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Some Euler-Maclaurin-Type Inequalities by Means
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Abstract This paper introduces an equality that is valid for tempered frac-
tional integrals. By using this equality, we establish some Euler-Maclaurin-
type inequalities for the case of differentiable convex functions involving tem-
pered fractional integrals. Furthermore, our results are provided by using
special cases of obtained theorems.
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1. Introduction and preliminaries

The theory of inequalities is well-known and is still an active research field that has
numerous practical applications in many mathematical areas. It is also well-known
that inequality theory is closely related to the study of convex functions. Many fa-
mous inequalities, such as the Hermite–Hadamard-type inequalities Simpson, New-
ton, and Euler-Maclaurin-type inequalities, are established for convex functions. In
addition, convexity is an significant tool in the study of inequalities, as it allows for
the use of various analytical and geometric methods to prove inequalities. Finally,
the study of convex functions and the theory of inequalities are deeply intercon-
nected and complement one another.

Fractional calculus is related to inequality theory in that it provides a general-
ization of traditional calculus, allowing for the consideration of non-integer orders of
differentiation and integration. These types of inequalities can be useful in the study
of various mathematical and physical phenomena, such as the behavior of complex
systems or the properties of certain functions. Moreover, fractional calculus has
gained important attention from mathematicians in various fields of mathematics
due to its essential characteristics and practical use in real-world problems. Due to
the significance of fractional calculus, various mathematical researchers have proved
numerous inequalities including fractional integrals. One can obtain the bounds of
the new inequalities not only by using Hermite–Hadamard-type inequalities but also
by using Simpson, Newton, and Euler–Maclaurin-type inequalities.

Definition 1.1 (See [12, 18]). The Riemann–Liouville integrals Jα
a+f and Jα

b−f of
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order α > 0 with a ≥ 0 are defined by

Jα
a+f(x) =

1

Γ(α)

∫ x

a

(x− t)
α−1

f(t)dt, x > a (1.1)

and

Jα
b−f(x) =

1

Γ(α)

∫ b

x

(t− x)
α−1

f(t)dt, x < b, (1.2)

respectively. Here, f ∈ L1[a, b] and Γ(α) denotes the Gamma function defined as

Γ(α) =

∫ ∞

0

e−uuα−1du.

The fractional integral reduces to the classical integral for the case of α = 1.

One can state the Simpson’s rules in the following way:

i. The formula for Simpson’s quadrature (also known as Simpson’s 1/3 rule) is
expressed as follows:∫ b

a

f (x) dx ≈ b− a

6

[
f (a) + 4f

(
a+ b

2

)
+ f (b)

]
. (1.3)

ii. The formula for Simpson’s second formula or Newton-Cotes quadrature for-
mula (also known as Simpson’s 3/8 rule (cf. [4])) is stated as follows:∫ b

a

f (x) dx ≈ b− a

8

[
f (a) + 3f

(
2a+ b

3

)
+ 3f

(
a+ 2b

3

)
+ f (b)

]
. (1.4)

iii. The corresponding dual Simpson’s 3/8 formula - the Maclaurin rule based on
the Maclaurin formula (cf. [4]) is created as follows:∫ b

a

f (x) dx ≈ b− a

8

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
. (1.5)

Formulae (1.3), (1.4), and (1.5) hold for every function f with continuous 4th

derivative on [a, b].
The most popular Newton-Cotes quadrature containing three-point Simpson-

type inequality is as follows.

Theorem 1.1. Let f : [a, b] → R be a four times differentiable and continuous
function on (a, b) , and let

∥∥f (4)
∥∥
∞ = sup

x∈(a,b)

∣∣f (4)(x)
∣∣ < ∞. Then, one has the

inequality∣∣∣∣∣16
[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ 1

2880

∥∥∥f (4)
∥∥∥
∞

(b− a)
4
.

Dragomir established an approximation of the remainder for Simpson’s quadra-
ture formula for bounded variation functions and the applications in theory of
special means in paper [7]. Budak et al. proved some variants of Simpson-type
inequalities for the case of differentiable convex functions by generalized fractional
integrals in paper [1]. The reader is referred to [2, 13, 28, 30, 31] and the references
therein for further information about fractional integrals.

