(t), N,(¢) and N, (¢) represent
the total population of birds, poultry and humans, respectively, at time ¢. In fact,
populations infected with avian influenza have a higher mortality rate and generally
do not recover. This is sufficient to divide the bird population under consideration
into two classes: Sy(t) and I,(t), representing the number of susceptible and in-
fected birds at time ¢, respectively. And the poultry population is further divided
as Sp(t) and I,(t), which denote the number of susceptible and infected poultry at
time ¢. For human population, we divide Ny (t) into three classes: Sy, (t), I5(t) and
Ry, (t), which respectively denote the number of susceptible, infected and recovered
humans at time ¢t. Based on the discussion above, we use the following diagram
Fig.1 to illustrate the transmission mechanism among birds, poultry and humans,
which gives rise to the following evolution model:
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db:;t( o BobSb ()16 (t) = BppSu(E) Ip(t) — 165 (1),

%}Et) =BovSo(t) 6 (t) + BpvSo () Ip(t) — (1 + db) In(t),

%t(t) =Ap — BopSp () I (t) — BopSp(t)Iy(t) — ppSp(t),

dlg,f” =BopSp(£)Ip(t) + BopSp(£) In(t) — (tp + dp) I (t), (2.1)
dsgft) =Ap — BonSh(t) Iy (t) — BpnSn(t) I (t) — pnSh(t),

At =BynSn(t)Ip(t) + BpnSu(t) 1, (t) — (v + pun + di) In (),

de};(t) = dn(t) — pn Ry (t).

Here, A;(i = b,p,h) and d;(i¢ = b,p,h) are the recruitment rate and the disease-
induced death rate of bird/poultry/human population, respectively; u;(i = b,p)
and py, are the death rate of bird/poultry(including natural death and culling) and
the natural death rate of human, respectively; ~y; is the recover rate of human; Sy,
Bpbs Bpps Bops Bon and Bpp represent the transmission rate from bird to bird, from
poultry to bird, from poultry to poultry, from bird to poultry, from bird to human
and from poultry to human, respectively. Without loss of generality, we make the
following assumptions:

(H1) All parameters used in model (2.1) are positive constants.

(H2) Duo to the more frequent contact between similar populations, the transmis-
sion rate between similar populations is greater than that between different
populations, i.e., Bpy, > Bpy and Bpp > Bup.

Before introducing the main results, based on practical biological significance,
we first provide the following basic but necessary result for the solutions of model
(2.1).

Theorem 2.1. All solutions of model (2.1) are nonnegative and bounded if the
wmiatial conditions are nonnegative. Moreover,

A
Q= {(Sb,lb,Sp,Ip,Sh,Ih,Rh) S R_Y‘_ ‘O < Nb(t) < ;b,() < Np(t) < —,
b

A
0< Nu(t) < h},
Hh
is a positively invariant with respect to model (2.1).

Proof. Using the similar arguments as in [26, Theorem 3.1 and Theorem 3.2], we
can easily complete this proof, so we omit it. O

3. Analysis of sub-model

In fact, humans are the ultimate host of avian influenza virus, which does not
spread between humans or from humans to birds or poultry. From a mathematical
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modeling perspective, it is evident that the fifth, sixth and seventh equations of
model (2.1) can be decoupled. Hence, we are interested in studying the dynamics
of the bird-only model, poultry-only model and bird-poultry model.

3.1. Bird/Poultry-only model

In this subsection, we analyze the dynamics of bird-only model and poultry-only
model. Obviously, from model (2.1), it can be seen that when there are no birds or
poultry, the model can degenerate into the following form

dS:(t) =A; — BuSi(t)Li(t) — paSi(t),
d?-t(t) (3.1)
L ZBuSi L) — (i + L),

where ¢ = b, p represents the bird-only model and poultry-only model, respectively.
It is obviously that model (3.1) always has the disease-free equilibrium e} = (S;.,0),
where S;. = A;/u;. The basic reproduction number of model (3.1) is given by

i NiBi
o= i+ di)

which is defined as the average number of new infections generated by a single
infected bird (i = b)/poultry(i = p) in a completely susceptible population. In
addition, by simple computation, there exists an endemic equilibrium for model
(3.1) as follows,

i — (Hi +di Nifii — pi(ps + di)) i=bp
! Bii  Biipi +di) ’ o

which is only biologically meaningful for R} > 1, i = b, p. Furthermore, in terms of
the threshold dynamics for model (3.1), we have the following result.

Theorem 3.1. If Ri < 1, then ¢ is globally asymptotically stable; and if RY > 1,
then ef is globally asymptotically stable.

Proof. The proof is the same as [6, Lemma 2] with b = 0, hence, we omit it. [

3.2. Bird-poultry model

As the main transmission host of avian influenza virus, the dynamics of birds and
bird coupling models are crucial for the dynamic of the whole system. Hence, we
mainly give the dynamics analysis for the following bird-poultry coupled model:

S, (t)
dt
dly(t

dt
s, (t
dt

) Sy 001, (1) + Bup Sy (1) 15(1) — (1 + )Ty (1).

=Ny — B Sy (t) Ip(t) — BppSe(t) I, (t) — ppSp(1),

) B So (DI (t) + By S (DI, (1) — (o + d) Ty (1),

(3.2)

~

=Ap — 5pp5p(t)lp(t) - Bbpsp@)lb(t) - MpSp(t)7

~
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From Theorem 2.1, we can similarly obtain that model (3.2) possesses the following
positively invariant set

A A
pr = {(Sb,lb,Sp,Ip) S Ri | 0< Nb(t) < 'LTb 0< Np(t) < /Lp}
b P

In addition, model (3.2) always has a disease-free equilibrium given by Egp =
(Sbs, 0, Sp4,0). Now, we use the next generation matrix method developed by [28,
Lemma 1] to calculate the basic reproduction number for model (3.2). Let

A
F = ﬁbll;lf\b ﬂpll;bb V = 'ub+db 0
o Bophp BppAp ’ a 0 + d
Hp Hp Hp p

The basic reproduction number Ry is defined to be the spectral radius (dominant
eigenvalue) of the non-negative matrix FV !, denoted by p(FV~!). Thus,

1
Ro=3 [RS FRE 4\ [(R — RE)? + aRyRn 2wl |
2 ﬂbbﬂpp

Remark 3.1. According to the positivity of model parameters and the expression
of Ry, it is easy to obtain Ry > max{R, RE}. In fact, if By, = 0 or B, = 0,
then Rg = max{Rg,’Rg}, which implies that poultry-to-bird and bird-to-poultry
transmission increases the risk of infection.

