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Stability and Bifurcation Analysis for a
Predator-Prey Model with Crowley-Martin
Functional Response
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Abstract This paper mainly focuses on the Gauze-type predator-prey model
with Crowley-Martin functional response. The local stability of the equilibria
is investigated by analyzing the characteristic equation and using the Routh-
Hurwitz criterion. Besides, dynamic behavior has been studied by using the
center manifold theorem and normal form theory. Finally, several numerical
simulations not only verify the theoretical results of Hopf bifurcation but also
display more interesting dynamical properties of the model.
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1. Introduction

Mathematical models in ecology provides us with information on the dynamical
behavior of the ecological system. The interactions between predator and prey in
nature are largely responsible for the rich biodiversity of complex ecosystems. So,
it is necessary to analyse the predator-prey relationship qualitatively and quan-
titatively. The most paramount and critical term in the predator-prey model is
the functional response function, which reflects the relationship between the preda-
tor population density and the prey population density. Most functional response
functions depend either on the predator or the prey, such as classic Holling types
functional response which were regarded as “prey-dependent” [5]. However, that is
not entirely consistent with the actual situation in nature.

Let z(t) and y(t) denote densities of the prey and predators at time ¢, respec-
tively. The classical Gauze-type predator-prey system without considering the spa-
tial effect takes the following form [6]:

{x’(t) = xg(x) — yP(z,y),

y'(t) = nyP(z,y) — py, (L1)

where g(z) = r(1 — x/K), r is the growth rate of prey and K is called the carrying
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capacity of prey. P(z,y) indicates the consumption rate of prey by a predator or
the functional response of the predator.

Skalski and Gilliam [20] separately studied three functional response functions
that reveal the interaction between predator and prey, and obtained rich statistical
evidence from 19 predator-prey ecosystems. Research indicates that the Crowley-
Martin functional response performed better in the three. Since this functional
response recognizes the rich and biologically reasonable dynamics [1,21], it is nec-
essary for us to study it.

The Cowley-Martin functional response considered in this article takes the fol-

lowing form
mx

(a+02)(a+cy)

where m, a, b, ¢ are positive constants that stand for the effects of consumption
rate, saturation constant, handling time and the magnitude of interference among
predators, respectively.

Over the past few decades, more and more information about the predator-
prey system with Crowley-Martin functional response has been available [10, 14,
23,24]. Zhou [26] presented qualitative analysis of the predator-prey model for
Crowley-Martin functional responses. Li et al. [9] examined a predator-prey model
with Crowley-Martin functional response for positive periodic solutions. Maiti et
al. [12,13] considered a prey-predator model which divides the scope of biological
activity into two areas. They analysed the direction of Hopf bifurcation and the
stability of the bifurcation periodic solution, and used the V function to judge
the global stability of the time-delay system. Upadhyay and Naji [24] studied a
three food chain system with Crowley-Martin functional response and got local and
global stability for non-negative equilibrium, conditions for the persistence of the
system and bifurcation diagrams. Shi et al. [19] considered a predator-prey model
with Crowley-Martin function, they considered the locally asymptotic stability of
nonnegative equilibria and obtained sufficient conditions for the global stability
of the positive equilibrium. Saha [17] studied a predator-predator model with a
small parameter e which is a slow-fast system that causes singular perturbation
problem in mathematics. Besides, Santra etc [18] investigated the dynamics of a
discrete predator-prey model, focusing on the Neimark-Sacker bifurcation. Another
important bifurcation of the discrete differential equation is the Flip bifurcation, so
we will also study the Flip bifurcation corresponding to the discrete system.

In this paper, we consider a predator-prey system model with a small parameter
€, which is, the significant difference in population density between the predator
and prey, such as spruce-budworm system [2,11,15,22]. The main contributions of
this work are summarized in the following.

(1) We carried out the stability analysis of the system, and determined the
bifurcation parameter of the system as § through mathematical analysis of the
system model.

(2) We calculated the critical value d¢ and verified that the system occurs Hopf
bifurcation when § passes dg from right to left. We also analysed the direction of
Hopf bifurcation and the stability of the bifurcation periodic solution.

(3) We also gave conditions for the corresponding discrete system to have a flip
bifurcation.

(4) The example given in the numerical simulation is subcritical Hopf bifurca-
tion, the bifurcating periodic solutions are stable and their period increases with

P(x,y) = (1.2)
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d.