The Classical closed-type quadrature rule is the Simpson 3/8 rule derived from
the Simpson 3/8 inequality as follows:
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Theorem 1.2 (See [4]). Suppose that f : [a, b] → R is a four times differentiable
and continuous function on (a, b) . Also suppose that

∥∥f (4)
∥∥
∞ = sup

x∈(a,b)

∣∣f (4)(x)
∣∣ < ∞.

Then, the following inequality holds:∣∣∣∣∣18
[
f (a) + 3f

(
2a+ b

3

)
+ 3f

(
a+ 2b

3

)
+ f (b)

]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣
≤ 1

6480

∥∥∥f (4)
∥∥∥
∞

(b− a)
4
.

The evaluations for the three-step quadratic kernel in Simpson’s second rule are
sometimes referred to as Newton-type results because this rule is based on the three-
point Newton-Cotes quadrature. Many researchers have conducted on Newton-type
inequalities extensively. For instance, in paper [11], Gao and Shi investigated new
Newton type inequalities based on convexity and some applications for special cases
of real functions are also established. Erden et al. proved some new integral in-
equalities of Newton type for the case of functions whose first derivative in absolute
value at certain power are arithmetically-harmonically convex in paper [8]. More-
over, several Newton type inequalities for the case of differentiable convex functions
were proved and some fractional Newton type inequalities for the case of bounded
variation functions were presented in [15]. For more information and unexpected
subjects about Newton type of inequalities including convex differentiable func-
tions,one can refer to [16,17,23,26] and the references therein.

The Maclaurin rule, which is the dual of the Simpson’s 3/8 formula, is based on
the Maclaurin inequality and can be expressed as follows:

Theorem 1.3 (See [4]). Let us consider that f : [a, b] → R is a four times differ-
entiable and continuous function on (a, b) . If

∥∥f (4)
∥∥
∞ = sup

x∈(a,b)

∣∣f (4)(x)
∣∣ < ∞, then

the following inequality∣∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣
≤ 7

51840

∥∥∥f (4)
∥∥∥
∞

(b− a)
4

is valid.

Some Euler–Maclaurin-type inequalities are established for the case of differen-
tiable convex functions by using Riemann-Liouville fractional integrals in paper [14].
By using graphs, example is given in order to indicate that our main result is correct.
In paper [5], Dedić et al. is proved a set of inequalities by using the Euler-Maclaurin
formulae and the results are applied to obtain some error estimates in the case of
the Maclaurin quadrature rules. Moreover, a set of inequalities is considered by us-
ing the Euler-Simpson 3/8 formulae. The results are implemented to obtain several
error estimates for the case of the Simpson 3/8 quadrature rules in [6]. For more
details about these types of inequalities, the reader can refer to the sources such
as [4, 9, 10,24] and the references therein.

Recall that the incomplete gamma function and λ-incomplete gamma function
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are defined by

⋎ (α, x) :=

x∫
0

tα−1e−tdt

and

⋎λ (α, x) :=

x∫
0

tα−1e−λtdt,

respectively. Here, 0 < α < ∞ and λ ≥ 0.

Remark 1.1. [22] For the real numbers α > 0; λ ≥ 0 and a < b, we readily hold:

i. ⋎λ(b−a) (α, 1) =
1∫
0

tα−1e−λ(b−a)tdt = 1
(b−a)α ⋎λ (α, b− a) ,

ii.
1∫
0

⋎λ(b−a) (α, x) dx = ⋎λ(α,b−a)
(b−a)α − ⋎λ(α+1,b−a)

(b−a)α+1 .

Next, we will introduce the essential concepts and novel symbols of tempered
fractional operators.

Definition 1.2 (See [19, 21]). The fractional tempered integral operators J (α,λ)
a+ f

and J (a,λ)
b− f of order α > 0 and λ ≥ 0 are presented by

J (α,λ)
a+ f (x) =

1

Γ(α)

∫ x

a

(x− t)
α−1

e−λ(x−t)f(t)dt, x ∈ [a, b] (1.6)

and

J (α,λ)
b− f(x) =

1

Γ(α)

∫ b

x

(t− x)
α−1

e−λ(t−x)f(t)dt, x ∈ [a, b] , (1.7)

respectively for f ∈ L1[a, b].