When it comes to our greatest concern about the existence of endemic equi-
librium for model (3.2), biologically speaking, the question is whether birds and
poultry can coexist while infected with avian influenza in the absence of any control
strategies. Denote (S;‘ ,Ig‘ , S;,I *) as an arbitrary equilibrium of the bird-poultry
model (3.2), which satisfies the following equations:

Ay = BuwSi Iy — BuwSi T — 1Sy =0, BuSily + BuwSiLs — (1 + dy) Iy = 0,
Ap - ﬂppSSI; - ﬂbpS;I;f — upS; =0, BppS;I; + BbpS;fIg" - (up + d,,)[; =0.

(3.3)
From the first two equations of model (3.3), we have
~ A 1
I = Brb 7 T Ao o (3.4)
ﬁpb 5pb Ab — (,ub + db)I 5pb
Further, by the last two equations of model (3.2), we can easily obtain
~, 1

Bbp ﬁbp Ap — (,LLP + dp)l Bbp

For simplicity, let (z,y) = (Ib,I*) It follows from equations (3.4) and (3.5) that
the following two curves:
B Appip 1 .

Ciy= f(x) = /pr T+ Byb Ay — (o + dp)z ﬂpb

and
5ppy + Ap/‘p 1 _ Hp

Bovp Bop A (,Up + dp)y /BT):U

Cox=g(y) =
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Obviously, seeking the endemic equilibrium of system (3.2) is transformed into
finding the intersection point of curve C; and curve Cs in the feasible region [0, %) X

[0, %) By calculation, curve C; intersects the X-axis at two points denoted by
p

b
0(0,0) and A = (21,0) = (w7 0), and the asymptote equations of curve C4

IBbb
are as follows,
Jor ey Ay
Llliyifil’*i and ngzx: .
Bpb Bpb o+ dyp
Clearly, the asymptote Li2 is not going to be the right of line z = Ay /. Moveover,
b
the slope of the tangent line of curve Cy at the point O(0,0) is k1 = %
P 0
Similarly, curve Cs intersects the y—axis at the two points denoted by O(0,0) and
p__
B =(0,y1) = (0, %), and the asymptote equations of curve Cy are given by
|23
Bop Hp Ap
Lyy:y=———x——— and Loy :y=———.
Bpp Bpp tp + dp
Obviously, the asymptote Log is not going to be higher than line y = A, /p,,. More-

over, the slope of the tangent line of curve Cs at the point O(0,0) is ko = %
pp (0]

From the expression of curves C'; and Cy, we obtain that

"o oen - 2Abﬂb(/14b + db)2
== Bpp[Ap — (pp + dp)z]3’

2Appp(pp + dyp)?
:L_// :gll y — PH'D P P .
) Bbp[Ap - (Np + dp)y]3

Furthermore, curve C; is concave for x € (—oo while it is convex for x €

Ap )
? pptdy /7

(“;\deb,oo); and curve Cy is concave for y € (—oo, ;L,,ATpdp)’ while it is convex for
Yy € (H/\ﬁ, 00). Based on the above basic analysis, we can obtain the following
p P
facts:
{ Ab | - Ab }+
Yy — 00,88 T — ; y — —00,a8 T — and x — o0;
o+ dy | Li + dy
and
o) el
r—o0,a8 Yy = | ———| ; T — —00,as y > |———| and y — oo.
tp + dp | Lip + dyp

It can be concluded from the above analysis that curve C; only has at most two
points of intersection with the X-axis and curve Cs only has at most two points of
intersection with the Y-axis. Considering other basic characteristics of these two
curves (limit, concavity, asymptote), they have at most one positive intersection

> pptdy ’ T“‘:dp
It is easily to verify that curves C; and Cy always have an intersection O(0, 0).
It corresponds to the disease-free equilibrium of system (3.2). Moreover, based on
the above discussion, the existence of endemic equilibria for system (3.2) in €, can
be divided into the following six cases:

point, and they can only intersect within the space <0 Ay ) X (O A )

(i) : Ry > 1,RE > 1; (ii) : Ry < 1,RE < 1; (ii1) : Ry < 1,RE > 1;
(iv) : Ry > 1,RE < 1; (v) : RE=1,RE < 1; (vi) : Ry < 1,RE = 1.
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For case (i): R§ > 1,RE > 1. In this case, 1 = up(RY — 1)/Bp and
y1 = pp(RE — 1)/Bpp are positive. And curves C; and C exist a unique posi-
tive intersection in €2, as shown in Fig.2 (c). Hence, model (3.2) exists a unique

coexistence equilibrium denoted by Eip .

(a) (b)
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Figure 2. The intersections of curve C; and Cs when 738 > 1 and Rg > 1.

For case (ii): R} < 1 and R < 1. Obviously, ;1 and y; are negative. In
this case, whether curves C7 and Cs intersect depends on the slope of the tangent
line at the origin O(0,0). From the expressions of k1, ko and the basic reproduction
number R, we obtain that £y > 0,ks > 0, and
ki _ BuwBpp(1 — RE)(1 — RY)

k2 N BbpﬂprgRg
In addition, we have
R, 1 b P2 bop DopOpb b P
0>1e [ (R§—RP) +4R0R05bb5 >2—(Ryg+Ry) >0
pp
1-Ry(1—RE
& Rgngﬁ"pﬁpb >1-RE-RP+RIRE & Bov By R03< - Ro) )
ﬂbbﬁpp 61)1)6?177?’07?’0
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Hence, Rg > 1 if and only if k1 < ky and Ry < 1 if and only if k; < ko. With the
help of computer simulation, we can easily obtain curves C; and Cs have a unique
positive intersection in the feasible region when Rg > 1 (see Fig.3 (c¢)). That is to
say, if Rg > 1, then model (3.2) exists a unique coexistence equilibrium. Curves Cy
and Cy have no positive intersection in the feasible region when Ry < 1 (see Fig.3
(a) and (b)), i.e., there exists no positive equilibrium when R < 1.