The rest of this paper is organized as follows. In the next section, we introduce
the mathematical formula of the model and make brief analysis. In Section 3,
We analyse the local stability of the equilibrium point and the conditions for the
occurrence of hopf bifurcation. In Section 4, by using center manifold theorem and
normal form theory, we judge the direction, stability and period of the periodic
solution of the Hopf bifurcation. In Section 5, we analyse the conditions for the
production of the Flip bifurcation. Numerical simulations are given in Section 6.
Section 7 makes the conclusion to this paper.

2. The mathematical model

We consider the following predator-prey system model with Crowley-Martin func-
tional response:

d—u—ru(l—u)— muv
dt K’ (a+bu)(a+cv)
@ emuv (2.1)

dt — (a+bu)(a+ cv) v

where u and v represent prey population density and predator population density,
respectively. The parameters r, K, m,a,b,c,n and e are all greater than 0. In
system (2.1), r is the prey intrinsic growth rate, m is the consumption rate, K is
the carrying capacity of the environment, a represents the saturation constant, b
is the handling time, ¢ stands for the magnitude of interference among predators,
n is the predator’s per-capita death rate, and e takes into account the efficiency of
conversion of predation into biomass.

We assume that the death rate n and the conversion rate e are small. To be
precise, we set n and e as sufficiently small parameters, e; as the rescaled conversion
rate, and nj represents the rescaled predator death rate. We then have the slow-fast
predator-prey system

du U muv
—=ru(l—-—=)— ———+——,
de K’  (a+bu)(a+cw)
dv e1muv
— =€|————F—— —mv|,
d¢ (a+ bu)(a + cv) !
where e = ee;,n = enq, and 0 < e < 1.

Using the rescaling transformation to make system (2.2) dimensionless:

< (2.3)

we have

di _ azy
dT
dy By

ar ~ |G+ +y)

. . . meq ni a
in which the new variables are z,y, and a = -2~ f=—-, y=—, § = —.
) ) bCTK7 ‘rb ) r )
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The system (2.4) is topologically equivalent to model (2.5), and we replace T
with t just out of habit,

dz
?:w(l—x)(5+x)(5+y)—wy:f(Ly), 25)
Y .
3 = 1By =0 +2)(0 +y)] = eg(z, y).
We will analyse system (2.5) with an initial value greater than 0. From the
biological populations in nature, we only consider the dynamic behavior of the
system (2.5) in the first quadrant of the x — y plane, denoted by

Q={(z,y) € R*:2 >0,y >0}. (2.6)

Equation (2.5) has positive solutions with initial conditions (2.6), and the solu-
tions of system (2.5) initiated from Int 2 are uniformly bounded. The proof process
is similar to that given in Tripath [23].

Let 7 = et. Then we obtain

ej—i =xz(1—xz)(0+ )0 +vy) — azy, 2
& = Boy — (5 + ) +y).
i

The dynamic behavior of the model (2.7) is restricted to the area . The
parameter € can be regarded as the “separation” of time scales, that is, the ratio
between the linear death rate of the predator density and the linear growth rate
of the prey density. We call ¢ and 7 as the fast time scale and slow time scale
respectively. For 0 < € < 1, we refer to x and y as fast variables and slow variables,
respectively.

Substituting € = 0 into system (2.5), we obtain the layer system or the fast

system, which is given by

dx

&7’} =z(1—-2)(0+)(6 +y) — axy, (2.8)
Y.

ar

Substituting € = 0 into system (2.7), we get the slow system, which is differential
algebraic equation given by

0=2z(1-2)(0+2)(0+y) - axy,

W — by — (6 +2)(6 + ). 2

Equation (2.9) can be used to deduce y = () where
51 —x)(0+x)

= . 2.1
(@) a—(1-—z)0+x) (2.10)
The slow flow is forced on the critical set:

={(z,y) €eQ:x=00ry=px),a>1—-2)(6+2z)},
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where ¢(x) is given by (2.10). It comprises two types of critical manifolds that are
given by

Mo = {(z,y) € Q| z =0}, (2.12)
0(1—x)(0 + x) )
—(1—2)(0+x)"

Mz = {(z,y) € Xy = p(z) = ~ (2.13)

The integral curves of M;( are parallel to the horizontal axis which means that
the predator population density remains steady on the first flow Mjg. The flow
(2.8) is a parametrized differential equation in x where y is regarded as a parameter.
And, the equilibrium point of equation (2.8) is in one-to-one correspondence with
the points in M. The dynamic behavior of flow My is determined by

do_ p(@){Br — (0 +2)(0 + ¢(z)}
dr ¢ () ’

(2.14)

ad(l —0 — 2x)
[ = (1= 2)(6 + )]*

where ¢'(z) = and we get the following results on the critical

manifold Myg.