If we choose λ = 0, then the fractional integrals in (1.6) and (1.7) coincide with
the Riemann-Liouville fractional integrals in (1.1) and (1.2), respectively.

Tempered fractional calculus can be defined as an generalization of fractional cal-
culus. The definitions of fractional integration with weak singular and exponential
kernels were firstly reported in Buschman’s earlier work [3]. For more information
associated with the different definitions of the tempered fractional integration, see
the references [20, 25, 27, 29] and references therein. Mohammed et al. [22] proved
various Hermite–Hadamard-type inequalities involving the tempered fractional in-
tegrals for the case of convex functions, which cover the previously published results
for Riemann integrals and Riemann-Liouville fractional integrals.

2. Main results

Lemma 2.1. If f : [a, b] → R is an absolutely continuous function (a, b) so that
f ′ ∈ L1 [a, b], then the equality

1

8

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
(2.1)
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− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]

=
(b− a)

α+1

2⋎λ (α, b− a)

4∑
i=1

Ii

is valid. Here,

I1 =

1
6∫
0

⋎λ(b−a) (α, t) [f
′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)] dt,

I2 =

1
2∫
1
6

{
⋎λ(b−a) (α, t)− 3

8 ⋎λ(b−a) (α, 1)
}

× [f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)] dt,

I3 =

5
6∫
1
2

{
⋎λ(b−a) (α, t)− 5

8 ⋎λ(b−a) (α, 1)
}

× [f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)] dt,

I4 =
1∫
5
6

{
⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)

}
× [f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)] dt.

Proof. By using the integration by parts, it yields

I1 =

1
6∫

0

⋎λ(b−a) (α, t) [f
′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)] dt (2.2)

=
1

b− a
⋎λ(b−a) (α, t) [f (tb+ (1− t) a) + f (ta+ (1− t) b)]

∣∣∣∣ 16
0

− 1

b− a

1
6∫

0

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt

=
1

b− a
⋎λ(b−a)

(
α,

1

6

)[
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

)]

− 1

b− a

1
6∫

0

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt.

Then, similar to the previous process, we readily have

I2 =
2

b− a

{
⋎λ(b−a)

(
α,

1

2

)
− 3

8
⋎λ(b−a) (α, 1)

}
f

(
a+ b

2

)
(2.3)

− 1

b− a

{
⋎λ(b−a)

(
α,

1

6

)
− 3

8
⋎λ(b−a) (α, 1)

}[
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

)]

− 1

b− a

1
2∫

1
6

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt,
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I3 =
1

b− a

{
⋎λ(b−a)

(
α,

5

6

)
− 5

8
⋎λ(b−a) (α, 1)

}[
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

)]
(2.4)

− 2

b− a

{
⋎λ(b−a)

(
α,

1

2

)
− 5

8
⋎λ(b−a) (α, 1)

}
f

(
a+ b

2

)

− 1

b− a

5
6∫

1
2

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt,

and

I4 = − 1

b− a

{
⋎λ(b−a)

(
α,

5

6

)
−⋎λ(b−a) (α, 1)

}[
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

)]
(2.5)

− 1

b− a

1∫
5
6

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt.

Let us add the equalities from (2.2) to (2.5). Then, we have

4∑
i=1

Ii =
⋎λ (α, b− a)

4 (b− a)
α+1

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
5a+ b

6

)]
(2.6)

− 1

b− a

1∫
0

tα−1e−λ(b−a)t [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt.

With the aid of the change of the variable x = tb+ (1− t) a and x = ta+ (1− t) b
for t ∈ [0, 1] respectively, the equality (2.6) can be rewritten as follows

4∑
i=1

Ii =
⋎λ (α, b− a)

4 (b− a)
α+1

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
5a+ b

6

)]
(2.7)

− Γ (α)

(b− a)
α+1

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]
.