(a) (b)
800 T . . T T T T 800 T T T T T .
b_ b
R,=0-3964 C, Ry=0.3964 C,
600 RP-0.7957 1 600 R=0.9417
| R;=0.8700 | Ryt
400 400 -
200 - C,1 9
00 2 200 - 2
= o 0 A
>
o\- 0
/
200 4 B
B -200 - 1
400 - 1
-400 - 1
600 -
-600 -
800 . . . . . . . | | . . . . . .
300 250 200 -150 -100 50 O 50 100 1% 300 250 -200 -150 -100 50 O 50 100 150
X X
(c)
800 . . T T T
RP=0.5946 I
700 1
RG=0.9417
600 |- R0=1 .0565
500 -
400 -
> 300

200

100 [

O\A o

1001 g \
» [ —

00
-200 -150 -100 -50 0 50 100 150

Figure 3. The intersections of curves C; and Cy when Rg < 1 and Rg < 1.

For case (iii) : R} < 1 and RY > 1. In this case, 1 is not positive and y;
is positive. Similarity, we get curves C; and Cy exist a unique positive intersec-

tion in <O A 0 Ap

) . . .
v ) X\ 0t ) Hence, model (3.2) exists a unique coexistence

equilibrium, as shown in Fig.4(a).
For case (iv): ’RS > 1 and Rg < 1. In this case, x; is positive and y; is not
positive. Moreover, similar to case (iii), curves C7 and Cj exists a unique positive

, i.e. model (3.2) exists a unique coexistence

. . . Ay
intersection in (O, ol Rl Y

AP
7 pptdp
equilibrium, as shown in Fig.4(b).
For case (v): R} =1 and R < 1. In this case, z; is equal to zero and y; is
negative. And the trend of curve C; and curve Cs cannot be determined, so the
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Figure 4. The intersections of curves C1 and C» for cases (iii)-(vi).

existence of the intersection point of the two curves in 2, cannot be determined.
Therefore, in the following, we will analyze the existence of the intersection point
through detailed calculation and combining the basic characteristics of the two

curves.

Since RY = 1, by calculation, the equations of curves C; and Cy become the

following equations

Y = 2 2 . ;z;pyz + Bpphtp(1 = RE)y
prﬂb - prﬁbbx’ Bbp:upRg - Bbpﬁppy

Solving the above two equations, we can obtain a cubic equation with z as follows,

a3z3 + asz? + arz + ag = 0,

where

BrpBpb
as — g,,ﬂgb(lp ) gy = BB pRE,
517176;01)

az = ﬂbpﬂpbﬂppﬂgbﬂb - 5@551;551;%738 - 5pp5pb51§bﬂp(1 - Rg),
a; = 2ﬁbb6bpﬁ12;b,ub,upRg + ﬂppﬁpbﬂgb,ubﬂ'p(l - Rg)

(3.6)
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It is easy to see that az > 0, ap < 0 and then equation (3.6) has a unique positive
root z* € (0, ﬁ), i.e., curves C; and Cs only has one positive intersection.

In addition, due to z* € (0, ,U'b/}:db) and Ry = 1, we have y* = B2 22/ (Bppup —
BppBepz™) > 0. It can be concluded from the above analysis that system (3.2) exists

a unique coexistence endemic equilibrium, as shown in Fig.4(c).

For case (vi): R} < 1 and R} = 1. Using a similar discussion as in case (v),
we can easily obtain that system (3.2) exists a unique coexistence equilibrium when
Ry <1 and Ry = 1.

To sum up the above discussion, we can get the following conclusion.
Theorem 3.2. If Rq > 1, then the bird-poultry model (3.2) exists a unique coexis-
tence equilibrium EP = (Sy, Iy, Sy, IF).

Theorem 3.3. If Ry < 1, then Egp is locally asymptotically stable in (.

Proof. The eigenvalue of the Jacobian matrix of model (3.2) at Egp are —lp, —Mp,
and the roots of the following polynomial

AN+ AN+ B, =0, (3.7)

where
A A
Av=p +dy — oPos fip + dp — % = (1= RY) (ko + dp) + (1 = RE) (pp + dp),
4
A A ApA
B =<Mb +dy — bﬁbb) (up +d, — p’Bpp) _ Db pBbpBpb
Ho Hp Hblp
5bp6prgRg

—(1 - RY)(1—RE) [1 }mb ) (ap + ).

* BuBpp(1 — RE)(1 — RY)

It follows from Remark 3.1 that Ry > max{’Rg,Rg}. Hence, if Ry < 1, we have
Ry < 1 and R} < 1. Further, A, is positive. And, based on R} < 1, RE < 1, we
have

BbpﬁprgRg

BBl — RE)(1—RE) ~

Ro<le

This implies that Bj is positive when Ry < 1. Therefore, both roots of equation
(3.7) have a negative real part when Ry < 1. O

— 7 —Rb .
Theorem 3.4. If % > 1 and % > 1, then Egp 15

globally asymptotically stable in Q.