Lemma 2.1. The function ¢(x) has the following statements.

1.If 0<zx< 1;25, p(z) is strictly increasing in Q; if % <z <1, p)is
strictly decreasing.

2. The function o(z) has a local mazimum at z1 = 15°.

We focus our attention on the parametric condition
a>1—-z)0+z), d <L (2.15)

In this case, My is a parabolic shape and consists of two branches S§ and S§, where
2
S is the branch from P(0, %) to Q(x1,y1); S§ is the branch from maximum point

Q(x1,y1) to R(1,0). P is the intersection of manifolds Mg and May. Thereby,

SSZMQQQ{(I,ZJ)EQ|O<$§I1}, (216)
Sg = My N {(l‘,y) cQ ‘ T <z < 1}. (2.17)

Theorem 2.1. 1. My is non-hyperbolic at Q(x1,y1), P(0, a‘s—j&)

2. When the parameters hold the condition of (2.15), the branches S§ and S§ are
hyperbolic repelling and hyperbolic attracting, respectively.

Proof. (i) We obtain % = % at point (z, p(z)). Obviously, % =0

at the points Q(x1,y1) and P(0, Of—_zé). Therefore, % has zero eigenvalue at these
points and Msq looses its hyperbolicity at P and Q.

(ii) Evidently, % > 0 at point (z, ¢(x)) for x < x, g—i < 0 at point (z, p(x)) for
x > x1. That is, the branches are hyperbolic repelling and hyperbolic attracting,

respectively. O
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3. Stability of equiliburium and local Hopf bifurca-
tion
We can get the reduced equation of system (2.7), which is

{w(l —2)(6+2)(6+y) —azy =0,

Bay — yy(5 + 2)(5 +y) = 0. (3.1)

Solving the equation (3.1) to get the equilibrium points, then we have the equi-
librias Ey(0,0), E1(0 ﬁ),Eg( 25 0) and E4(1,0) on the coordinate axes, and

non-trivial equilibria ’l?i,_(j:*, y*)ﬁv;ﬁeﬁr’e x* is the positive root of the cubic equation
Ba® + B8 — )a* + (aff — ady — Bz — ayd? = 0. (3.2)

Lemma 3.1. The equation (3.2) has at least one positive root.
1. Ifaf—ady—B6 < 0, then Eq (3.2) has a unique positive root, (Hy)
2. ifaf—ady—LB6 > 0, then Eq (3.2) has two positive roots. (H2)

In the ensuing discussion, we assume that equation (3.2) has only one positive
root. In order to investigate the local stability of equilibrium, we calculate the
Jacobian matrix of system (2.4) corresponding to each equilibrium point. The
Jacobian matrix J of system (2.4) at any point (x,y) is given by

1_9 ady adx

Y YO _
d+x)2(0+y 0+ )0+ y)?

J (eﬂéy)< ) eﬁdx)< )

C+a26+y  Gra)+y?
(i) The equilibria Ey(0,0) is always a saddle.
2

0
(ii) The equilibria F1 (0, 75) is non-hyperbolic, and the eigenvalues are Ay =0
o —
and Ay = —e7y. FE; is stable but not asymptotically stable.

(iii*) The equilibrium point Eg(%,O) is locally asymptotically stable if
-7

) 3yd, or ———— 8.

Y0 < B < 370, or Gorz0) "

(iii’) The equilibria Fy is a saddle point with stable manifold locally in the z-
B—3y0 ) B
8- 5(B=52+9)

direction and unstable manifold locally in the y-direction if (

+ 7] > 0.
(iv®) The equilibrium point E4(1,0) is a saddle with stable manifold locally in the
B
(0 +1)02
(iv?) E4 is stable if ((S—iﬂl)(? < €7, and when Ej exists, the interior equilibrium
point F3 does not exist. That is, E4(1,0) is a global attracter for this condition,
and all the trajectories initiating from Int() converge to Fjy.
(v) Calculating the Jacobian matrix at the inner equilibrium Es3(x*, y*), we have

z-direction and with unstable manifold locally in the y-direction if > €.