If we multiply both sides of (2.7) by (b−a)α+1

2⋎λ(α,b−a) , then equality (2.1) is obtained

simultaneously.

Theorem 2.1. Suppose that the assumptions of Lemma 2.1 hold. Also suppose that
the function |f ′| is convex on [a, b] . Then, we have the following Euler–Maclaurin-
type inequality∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
(2.8)

− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣
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≤ (b− a)
α+1

2⋎λ (α, b− a)
(Ω1 (α, λ) + Ω2 (α, λ) + Ω3 (α, λ) + Ω4 (α, λ)) [|f ′ (a)|+ |f ′ (b)|] ,

where 

Ω1 (α, λ) =

1
6∫
0

∣∣⋎λ(b−a) (α, t)
∣∣ dt,

Ω2 (α, λ) =

1
2∫
1
6

∣∣⋎λ(b−a) (α, t)− 3
8 ⋎λ(b−a) (α, 1)

∣∣ dt,
Ω3 (α, λ) =

5
6∫
1
2

∣∣⋎λ(b−a) (α, t)− 5
8 ⋎λ(b−a) (α, 1)

∣∣ dt,
Ω4 (α, λ) =

1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ dt.

Proof. If we take the modulus in Lemma 2.1, then we actually get∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
(2.9)

− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣

× |f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)| dt

+

1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣
× |f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)| dt

+

5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣
× |f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)| dt

+

1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣

× |f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)| dt] .

Since |f ′| is convex, it yields∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)
α

[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣
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≤ (b− a)
α+1

2⋎λ (α, b− a)


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣

× [t |f ′ (b)|+ (1− t) |f ′ (a)|+ t |f ′ (a)|+ (1− t) |f ′ (b)|] dt

+

1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣
× [t |f ′ (b)|+ (1− t) |f ′ (a)|+ t |f ′ (a)|+ (1− t) |f ′ (b)|] dt

+

5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣
× [t |f ′ (b)|+ (1− t) |f ′ (a)|+ t |f ′ (a)|+ (1− t) |f ′ (b)|] dt

+

1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣

× [t |f ′ (b)|+ (1− t) |f ′ (a)|+ t |f ′ (a)|+ (1− t) |f ′ (b)|] dt]

=
(b− a)

α+1

2⋎λ (α, b− a)
(Ω1 (α) + Ω2 (α) + Ω3 (α) + Ω4 (α)) [|f ′ (a)|+ |f ′ (b)|] .

This completes the proof of Theorem 2.1.

Remark 2.1. If we choose λ = 0 in Theorem 2.1, then the following Euler–
Maclaurin-type inequality holds:∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)
α

[
Jα
b−f (a) + Jα

a+f (b)
]∣∣∣∣

≤α (b− a)

2
(Ω1 (α, 0) + Ω2 (α, 0) + Ω3 (α, 0) + Ω4 (α, 0)) [|f ′ (a)|+ |f ′ (b)|] ,

which is established by Hezenci and Budak in paper [14, Theorem 4].

Remark 2.2. Let us consider λ = 0 and α = 1 in Theorem 2.1. Then, we obtain
the following Euler–Maclaurin-type inequality∣∣∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤25 (b− a)

576
[|f ′ (a)|+ |f ′ (b)|] ,

which is presented in paper [14, Corollary 1].

Theorem 2.2. Assume that the assumptions of Lemma 2.1 are valid and the func-
tion |f ′|q, q > 1 is convex on [a, b]. Then, the following Euler-Maclaurin-type
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inequality holds:∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)
{(φp

1 (α, λ) + φp
4 (α, λ))

×

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]
+ (φp

2 (α, λ) + φp
3 (α, λ))

×

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]}
.

Here, 1
p + 1

q = 1 and

φp
1 (α, λ) =

(
1
6∫
0

∣∣⋎λ(b−a) (α, t)
∣∣p dt)

1
p

,

φp
2 (α, λ) =

(
1
2∫
1
6

∣∣⋎λ(b−a) (α, t)− 3
8 ⋎λ(b−a) (α, 1)

∣∣p dt)
1
p

,

φp
3 (α, λ) =

(
5
6∫
1
2

∣∣⋎λ(b−a) (α, t)− 5
8 ⋎λ(b−a) (α, 1)

∣∣p dt)
1
p

,

φp
4 (α, λ) =

(
1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣p dt) 1

p

.