Proof. Choosing the following Lyapunov function

Sp(t)
Sb*

Sp(t)

px*x

L(t) = (Sb(t) — Spy — SpeIn ) + I(t) + <Sp(t) — 8y — Spe In ) + (1),

we have
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dL(t) S Ay
(- Ay — BupSoly — BopSpl, — —2
i ( A >< b — BobSe Lo — BpvSelp Sb*Sb)
Ap

S
A, — SyI, — BepSply —
+< Sp>( P ﬁpp pip Bbp pib Sp*Sp)

Ap(Sp — Shs)?
_ % + [BobSb Iy + BpbSpwIp — (116 + dy) I

Ap(Sp — Sps)?
__M + [BopSpsIp + BopSpsds — (o + db) L]

SpSpe
[Abﬂbb pﬁbp Abﬂbp + Apﬂpp
Ho Hp

— (pp + db)} I(t) + [

ﬁprg
Bpp

-+ )| 0

= (pp + dp)] Ip(1)

(i + dpﬂ L) + [(R’g 1)y + dy)

prRO

[ — 1) (pp + dp) +
- Brb

It is evident that dL(t)/dt < 0 if

BbI)Rg
Bpp

bR
(Hp+dp) <0 and (Rg_l)(ﬂp+dp)+ﬂpb O(Ub"‘db) <0

(RG—1) (up+do)+
Brb

which is equivalent that

Bpp(1 — RE) (o + db)
Rgﬁbp(ﬂp + dp)

Bop (1 — RE) (pp + dyp)
REBpb (11 + )

> 1,

> 1. (3.8)

Therefore, if the two inequalities in (3.8) hold, then dL(t)/dt < 0, and it can be
verified that dL(t)/dt = 0, if and only if S, = Sps, I, = 0, S, = Sp« and I, = 0.
That is to say that the largest invariant set in {(Sy, Iy, Sp,Ip) : dL(t)/dt = 0}
is the singleton {Egp }. By the LaSalle’s invariance principle [29], Egp is globally
asymptotically stable. O
pp(1-RG)(1—RE)
BbpﬂprgRg

1. It is not hard to see that from Ry < 1, we can obtain that this inequality holds.
However, we can not obtain that Egp is globally asymptotically stable when Ry < 1,
which is still an open problem.

Remark 3.2. Multiplying the two inequalities in (3.8), we get Be

Theorem 3.5. If Ry > 1, then Ebp (Sy, 15,8, 1) is globally attractive in .

Proof. Define ¢(z) == —Inx — 1, we have ¢(z) > 0 for all z > 0. Let

W) ﬁbprS*Ib¢(Sb>+/3bpS*I ¢<If;)

* S *
+ B Sy S0 (5) + BuSi 120 ( ) .
p
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Then
dt( ) =~ BopSil; ﬂb% + BopSp Ly (1 — S*Z) {Bbbsb Iy + BpoSp 1,

*

I;
— BopSplp — ﬂprpr:| + BopSp 1Ly (1 - I> [3bb5bfb + BppSul)p

S — S* 2 g*
o) — B P st (1- )
p p

I*
X [BPZ,S;I; + BopSyly — BppSplp — ﬁbpSpr} + BpbSp 1, <1 — IZ)

X [ﬁppsplp + BopSple — (kp + dp)lp}

* ok T2 S* Sb * Tk S*
<BopBobSy Sp Iy [2 - 571, - S*] + BppBpbSp Sy I, 2 { Sfp S;}
k QUK TR Tk Ib Sbl I
+ 5bp/8prbSprI |:2 4+ = — — — TZ: — Sl;k]'* :|
I Splpl
Sy SyIy Iy |2+ —_7_71)_ p7b7p
+ BopBpb Sy Sy Iy { 1 S;I;Ip]

S S, Spl, I Splvly
S* S*S*I*I* b>+ ( )+ < Pb>+ < p P>>
BepBpp Sy Sp 1y 1, <¢( ¢ ¢ SyIxI, ¢ Sply I,

Therefore, if Ry > 1, then dW (t)/dt < 0, and it can be verified that dW (¢)/dt = 0,
if and only if S, = Sy, I, = I, S, = S, and I, = I}. That is to say that the largest
invariant set in {(Sp, Iy, Sp, Ip) : dW(t)/dt = 0} is the singleton {Eip} By the
LaSalle’s invariance principle [29], Eip is globally attractive for model (3.2). O

4. Analysis of the whole model

In this section, we discuss the threshold dynamics for the whole model (2.1). Clearly,

model (2.1) always has a disease-free equilibrium Ey = (Ab 0, M”,O, 2—2 0,0), and
has a unique positive equilibrium EY = (Sj, I}, Sy, I, S* I}, R}) when Ry > 1,

br~p>
where

- Ah I = Ah - :uhS;: R = ’Yh(Ah — Nhs}t)
" Bondy + Bondy + " h s +dy " (vn + pn + di)

The positivity of S} follows from Theorem 3.3. Let E* = (§g‘, fl’;, §;, T;’ 5';, f};, EZ)
be an arbitrary equilibrium of model (2.1). Then the Jacobian matrix at E* of the
corresponding model (2.1) is
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where J1; and Jao are given by

Ji1 =
—Bup I} — ﬁpzj; — Wb — B S; 0 — By S
Bl + 5;»(:-7; BunSi — (1 + dy) 0 BppS;
0 _ﬁbpgz _Bppf; - ﬁbp’f;; — Hp _Bpp§;
0 ﬁbpg; ﬁppf; + ﬁbpflf ﬁppg; = (1p + dp)
and
—Bondy — Bpn L — pn 0 0
Jag = Bonly + 5phf; —(yn +dn+pn) 0
0 Th —[th

Obviously, the eigenvalues of the matrix Jos have negative real parts, hence, the
stability of the equilibria is determined by the eigenvalues of the matrix Ji1, which
is also the Jacobian matrix of the first four equations of model (2.1) at an arbitrary
equilibrium Ej = (§; , f{f , g;, f;‘ ). Therefore, we can obtain the following results.

Theorem 4.1. The following statements are valid:
(i) If Ry < 1, then Ey is locally asymptotically stable in €;
g Brp(1=RE) (1o+ds) Boo (1—RE) (p+dp)
R R 37wt v L rery
totically stable in €.