1-2z—a@Q —aR
€8Q eSR — ey

bl
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oy* ox*
h = = .
e @S G ) M T G )
Let the right-end item of Eq(2.4) equal to zero, and we obtain
x* B(é +z)(d+y), (3.3)
N 1
TR (3.4)

Substituting Eq (3.3) and (3.4) in the Jacobian matrix J*, we get a more concise
matrix

I J1 Jo
J3 Jy
0(1 —a*) ady eBo(1 — z*)
where Jy T Gz 5 B(6+y*)<0’ J3 ald 12 > 0, an

Using the Routh-Hurwitz criteria, it can be judged that E3(x*,y*) is asymptot-
ically stable if

J14+Jys <0, JyJy— JoJs > 0. (35)
Theorem 3.1. The unique positive equilibra Es(z*,y*) is asymptotically stable if
0>1-—2x". (3.6)

We study the existence of Hopf bifurcation in a small neighborhood of E3(z*, y*),
and choose § as a bifurcation parameter. The characteristic equation of Jacobian
matrix J*(z*,y*) can be written as

N — Tr(J*)\ + det(J*) = 0. (3.7)

Mark the eigenvalues of E3 as A(§) = p(d) & iw(0), where

u(8) = §Tr( \/Tr — 4det(J).

It is well known that p(d) = 0 and w(d) > 0 are necessary conditions for Hopf
bifurcation to occur. Obviously, Tr(J) = 0 is equivalent to p(dp) = 0, such as

1(60) = %TT(J) _ % (1 P 6((51+§)) +ﬂ((6fy*) - 1)) =0, (38)

then we can derive

5o =

5o (0 + V02 + dat (ary* — 22 )2y — x*y*%)) ; (3.9)

where 0 = z* — 2(2*)? — 2*y* — y*ve. Besides,

o(1 —x*) 1—a* y* (z* —1)z* yy*
/6 — _ = < 0.
KO = G  0xa TG+ Gra)y T Ory
(3.10)
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Furthermore, det(J) > 0 is equivalent to w(J) > 0,

€t 0 DOV S Ui St 0 I
det(J) =[1 -2 6+ ’7((5+y*) D+ (5+x*)(5+y*)]
_ (2" — Dy n (1 —z”) S 0. (3.11)

(0 +y*) (6 + z¥)

It is shown that Hopf bifurcation occurs when ¢ crosses &g, and the associated
characteristic equation of system (2.4) has a pair of simple imaginary roots.

4. Direction and stability of the Hopf bifurcation

In the previous section, we have already obtained some conditions which ensure
that system (2.5) experiences Hopf bifurcation at the unique positive equilibria
Es(x*,y*) when § takes the critical value dg. In this section, based on the center
manifold theorem and the normal form theory, we will determine the direction, sta-
bility, and period of the bifurcation periodic solution produced by Hopf bifurcation.

We consider system

de _ z(1—x) e
R ) S+y)
% - ﬂ:cy( —i—.%‘)( +y) (4.1)

a \Gra6ry Y

Let & =z —a*, & = y—y*, and we transform Fs(z*,y*) into the origin. Then
system (4.1) becomes

a6 a e ey &+ aT)(&+yT)
ar ~@rT T8 T G TG e )
d _ [ BG+a)©ty) e ’
i~ Grara0rery) T
We can write system (4.2) as
& _J &1 N f(&1,€2,6) _Jet F (4.3)
6/2 52 g(é-la 527 5)

where J is the Jacobian matrix of (4.2) at origin,

=163 + as&1&a + az€l + as&d + as&its + asé13 + ar€s + O(J€1 + &]Y), (4.4)
g = b1&7 + ba&i &g + b3l + bs&d + b5E78 + be&165 + br€s + O(J61 + &), (4.5)
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and
o =1+ ady* 4y = — ad? as = adz*
(6 +2*)3(8 + y*)’ (6 + 2*)2(6 + y*)?’ (6 + 2*)(6 + y*)3’

= — ady* a5 = ad? ag = ad?

(6 +2%)*(6 +y*)’ (64 2*)3(6 +y*)?’ (64 2)2(6 + y*)3’
= adx™ by = edpy* by — €[62

(8 4+ 2%) (5 + y*)* (0 +2%)3(0 +y*)’ (6 4+ 2%)2(0 +y*)2’
by = efox* = epoy* . €B6°

(8 +2*)(6 +y*)3’ (8 +2%)%(6 +y*)’ (8 +2%)3(0 + y*)2’
be = — €f62 epsoT*

C+220+y )3 7T Gra) (6 +y)t

The eigenvectors of matrix J(dy) are

—iw(0) M
p= 2aR , g=1| 2aR |].
(=) - ()

Jq = iw(80)g, J'p = —iw()p. (4.6)

In the following, we adopt the method of Hassard [4] to compute the coordinates
to describe the center manifold Cy at 6 = dg. System (4.3) can be written as

Vectors p, q satisfy

£ = JE+ SBE) + LC(En, Q) (47)