Proof. If we apply Hölder inequality in (2.9), then we can conclude that∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)




1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣p dt


1
p




1
6∫

0

|f ′ (tb+ (1− t) a)|q dt


1
q

+


1
6∫

0

|f ′ (ta+ (1− t) b)|q dt


1
q



+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p
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×




1
2∫

1
6

|f ′ (tb+ (1− t) a)|q dt


1
q

+


1
2∫

1
6

|f ′ (ta+ (1− t) b)|q dt


1
q



+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p

×




5
6∫

1
2

|f ′ (tb+ (1− t) a)|q dt


1
q

+


5
6∫

1
2

|f ′ (ta+ (1− t) b)|q dt


1
q



+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣p dt


1
p

×


 1∫

5
6

|f ′ (tb+ (1− t) a)|q dt


1
q

+

 1∫
5
6

|f ′ (ta+ (1− t) b)|q dt


1
q


 .

With the help of the convexity of |f ′|q, we readily have∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)




1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣p dt


1
p

×




1
6∫

0

t |f ′ (b)|q + (1− t) |f ′ (a)|q dt


1
q

+


1
6∫

0

t |f ′ (a)|q + (1− t) |f ′ (b)|q dt


1
q



+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p

×




1
2∫

1
6

t |f ′ (b)|q + (1− t) |f ′ (a)|q dt


1
q
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+


1
2∫

1
6

t |f ′ (a)|q + (1− t) |f ′ (b)|q dt


1
q



+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p

×




5
6∫

1
2

t |f ′ (b)|q + (1− t) |f ′ (a)|q dt


1
q

+


5
6∫

1
2

t |f ′ (a)|q + (1− t) |f ′ (b)|q dt


1
q



+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣p dt


1
p

×


 1∫

5
6

t |f ′ (b)|q + (1− t) |f ′ (a)|q dt


1
q

+

 1∫
5
6

t |f ′ (a)|q + (1− t) |f ′ (b)|q dt


1
q




=
(b− a)

α+1

2⋎λ (α, b− a)





1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣p dt


1
p

+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣p dt


1
p


×

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]

+




1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p
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+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣p dt


1
p


×

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]}
.

Remark 2.3. Let us consider λ = 0 in Theorem 2.2. Then, we have the Euler-
Maclaurin-type inequality∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)
α

[
Jα
b−f (a) + Jα

a+f (b)
]∣∣∣∣

≤α (b− a)

2
{(φp

1 (α, 0) + φp
4 (α, 0))

×

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]
+ (φp

2 (α, 0) + φp
3 (α, 0))

×

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]}
.

This coincides with [14, Theorem 5].

Remark 2.4. If we assign λ = 0 and α = 1 in Theorem 2.2, then the following
Euler-Maclaurin-type inequality holds:∣∣∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

[(
1

(p+ 1) 6p+1

) 1
p

×

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]

+

(
1

(p+ 1)

((
5

24

)p+1

+

(
1

8

)p+1
)) 1

p

×

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]]
.

This is proved by Hezenci and Budak in [14, Corollary 2].

Theorem 2.3. Let us consider that the assumptions of Lemma 2.1 hold and the
function |f ′|q, q ≥ 1 is convex on [a, b]. Then, the following Euler-Maclaurin-type
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inequality holds:∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)

{
(Ω1 (α, λ))

1− 1
q

×
[(
Ω5 (α, λ) |f ′ (b)|q + (Ω1 (α, λ)− Ω5 (α, λ)) |f ′ (a)|q

) 1
q

+
(
Ω5 (α, λ) |f ′ (a)|q + (Ω1 (α, λ)− Ω5 (α, λ)) |f ′ (b)|q

) 1
q

]
+ (Ω2 (α, λ))