(i4) If Ro > 1, then EY = (Sy, I}, Sy, Iy, Sk, 11, Ry) is globally attractive in €.

> 1, then Ey is globally asymp-

Proof. (7). From Theorem 3.3 and the fact that all eigenvalues of the matrix Jag

have negative reals parts, the proof is immediate.
f Bpp(l_Rg)(Hb+db)

— ) d Bob (L=RE) (pp+dp)
R Bop (pt+dp

> lan RE Bpb (p+dy)

(4i). From Theorem 3.4, we see that i >
1, then

tliggj(sb(t% Ib(t)7 Sp(t)v Ip(t)) = (Sb*7 0, Sp*v O)'
Consider the following limit system

dSu(t)

dt =An = pnSn(t),
U0 —— o+ )10, "
de};(t) =y In(t) — pn Ry (t).
Solving the first two equations of model (4.1), we get
Sp(t) = Spoe 't + %, I (t) = Inge Omtmntdn)t,

It follows that Sp,(t) — S; and Ij,(t) — 0 as t — oo. We further consider the limit
equation of Ry (t), dRy(t)/dt = —upRp(t). Thus, we have Ry (t) — 0 as t — oo.
(7). From Theorem 3.5, we see that if Ry > 1, then

Tim (S3(t), 1,(1), (1), 1,(1)) = (S5 15 5. I;)-
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Consider the following limit equation,

dSp(t)
dt

= An — (Bondy + Bpnly + pn)Sn(t). (4.2)

Solving equation (4.2), we get

A
Bon Ly + Bpn s + pn

Sh(t) — Shoe—(ﬁbhfb*-i-ﬁphfg+/th)t +

It follows that Sp,(t) — S; as t — oo. Using a similar argument, we can show that
limy_,o0 I, (t) = I} and lim; o Ry (t) = R;. O

5. Sensitivity analysis and optimal control problem

Based on the discussion in Sections 3 and 4, we can conclude that the basic repro-
duction number Ry is an important threshold value for determining whether the
disease becomes endemic or extinct. However, there are many parameters in the ex-
pression of basic reproduction number Ry, but which parameters have the greatest
impact on the basic regeneration number R¢? In other words, biologically speak-
ing, what measures are more likely to be taken to control the spread of diseases? In
order to settle this problem, in this section, we firstly discuss the sensitivity of some
parameters in model (2.1) to the basic reproduction number R, and then propose
a corresponding control problem based on the results of sensitivity analysis. In
order to conduct sensitivity analysis, we first need to introduce the definition of
sensitivity index.

Definition 5.1. The normalized forward sensitivity index of a variable, u, which
depends differentiable on a parameter, p, is defined as,

ou p
Y= — x —. 1
" g (5.1)

Table 1. Sensitivity index of the reproduction number Rg.

Param. Description Value
Ap Recruitment rate of poultry population 0.6515
Bob Transmission rate from bird to bird 0.2463
Bpb Transmission rate from poultry to bird 0.1022
Bpp Transmission rate from poultry to poultry 0.5493
Bup Transmission rate from bird to poultry 0.1022
Kp Death rate of poultry (including natural death and culling) -0.8526

Due to the practical biological significance of certain parameters, we mainly
focus on the sensitivity of parameters shown in Table 1. Based on the study in
[5,19,32], we fix some parameter values A, = 10%/520, By = 2.0 x 1079, By, =
9.3114 x 1071° p, = 1/520, d, = 0.18, A, = 1.0438 x 108/6, B, = 3.8164 x 1079,
Brp = 6.3243 x 1071° 11, = 1/8 and d,, = 0.28. Then using the equation (5.1), we
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can obtain the sensitivity index of the basic reproduction number R  regarding some
key parameters of model (2.1) as shown in Table 1 and Figure 5. From e Figure
5, we can see that Ry is the most sensitive to poultry mortality p,, followed by
the recruitment rate of poultry A,, and finally, the rate of transmission poultry-to-
poultry 3,, and bird-to-bird By, Specifically, Table 1 shows that a reduction of the
poultry death rate by 10% increases R by 8.526%; the increase in the recruitment
rate of poultry by 10% would increase R by 6.515%; a reduction of the rate of
transmission poultry-to-poultry and bird-to-bird by 10% decreases R by 5.493%
and 2.463%, respectively.

Sensitivity index

Figure 5. Sensitivity indices of Ry to parameters for model (2.1).

Although birds are one of the major potential vectors for the spread of highly
pathogenic avian influenza, given their importance to the ecosystem, the removal
and killing of birds can easily cause an imbalance in the ecosystem and make it dif-
ficult to maintain. Therefore, combined with the above sensitivity analysis results,
the effective strategy to control the transmission of avian influenza virus is to adopt
relevant control on poultry. The most effective strategy is to increase the mortality
rate of poultry by large-scale killing, followed by reducing the recruitment rate of
susceptible poultry through immunization. The third is to reduce the contact rate
between birds and poultry (such as changing the free-range poultry to captivity,
and disinfecting the living environment of captive poultry).

In terms of the results of the sensitivity analysis, we design a control model to
the optimal level of effort required for controlling the transmission of avian influenza
virus. We introduce four time-dependent control strategies, uq(t), ua(t), ug(t) and
u4(t) regarding the recruitment rate of susceptible poultry, the cull rate of suscep-
tible poultry, the cull rate of infected poultry and the personal protection rate of
susceptible human. u(t) € [0, 1] measures the level of reduction in the number of
susceptible poultry, which can be achieved by increasing the immunization ratio of
susceptible poultry. uq(t) = 1 indicates that full immunization coverage of poultry
population(including those in concentrated farms and those in free-range farming
households). The costs associated with this control strategy include raising the
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public awareness of the disease through publicity and education, so that farmers
can regularly vaccinate hatching poultry. wuq(t) € [0,1] and us(t) € [0,1] represent
the level of culling susceptible poultry and infected poultry, respectively, which are
common control measures during avian influenza epidemics. Here us(t) = us(t) =1
means culling all poultry, which will bring huge economic losses. wu4(t) measures
the level of successful prevention (personal protection) through public health edu-
cation. Personal protection includes wearing protective equipment such as masks
and gloves when in contact with birds or poultry, and even avoiding contact with
live birds or poultry to minimize or eliminate poultry-human and bird-human direct
contacts. Therefore, we analysis the following avian influenza model with control
strategy terms:

%t(t) =Ap = BuonSo(8)1s(t) = BpwSo () 1p (1) — p6Se(t),

djdbit) =B S (£)Io(t) + BpoSo(t) (1) — (p + db) I (t),

diﬁ(t) =(1 = us(£))Ap — BppSp(t)Ip(t) — BopSp(£) 16 (t) — (pp + u2(t))Sp(t),
E%gLﬁw%@%@+ﬂw%mhw—u@+%+w@ﬂﬂm
Eﬁ%ﬁ:AW_u‘“ﬂﬂﬁﬂﬂ@m&@+ﬂmgﬁﬁ—mﬁﬂm
dﬁf):“’UAQWMUWMQ@+ﬂM%“»*ﬁ%+%+ﬂwhﬁx
dp;lht(t) =V dn(t) — pnRa(t).

(5.2)
Obviously, when u;(¢)(i = 1,2,3,4) are constants, the dynamic behavior of model
(5.2) is similar to the dynamic behavior of model (2.1), so we do not discuss it. We
focus on minimizing susceptible poultry and infected poultry, as well as minimizing
infected human. Therefore, an optimal control problem with the objective is given
by

tend
min J (w1, ug, U3, us) Z/ [15p(t) + 21 (1) + gsIn(t) + qaus (5.3)
0 .

+ gs5u3 + gouj + gruj]dt,
where q1, g2 and g3 represent weight constants of the number of susceptible poultry,
infected poultry and infected human; q4, g5 and gg are weight constants for poultry
immunization, culling of susceptible poultry and culling of infected poultry , respec-
tively; g7 is a weight constant for the personal protection of susceptible human. We
will investigate optimal control functions (u},us, u%, u}) such that

J(uy, us, us,uy) = min (J(u1, U, uz, ug)| (g, ug, uz, uyg) € F), (5.4)

where I' = {(uq, uz, us, ug)|u;(t) is Lebesgue measurable on [0, tenq] and 0 < u,(t) <
1,7 =1,2,3,4} is the control strategy set. Using the similar arguments as in [27],
we have the following result for the existence of an optimal control about (5.2) and
(5.3).

Theorem 5.1. There exists an optimal control set (uf,ul,u¥,u}) € T' with cor-
responding nonnegative states (Sp, Iy, Sp, Ip, Shs In, Ry) that minimize the objective
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functional J(uy(t), uz(t), us(t), ua(t)).

Proof. The positivity and uniform boundedness of the state variables as well as
the controls on [0, tenq] entail the existence of a minimizing sequence:

J (uf (1), uz (t), ug (t), uy(t))
such that

lim J (uy (£), uz (), ug (), i (£))

n—r-o0

= inf J (uy (2), ug (t), ug (), uy (t)) .
(uf ()8 (£),uf (t),uf (t)) €D

The boundedness of all the state and control variables implies that all the deriva-
tives of the state variables are also bounded. If the corresponding sequence of state
variables is denoted by (Sy, Iy, Sp, Ip, Sh, In, Rpn), then all state variables are Lips-
chitz continuous with the same Lipschitz constant. This implies that the sequence
(Sv, I, Sp, Ipp, Sk, In, Ry,) is uniformly equicontinuous in [0, tenq]. Following the ap-
proach in [30], the state sequence has a subsequence that converges uniformly to
(Sb, Iv, Sps Ip, Sh, In, Rp) in [0, tenq]. In addition, we can establish that the control
sequence u” = (Sy, I, Sp, I, Sp I}, Ryt) has a subsequence that converges weakly
in L2(0,tena). Let (uf,us, u}, ui) € T be such that u? — u} weakly in L2(0,%cpnq)
for i = 1,2,3,4. Applying the lower semicontinuity of norms in weak L?, we have

o[22 < m inf [ ()]

This means that

tend

J(ul,uy, ul,uy) < lim [q1S;L(t) + QQI;L(t) + 317 (1)

n—oo 0

+ qaut + gsuy + qeuy + gruy]dt,

which completes the proof. O

In the following part, we derive necessary conditions for an optimal control and
formulate an optimality system that characterizes the optimal control using upper
and lower bound techniques. According to the Ponteyagins maximum principle [31],
the necessary conditions for an optimal control problem can be obtained. The
principle converts system (5.2) and equation (5.3) into a problem of maximizing
pointwise Hamilton H, with respect to w1, us, uz, and u, defined by :

7

H = qSp(t) + g2 (t) + qsIn(t) + qaui + gsu3 + qeui + qru + Y Aifi,  (5.5)
=1

where f; is the right-hand side for the different equation of i-th state variable. By
Ponteyagins maximum principle and the existence result for the optimal control,
we derive the following result of the necessary conditions for the optimal control
problem.