Generally, J = J(dp). B and C are symmetric multilinear functions valued by
plane vectors & = (£1,&)T, n = (n1,m2)7, and ¢ = ({1,¢2)T, and their coordinates
are given later. Define

z=<p,§>, £=A0)z+g(z,%0). (4.8)

On the center manifold Cjy, we have

W(t,0) = W(z(¢), 2(t),0), (4.9)
where
W(z,z,0) = Wzo(e)i; + Wi (0)zz + W02(9)§ + W30(9)%3 4o

z and z are local coordinates for center manifold Cy. Note that W is real if £(¢)
is real. We consider only real solutions. For the solution &(t) € Cy of (4.7), since
6 = dy, we have

Z=A0)z + (p(0), F(2q(0) + 2q(0), 9)). (4.10)
We rewrite this equation as
2(t) = A0)z(t) + g(z, 2,9), (4.11)

with
9(2,2,6) = (p(9), F(2q(8) + 2q(5), 0)). (4.12)
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According to Section 3.3 of Kuznetsov [8], we know that g can be written as a
Taylor series in the form of two complex variables(z and Z),

_ 1 _
9(27276) - Z mgkl(é)zkzl, (413>
k+1>2
akH
where gu(8) = g (0(0), Flza(0) + 5(0),0) | for k122, k=01,
For § = §p, we can know
22 z2 227
9(2, 2,9) = 920 +91125+9025+9217+”' (4.14)

by (4.13).
Now using the process described in [8], we give the coordinate representation of
a symmetric multilinear function B(&,n) and C(&,n,() in detail,

22: 82F1(§70)‘ f )
=1 080, €0 Sl 2a1§1m + a2é1m2 + az2§am + 2a3€an2
B(&,n) = 2 82F2(§ 0) =
S o Ly 201811 + ba&imz + baamn + 2b38am
ij=1  0&0E;
(4.15)
2 OPFi(8,0)
_ | ig.k=1 fz €j €k
C(ga m, C) - 2 aSF
) Mk e
= 7 7
i ket 0810808 /
6as€1mC1 + 2a5€1m G2 + 2a5€2m
| F2a6&1m2C1 + 2a6€17m262 + 6a782m2G2 (4.16)
60481111 + 2058111 C2 + 205521 1
+2b6&1m2C1 + 2b6€1m2C2 + 6b782m2C2
In addition, we can also get the relationship between B and z and Z,
B(zq + 24, 2q + 2q) = 2*B(q,q) + 222B(q.q) + 2°B(q,9), (4.17)

in which ¢ = ¢(0) and p = p(0). Therefore, the Taylor coefficient gx;, k +1 = 2 of
the quadratic term in g(z, Z, §) can be expressed by the following formula

920 = (p, B(q,9)), 911 =(p,B(q,0)), go2 = (p,B(q,9)-
Similarly, compute C' to get
921 = (p,C(4,4,9))-
After calculation, it can be easily obtained that

iaiw? B (b1 + ag)w? B i(be + agz)w
4o R3 202 R? 20R

920 =< p,B(q,q) >= + 2bs, (4.18)
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. 3 2 .
o taiw (by — ag)w i(be + az)w
— B - — — 2b 4.19
go2 <Dp, (Q7 q) > 4@3R3 2@2R2 2aR + 3 ( )
. 3 .

_ 1w iagw biw
= B = — — 2b 4.20
g11 <p, (Q7Q) > 4Q3R3 aR + 20[2R2 + 3 ( )

_ 3iaqw®

go1 =< p7C(Q7Q7 q) >= 40[3R3 +6a7' (421)

Finally, the following parameters can be calculated to determine the nature of the
Hopf bifurcation:

C1(0) = ﬁ (920911 - 2|g11\2 - :13|902|2> + %7 (4.22)
_ _RelGi(0)}
P = T Re(N(d0)] (4.23)
0 =2Re{C1(0)}, (4.24)
T, — Im{C.(0)} + pIm{)\’(éo)}. (4.25)
wo

The sign of the above notations can show the properties of the Hopf bifurcation.
We know that the Hopf bifurcation is termed supercritical if p > 0 and subcritical
if p < 0; the periodic solutions on the center manifold are stable if # < 0 and are
unstable if 8 > 0; the period of the bifurcation periodic solution increase if 75 > 0,
and the period decrease if 75 < 0. From the previous discussion, we know that
Re{N(d0)} = 1/ (d0) < 0, therefore we can get the following result.

Theorem 4.1. The direction and stability of the Hopf Bifurcation are determined
by the sign of Re{C1(0)}. The direction of the Hopf bifurcation of system(2.4) is su-
percritical (subcritical) and the bifurcating periodic solutions on the center manifold
are unstable (stable) if Re{C1(0)} >0 (< 0).