1− 1
q

[(
Ω6 (α, λ) |f ′ (b)|q + (Ω2 (α, λ)− Ω6 (α, λ)) |f ′ (a)|q

) 1
q

+
(
Ω6 (α, λ) |f ′ (a)|q + (Ω2 (α, λ)− Ω6 (α, λ)) |f ′ (b)|q

) 1
q

]
+ (Ω3 (α, λ))

1− 1
q

[(
Ω7 (α, λ) |f ′ (b)|q + (Ω3 (α, λ)− Ω7 (α, λ)) |f ′ (a)|q

) 1
q

+
(
Ω7 (α, λ) |f ′ (a)|q + (Ω3 (α, λ)− Ω7 (α, λ)) |f ′ (b)|q

) 1
q

]
+ (Ω4 (α, λ))

1− 1
q

[(
Ω8 (α, λ) |f ′ (b)|q + (Ω4 (α, λ)− Ω8 (α, λ)) |f ′ (a)|q

) 1
q

+
(
Ω8 (α, λ) |f ′ (a)|q + (Ω4 (α, λ)− Ω8 (α, λ)) |f ′ (b)|q

) 1
q

]}
.

Here, Ω1 (α, λ), Ω2 (α, λ), Ω3 (α, λ) and Ω4 (α, λ) are defined in Theorem 2.1 and



Ω5 (α, λ) =

1
6∫
0

∣∣⋎λ(b−a) (α, t)
∣∣ tdt,

Ω6 (α, λ) =

1
2∫
1
6

∣∣⋎λ(b−a) (α, t)− 3
8 ⋎λ(b−a) (α, 1)

∣∣ tdt,
Ω7 (α, λ) =

5
6∫
1
2

∣∣⋎λ(b−a) (α, t)− 5
8 ⋎λ(b−a) (α, 1)

∣∣ tdt,
Ω8 (α, λ) =

1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ tdt.

Proof. Firstly, let us apply power-mean inequality in (2.9). Then, we obtain∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)




1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ dt


1− 1
q
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×


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ |f ′ (tb+ (1− t) a)|q dt


1
q

+


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ dt


1− 1
q

×


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ |f ′ (ta+ (1− t) b)|q dt


1
q

+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ |f ′ (tb+ (1− t) a)|q dt


1
q

+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ |f ′ (ta+ (1− t) b)|q dt


1
q

+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ |f ′ (tb+ (1− t) a)|q dt


1
q

+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ |f ′ (ta+ (1− t) b)|q dt


1
q



944 F. Hezenci & H. Budak

+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ dt


1− 1
q

×

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ |f ′ (tb+ (1− t) a)|q dt


1
q

+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ dt


1− 1
q

×

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ |f ′ (ta+ (1− t) b)|q dt


1
q

 .

By using the fact that |f ′|q is convex, we readily obtain∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α)

2⋎λ (α, b− a)

[
J (α,λ)
b− f (a) + J (α,λ)

a+ f (b)
]∣∣∣∣

≤ (b− a)
α+1

2⋎λ (α, b− a)




1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ dt


1− 1
q

×




1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ [t |f ′ (b)|q + (1− t) |f ′ (a)|q

]
dt


1
q

+


1
6∫

0

∣∣⋎λ(b−a) (α, t)
∣∣ [t |f ′ (a)|q + (1− t) |f ′ (b)|q

]
dt


1
q



+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×




1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ [t |f ′ (b)|q + (1− t) |f ′ (a)|q
]
dt


1
q

+


1
2∫

1
6

∣∣∣∣⋎λ(b−a) (α, t)−
3

8
⋎λ(b−a) (α, 1)

∣∣∣∣ [t |f ′ (a)|q + (1− t) |f ′ (b)|q
]
dt


1
q
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+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ dt


1− 1
q

×




5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ [t |f ′ (b)|q + (1− t) |f ′ (a)|q
]
dt


1
q

+


5
6∫

1
2

∣∣∣∣⋎λ(b−a) (α, t)−
5

8
⋎λ(b−a) (α, 1)

∣∣∣∣ [t |f ′ (a)|q + (1− t) |f ′ (b)|q
]
dt


1
q



+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ dt


1− 1
q

×


 1∫

5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ [t |f ′ (b)|q + (1− t) |f ′ (a)|q

]
dt


1
q

+

 1∫
5
6

∣∣⋎λ(b−a) (α, t)−⋎λ(b−a) (α, 1)
∣∣ [t |f ′ (a)|q + (1− t) |f ′ (b)|q

]
dt


1
q


 .