Theorem 5.2. For the optimal solution (Sy(-), I(-), Sp(-), I,(-); Sh(-), In(-), Ha ("),
Ry (+)) associated with an optimal control J*(uf,us, u3,u}) on [0,tenqd], there exist
adjoint functions, \;(t), for i =1,2,--- 7, satisfying
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dX (- - -
dlt( ) =(A1 — A2) (Bovdy + Bpvlp) + A1 pin,
o) A BSs + s — By + (As — A Sp(1 — ul
I =(A1 — A2)BpuSp + (A3 — A4) BopSp + (A5 — X6) Bon Sn(1 — uy)
+ A +dyp),
D 2 (b b) (5.6)
;t =—q1+ (A3 — A1) (Bpplp + Bople) + (1p + u3)As,
dA\() A= A2) B + (A3 — Ad)BopSy 4+ (A5 — A6)Bon S
T =—q2+ (A1 — A2)BppS + (A3 — A1) BppSp + (A5 — X6) BpnSh
X (1= ug) + Aa(pp + dp + u3),
ds(- - -
%() =(As = X6) (Bpndp + Bondy) (1 — uy) + Aspin,
dXg (-
%() =—q3+ (Xe — A)vn + X6 (pun + dn),
dA7(+)
=)\
dt THhR,
and the terminal conditions are X\i(tenq) =0, i = 1,2,--- 7. Furthermore, optimal

control strategies u, u3, ui and u; are given by
AsA AsS
ui:min{l,max{o, 3 p}},uzzmin 1, max ¢ O, 37p ,
2q4 2¢5
Al
uz = min< 1, max < 0, 1p ,
2qs

uy = min {1,max {O7 (Ao — /\5)(517211;17 + Bondp)Sh }} .
7

Proof. Adjoint equations and transversality conditions can be obtained using
Pontryagin’s Maximum Principle such that

dv(t) o B
dt - 85[)’ )\l(tend) - 07
Aoty OH -
d+ - = aIba )\Q(tend) - Oa
d(t)  OH -
dt - _aRha )‘7(tend) = 0.

The optimal control strategies uj, u3, u3, v} can be solved from the optimality con-
ditions
OH 0 oH
8u1 o 8u2 -

oH _
8u3 o

OH
0 0 — = 0.
) ’ 81},4
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6. Numerical simulation

6.1. Verification of theoretical results

In this subsection, to illustrate the theoretical results, two examples are carried out
using the Runge—Kutta method in the software MATLAB routines with different
parameters values. Based on the actual biological significance of the parameters,
we need to fix some parameters as in Table 2.

Table 2. Values of some parameters in model (2.1)

Parameter  Value Reference | Parameter  Value Reference
Ay 108 /520 [32] iy 1/520 [32]

dp 0.18 [5] dp 0.28 [19]

Ap 2.269741 x 10%/3640  [32] Ih 1/3640  [5]

Yh 0.36 [32] dp, 7/3.3 [32]

Example 1: In order to verify the globally asymptotically stability of the
disease-free equilibrium FEy for system (2.1), we select a set of parameter values
from [19]: By, = 1.3x1072, By = 7.3114x 10710, A, = 0.9%x 10%/6, B,, = 2.3x 1079,
Byp = 4.3243 x 10710 11, = 1/8, By, = 2.6245 x 10710 and B, = 1.1542 x 107, It
is easy to calculate that the threshold values R} = 0.7146 < 1, R} = 0.6815 < 1 and

Bop(1=RE) (p+ds) _ Bob (1—Ro) (uptdp) _
W = 10649 > 1, W = 16578 > 1, then model (21) ha,s

a unique globally asymptotically stable disease-free equilibrium by Theorem 4.1,
which is verified here by Figs. 6 (a) and (b). However, in this case, we calculate
that Ry = 0.9256 < 1, i.e., indicating that the disease-free equilibrium Fj is globally
asymptotically stable by numerical simulations but it is still an open problem in
theoretical analysis.

(a) (b)

6
25 x10

40 —h ]

S

0
1000 1100 1200 1300 1400 1500

05

0 200 400 600 800 1000
Time t

Figure 6. The global asymptotically stability of the disease-free equilibrium Eq

Example 2: In order to verify the globally asymptotically stability of the
endemic equilibrium Ey for system (2.1), we choose By, = 2.0 x 1079, B,, =
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9.3114 x 10719, A, = 1.0438 x 108/6, B,p, = 3.8164 x 1079, By, = 6.3243 x 10710,
pp = 1/8, By, = 2.6245 x 10710 and B, = 1.1542 x 107%. It is easy to calculate
that the threshold values R} = 1.0994 > 1, R = 1.3115 > 1 and Ry = 1.5554 > 1,
then model (2.1) has a unique globally asymptotically stable endemic equilibrium
by Theorem 4.1, which is verified here by Figs. 7 (a) and (b).

(a) (b)

x10°

500 600 700 800

I S——

2
5" 600 800 1000 1200 1400
0

0 200 400 600 800 1000 1200
Time t

Figure 7. The global asymptotically stability of the endemic equilibrium Ei

6.2. Visualization of the impact of various parameters on model
dynamics

In this subsection, we mainly visualize the impact of some key parameters on model
dynamics based on the discussion in Section 5. Firstly, we keep the same parameters
as in Example 2 except the recruitment rate A, to investigate its impact on model
dynamics. Taking A, = 1.0438 x 108/7, A, = 0.9438 x 108/7, A, = 0.8438 x 1087,
and A, = 0.7438 x 10%/7, the evolution solutions of Iy, I, and I}, for system (2.1)
are obtained (see Figs.8(a)-(c)), respectively. Obviously, the peak values of infected
patients, infected poultry, and infected birds increase as A, increases, and the time
they reach the peaks also migrate with the increase of A,. Biologically, during the
outbreak of avian influenza, reducing the recruitment rate of susceptible poultry
can effectively reduce the number of infected patients, infected birds, and infected
poultry. At the same time, it can delay the time of the pandemic and help disease
control departments take relevant control measures in time.