5. Flip bifurcation

In the actual ecosystem, it is sometimes necessary to discretize the system model,
which can facilitate our obtaining of biological data. Since the original system is a
two-dimensional nonlinear system, we cannot study the dynamics of the system by
obtaining its analytical solution. The forward Euler method is used to obtain the
discrete dynamic system to better study the dynamic behavior of the system.

In this section, we still choose ¢ as the bifurcation parameter. We will use the
central manifold and bifurcation theory to discuss the flip bifurcation at E3(z*, y*),
as described in [3,16,25].

We consider the system

az(n)y(n)

#n+1) = a(n) + () —2(n) - GO T

Be(n)y(n)
T OIET O RAR

(5.1)

yn+1)=y(n)+e

Map (5.1) has a unique interior fixed point E3(x*,y*), at which the eigenvalues
are

Tr(J*) + /Tr(J*)? — 4det(J.)

)\1:—]., /\2: 2 )
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with |A2| # 1. For |§*| < 1, we consider a perturbation of map (5.1) as follows:

z(n+1)=xz(n)+z(n)(1—2x(n)) — GIe T S(xn(;;)(g(Z)é* 0 = fi(z,y)
Ba(n)y(n) ’

BT o T a6+ + gy VW)= REY)

y(n+1) =y(n) +

(5.2)
where 0* is a perturbation parameter.

Let u =2 —2*, v =y — y*, and transform E3(z*,y*) into the origin. Then map
(5.2) becomes

11U + 412V + a13u% + apauv + a15v% + c11ud* 4 c12v8* + c13u?s*
U +epauvd™ + e15v%0* + dyu + dou®v + dsuv? + dygv® + O(ju+ v + 6*[*)
%
v 21U + G99V + A23u? + AoquV + ao50% + Co1ud™ + Caov8* + cozu?d*

+e24uvd* + o528 + equd + eau?v + ezuv? + €40 + O(|u + v + §*|1)

. . 2 .
where a1 + ¢;10* = afxl, ai2 + cipd* = 72;7 a3 + ¢i30* = %, a4 + cjud* =
% f; . 0*fi
m, a;5 +Ci55 = 8y2 , 1= 1,2, and
P f1 P fr P fr O f1
dl = 7d2 = , a3 = , g4 = )
ox3 0x20y 0x0y? oy3
D% fa D3 fo D3 f D3 f
€1 = = = €4 = .

932 8x28y763 ~ O0z0y?’ oy’

ci; are the terms containing 6*; a;; and d;; are the terms that do not contain §*.
Construct an matrix

a a
T = - 2. (5.3)

—1—ai1 Ay —an

Then we use the translation

IS
ISH

=T , (5.4)
v ]
and the map (5.1) becomes
i -10 z f(z,y, 6
)= RN (5.5)
0] 0 A2/ \¥ g(x,y,0%)

where
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; a13(A2 —a11) — a12a23 5 a1a(A2 — a11) — a12a24

r,y,0%) = U
f( y ) a12(/\2 + 1) a12(>\2 + 1)
+ Cl15(/\2 - Cln) — @120G25 02 C11(/\2 - Cl11) — a12C12 us*
aiz(A2 +1) aiz(A2 +1)
012(>\2 - 011) — @12€22 013()\2 - CL11) — @12€23 o
+ vo* + u“o*
alg()\z + 1) a12<)\2 =+ 1)
c14(A2 — a11) — a12¢24 WS 4 c15(A2 —a11) — a12¢25 V25"
CL12(/\2 + 1) CL12(/\2 4+ 1)
dl(/\Q - Cln) — a12€1 3 dQ()\Z - Cl11) — Q12€2 o
alg()\z -+ ].) (LlQ(AQ + ].)
d3(>\2 - all) —ai2€3 o d4()\2 - 011) — a12€4 3
aj2(A2 +1) a12(A2 + 1)

+O((Jul + o] + 167",

14 ai1) +aizazs o  aa(l+4a11) + azag

e, 5) =218t

u
ai2(A2 + 1) ai2(A2 + 1)
ais(1 +ai1) +arpass o | ci1(14ai) + arzcio us*
ai2(A2 +1) ar2(A2 +1)
c12(1 +a1r) + arac v6* + c13(1+a11) + aacos 25"
ajz(A2 +1) a12(A2 + 1)
c14(1 +ayr) + azcoy I c15(1 + a11) + a12¢25 025"
ajz(A2 + 1) ar2(A2 + 1)
di(14ai1) —ager 3 do(14an)+azes ,
u u
ai2(A2 + 1) ai2(A2 +1)
d3(14ai1) +azes o dy(14an)+ases
uv v
alz()\z + 1) alg()\g + ].)