This ends the proof of Theorem 2.3.

Remark 2.5. If we select λ = 0 in Theorem 2.3, then the following Euler-Maclaurin-
type inequality holds:∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)
α

[
Jα
b−f (a) + Jα

a+f (b)
]∣∣∣∣

≤ α (b− a)

2

{
(Ω1 (α, 0))

1− 1
q

[(
Ω5 (α, 0) |f ′ (b)|q + (Ω1 (α, 0)− Ω5 (α, 0)) |f ′ (a)|q

) 1
q

+
(
Ω5 (α, 0) |f ′ (a)|q + (Ω1 (α, 0)− Ω5 (α, 0)) |f ′ (b)|q

) 1
q

]
+ (Ω2 (α, 0))

1− 1
q

[(
Ω6 (α, 0) |f ′ (b)|q + (Ω2 (α, 0)− Ω6 (α, 0)) |f ′ (a)|q

) 1
q

+
(
Ω6 (α, 0) |f ′ (a)|q + (Ω2 (α, 0)− Ω6 (α, 0)) |f ′ (b)|q

) 1
q

]
+ (Ω3 (α, 0))

1− 1
q

[(
Ω7 (α, 0) |f ′ (b)|q + (Ω3 (α, 0)− Ω7 (α, 0)) |f ′ (a)|q

) 1
q

+
(
Ω7 (α, 0) |f ′ (a)|q + (Ω3 (α, 0)− Ω7 (α, 0)) |f ′ (b)|q

) 1
q

]
+ (Ω4 (α, 0))

1− 1
q

[(
Ω8 (α, 0) |f ′ (b)|q + (Ω4 (α, 0)− Ω8 (α, 0)) |f ′ (a)|q

) 1
q

+
(
Ω8 (α, 0) |f ′ (a)|q + (Ω4 (α, 0)− Ω8 (α, 0)) |f ′ (b)|q

) 1
q

]}
,
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which is given in [14, Theorem 6].

Remark 2.6. Consider λ = 0 and α = 1 in Theorem 2.3. Then, we have the
Euler-Maclaurin-type inequality∣∣∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣
≤ (b− a)

72

[(
|f ′ (b)|q + 8 |f ′ (a)|q

9

) 1
q

+

(
|f ′ (a)|q + 8 |f ′ (b)|q

9

) 1
q

+

(
17

8

)1− 1
q

×

[(
361 |f ′ (b)|q + 863 |f ′ (a)|q

576

) 1
q

+

(
361 |f ′ (a)|q + 863 |f ′ (b)|q

576

) 1
q

]]
.

This coincides with [14, Corollary 3].

3. Summary and concluding remarks

Some Euler-Maclaurin-type inequalities are given for the case of differentiable con-
vex functions by using tempered fractional integrals. More precisely, Euler-Maclaurin-
type inequalities are obtained by taking advantage of the convexity, the Hölder in-
equality, and the power mean inequality. Moreover, the results are given by using
special cases of the established theories.

The results and methods presented in this study regarding Euler–Maclaurin-type
inequalities using tempered fractional integrals could provide new opportunities for
further exploration by mathematicians in this field. In addition to this,one can try
to generalize our results by utilizing a different version of convex function classes or
another type of fractional integral operators. Finally, one can obtain likewise Euler-
Maclaurin-type inequalities by tempered fractional integrals for convex functions by
using quantum calculus.
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[5] Dedić Lj., Matić M., Pečarić J., Euler-Maclaurin formulae, Math. Inequal.
Appl., 6(2) 247-275, 2003.
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[9] Franjić I., Pečarić J., Corrected Euler-Maclaurin’s formulae, Rend. Circ. Mat.
Palermo 54, 259-272, 2005.
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