In addition, while keeping the other parameters in Example 2 unchanged, we
take three cases for the values of A,, Byp and By, and then calculate the corre-
sponding values of R}, R} and Ry to get the final state values for infected humans,
infected birds, and infected poultry(see Table 3). At the same time, the evolution
solutions of system (2.1) for infected humans, infected birds, and infected poultry
are respectively obtained (see Figs.8(d)-(f)). Contrasting Case I and Case II in
Table 3, we can easily obtain that R§ > 1, R§ > 1, and Ry > 1 change to R§ > 1,
RE <1, and Ry > 1. The final size of infected birds, infected poultry and infected
human has decreased, which means that the decrease of the recruitment rate A,
can effectively reduce the final scale of the epidemic outbreak but can not control
the disease transmission even if R, < 1. Moreover, contrasting Case II and Case
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Figure 8. The impact of A, on the solutions related to infected population for model (2.1)

III in Table 3, even though the basic reproduction numbers R} > 1, RB <1, and
Ry > 1 unchanged, the final scale of the infected scale of infected poultry and in-
fected humans comes to zero. Biologically, keeping the same recruitment rate A,
and cutting off the transmission from birds to poultry and humans(5y, = Bpn = 0)
can make the final scale of the infected poultry and infected humans zero even if
the basic reproduction numbers R > 1, R} < 1, and Ry > 1.
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Similarly, we keep the same parameters in Example 2 except the death rate
lp to investigate its impact on model dynamics. Taking p, = 1/8, p, = 1/7.5,
pp = 1/7, pp, = 1/6.5 and p, = 1/6, the evolution solutions of I, I, and I, for
system (2.1) are obtained (see Figs.9(a)), respectively. Obviously, the peak values
of infected patients, infected poultry, and infected birds decrease with the increase
of jip. Biologically, during the outbreak of avian influenza, increasing the death rate
of poultry can effectively reduce the number of infected patients, infected birds, and
infected poultry.
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Figure 9. The impact of pu;, on the solutions related to infected population for model (2.1)

In addition, keeping the other parameters in Example 2 unchanged, we take
three cases for the values of yi,, Byp and Byp, and then calculate corresponding val-
ues of R}, Rh and Ry and get the final state values for infected patients, infected
birds, and infected poultry(see Table 4). At the same time, the evolution solutions
of system (2.1) for infected patients, infected birds, and infected poultry are respec-
tively obtained (see Figs.9(b)-(d)). Similar to the arguments in Table 4, contrasting
Case I and Case 11 in Table 4, we can also obtain that R} > 1, R§ > 1, and Ry > 1
change to R} > 1, RE <1, and Ry > 1 and the final size of infected birds, infected
poultry and infected human has decreased, which means that the increase of the
death rate 1), can effectively reduce the final scale of the epidemic outbreak but can
not control the disease transmission even if the Rf < 1. Moreover, contrasting Case



Table 4. Three cases to indicate the influence of u, on disease dynamics

Y. Luo, J. Huang, X. Wang, T. Zheng & Z. Teng

Case pp  PBup Bon R} R§ Ro Iy(o0)  Ip(o0) I, (o0)
1 1/8  6.3243 x 10710 26245 x 10~10 1.0994 1.3115 1.5554 800685 4729770  23966.9
11 1/6  6.3243 x 10710 26245 x 10~10 1.0994 0.8918 1.2896 442119 535182 18282.9
117 1/6 0 0 1.0994 0.8918 1.0994 95548.8 0 0

914
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II and Case III in Table 4, even though the basic reproduction numbers R} > 1,
RB <1, and Ry > 1 unchanged, the final scale of the infected scale of infected poul-
try and infected humans comes to zero. Biologically, keeping the same death rate p,,
and cutting off the transmission from birds to poultry and humans(8y, = B, = 0)
can make the final scale of the infected poultry and infected humans zero even if
the basic reproduction numbers R} > 1, RE < 1, and Ry > 1. Furthermore, we
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Figure 10. The impact of 8y, and Bpp on the solutions I, for model (2.1)

investigate the influence of the transmission rate 3y, and B, on disease dynam-
ics. In fact, the expression of basic reproduction number Ry does not conclude Sy,
and fBpp, which means that the values of By, and B,, can not change the threshold
dynamics. However, based on the sixth equation of system (2.1), it is not hard to
find that their values will affect the scale of the number of infected humans. In
order to visualize this phenomenon, we take different values of By, and keep the
other parameters the same as Example 2. We get the evolution solutions of Ij
(see Fig.10(a)), which shows that the peak values of infected humans will increase
with the increase of By,. And then we take different values of B,, and keep the
other parameters the same as Example 2. We get the evolution solutions of I}, (see
Fig.10(b)), which shows that the peak values of infected humans will increase with
the increase of f3,,. Hence, we can conclude that enhancing public awareness of
prevention, such as wearing protective clothing, can reduce the transmission from
birds and poultry to humans, thereby reduce the scale of disease incidence.

7. Conclusion and discussion

This work focuses on AV transmission dynamics model with high coupled transmis-
sion routes among wild birds, poultry and humans. Our proposed model stems form
the actual biological background and has strong practical biological significance but
it poses great challenges to qualitative and quantitative analysis, especially the ex-
istence of an endemic equilibrium and its global asymptotic stability. Firstly, the
threshold dynamics of three sub-models: (the bird-only model, poultry-only model
and bird-poultry model in terms of the corresponding basic reproduction numbers
are discussed in detail. Here, we use a lot of mathematical analysis techniques and
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Graphic analysis with Matlab to study the bird-poultry model. Then, we discuss
the threshold dynamics criteria for the whole model. Furthermore, the sensitivity of
some parameters in model (2.1) to the basic reproduction number Ry is conducted.
Based on the results of sensitivity analysis, an optimal control problem is proposed,
and finally the theoretical results are verified and the effects of some parameters on
dynamics are visualized through numerical simulation. The visualization results of
the numerical simulation reveal many important and practical conclusions: reducing
the reproductive rate and increasing the mortality rate of poultry, can only control
the disease by simultaneously cutting off the transmission from birds to poultry and
humans even if the ultimate scale of the disease can be effectively controlled. In
addition, enhancing public awareness of prevention to reduce the transmission from
bird and poultry to humans is also effective in controlling the final scale of disease.

On the other hand, there are a lot of significant topics that deserve further con-
sideration other than the open problems proposed in this manuscript. For instance,
in this paper, we assume that the population is homogeneous. It may be more prac-
tical to consider the effects of spatial heterogeneity and white noise on the dynamics
of Al To the best of our knowledge, there is little literature studying the dynamics
of reaction-diffusion AI with white noise because the Ito’s formula is not applicable
for mild solutions. In the future, we will develop research methods to solve such
problems.
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