+ O(([ul + Jv| + [5* ),
and

u=a12(Z+79), v=—(1+an)x+ A\ — a1y, u? = ai, (2% + 227 + 7%),
w = — aip(1 + a11)3% + a12(M2 — 1 — 2a11) &7 + a12(A2 — a11)7°,
v =(14a11)?%3% — 2(1 + a11) (N2 — a11)Z7 + (A2 — a11)?5>,
u® =aly (2 + 3% + 355° + §°),
w?v =ajy[~(1 4 a)@ + (A — 2 = 3a10)#§ + (2A0 — 1 = 3a11)E5” + (A2 — an1)§”),
uv? =aia[(1 4 a11)?7 + (1 — X2 + 3a11) (1 + a11) @G + (A2 — a11)?5°

+ (Ao — 2 — 3a11)(Ne — a11)77],
03 = — (14 a11)%2 + 3(1 4 a11)?(A\2 — a11)Z%7 — 3(1 + a11) (N2 — a11)225>

+ ()\2 — all)gg?’.

Next, we determine a center manifold W¢(0,0,0) of map (5.5) at the fixed point
(0,0) in a small neighborhood of 6* = 0. From the center manifold theorem [8], we
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know that there exists a center manifold W¢(0,0,0), which can be approximately
represented as follows:

We(0,0,0) = {(#,7,6") € R* : § = kyd® + 0" + k"> + O(([] + |6°)*)}.
By calculation, we get

ar2]a13(1 + a11) + arza93] + (1 + a11)[(a2s — a14)(1 + a11) — a12a24]
1— )3 ’
(14 a11)[c12(1 + a11) + a12¢a2] — a12[c11 (1 + a11) + a12¢21]

ko = , k3 =0.
2 ai2(1+ A2)? ’

Therefore, we consider the map (5.5) which is restricted to the center manifold
we(0,0,0):

Fy i & — —& + @2 + howd* + haZ26* + haz6*? + hs@® + O((|Z] + [6*))Y), (5.6)

k1=

where
1
hi Zm{au[aw(/\z - an) - a12a23] - (1 + all)[a14()\2 - au) - a12a24]
—ags(1+a11)?},
1
ha :m{au[cllo\z - a11) - a1201] - (1 + all)[cl2()\2 - a11) - a12622],
a
hy =—2 {2a12]a13(A2 — a11) — a12a23]+ (A2 — 1 — 2a11)[a14(A2 — a11) —a12a24]
(A2 +1)
a
m{alz[cn()\z —a11) — aizca1]+ (A2 — ai1)[c12(A2 — a11) — a12c22]}
1
+ o1 {2a22a25(1 + a11) (A2 — a11) + ar2]c1s(Aa — a11) — ag2¢a3]
— (14 a11)[cra(N2 — ar1) — aracaa] — cos(1 + a11)?},
a
hy Zm{am[cn()\z —ai1) — a12¢21) + (A2 — a11)[cr12( A2 — a11) — a12¢22),
hs {2a12a11[a13(A2 — a11) — a12a23] + a11(A2 — 1 — 2a11)[a1a (A2 — a11)

EDYEN
— a12a24] + a3y [di (A2 — a11) — arzer] — ar2(1 + a11)[d2 (A2 — a11) — aizes]
+2ay1a25(1 + a11) (A2 — ar1) — dzara(1 + a11)’}.

In order to make the map (5.5) undergo a flip bifurcation, we give that two
discriminatory quantities oy and a9 and require them to be non-zero where
0% F 10%F, 0°F,
= - =ho #0,
o (85585* 206 0 > l0.0)= 2 7
10%F 10%°F 5
g = (6 923 + (§W) ) l(0,0) = hs + hi # 0.

Combining the above analysis with the theorem in [3], we can get the following
result.

(5.7)

Theorem 5.1. If as # 0, then map (5.1) undergoes a flip bifurcation at the fized
point Es(z*,y*) when the parameter 6* wvaries in a small neighborhood of origin.
Furthermore, the period orbits that bifurcate from Es(z*,y*) are stable if ag > 0,
and the period orbits are unstable if ag < 0.
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6. Numerical simulations

In this section, we will use a concrete numerical example of model (2.4) to illustrate
the previous theoretical analysis results. We consider the parameter set as a = 0.8,
B8 =10, v=0.1 and € = 0.01, that is,

(1 — ) — 0.8zy
& =a(l-1) 10(;5; 2)(6+y)’ 6.1)
j = 0.01(m —0.1y),

with different random initial conditions.

Especially, we first consider the situation where the system (6.1) can reach a
steady state when 6 = 0.9. The equilibrium abundance of prey and predator as
¥ = 0.3849, y* = 29.0549 can be calculated. The above parameters can satisfy
the conditions given in Lemma 3.1 and Theorem 3.1. Thus, the equilibrium point
E* = (0.3849,29.0549) is asymptotically stable.

As shown in the figures, the system converges to the equilibrium point

E* = (0.3769, 29.3540)

with any initial value(see Fig. 1). Alternatively, the system generates periodic
solutions with any initial value(see Fig. 2).

the system

E*(0.3769,29.3540)

Predator

0.3 0.4 0.5 0.6 0.7 0.8 0.9
Prey

Figure 1. The positive equilibrium of system (2.4) is globally asymptotically stable with different
initial values when § > do.

As shown in Fig. 1, for the equilibrium point E3(x*,y*), there is a slight differ-
ence between the value E* = (0.3769,29.3540) obtained by MATLAB simulation
and our calculation E3 = (0.3849,29.0549), which we consider to be within a rea-
sonable range of numerical error.

Next, for the sake of completeness of the results, we consider the impact of two
parameters a and 3 on the dynamic behaviors of the system. Take the values of
other parameters with 6 = 0.9, ¢ = 0.01, v = 0.1, « = 10,2.0,1.1 (Fig. 3) and
g =10,1.0,0.4 (Fig. 4).

Applying the previous results, one can determine the value of p, # and T, at
6 = Jp. For the parameter set above, § takes a critical value 0.7529. Fig. 1 presents



16 M. Yuan & N. Wang

the system

ZO*K ]

/ periodic solution ,

\\a

Predator

-
o

0 0.2 0.4 0.6 0.8 1
Prey

Figure 2. The system (2.4) has single periodic solution with different initial values when § < §o.

08 T T T T T 45 T T T T T
07 1 4
06+ 4 35
05+ J 3
5 04+ ] g o5
% oat 1 g2
151

Imﬂﬂullmuwmuummummmmmuu

/J

e
o

0 0.5 1 1.5 2 25 3 0 0.5 1 15 2 25 3
Time x10% Time x10*
(a) Prey-time (b) Predator-time

Figure 3. Time series of x, y for different values of a. These two figures show that the system is
unstable under that choice of parameters. Parameters are as in the text.

0.9

0.8

0.7 L 1

0.6 =l 20
0.5 L 1

- s
3 g
G 04 g
5
03 1
10
02 1
0.1 1 5
0 1 ,—
-0.1 0
0 0.5 1 15 2 25 3 0 05 1 15 2 25 3
Time «10* Time x10*
(a) Prey-time (b) Predator-time

Figure 4. Time series of z, y for different values of 8. These two figures show that the system is
absolutely stable under that choice of parameters. Parameters are as in the text.
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§=0.1 6=0.1

o 0.04
o otf So0s 0.02
3 S 0
So0s} g 6000 6?9 7000 7500
0 : : : 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time Time
§=0.2 6=0.2
0.1 s
g £ 05
005} e
0 : ; . : 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time Time
5=0.4 5=0.4
06} 1
> L
04} |
2 305
02 5
o . . . . o . . . .
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time Time
(a) Prey-time (b) Predator-time

Figure 5. The period of bifurcation periodic solution of predator population increases with 4, and the
status of the predator is similar.

that, the system converges to the unique equilibrium point E* = (0.3769, 29.3540)
with any initial value when § > 0.7529. When § < 0.7529, the system generates
periodic solutions with any initial value (see Fig. 2). One can evaluate that C(0) =
—1.48399 x 108 —1.23169 x 1014, p = —1.63191 x 109(< 0), § = —2.96797 x 108(< 0)
and Ty = 8.51391 x 10'2(> 0). Since p < 0, Hopf bifurcation is subcritical and the
bifurcating periodic solutions exist when § < dg. Also, the bifurcating periodic
solutions are stable as 8 < 0, and their period increases with § as T, > 0, which can
be observed from Fig. 5. When 6 = 0.1, the period is less than 1000; when 6 = 0.2,
the period is close to 1000; when § = 0.4, the period is much greater than 1000.

7. Conclusions

In this paper, we considered a special predator-prey model with Crowley-Martin
functional response, which has a small parameter e. The local stability of the
equilibrium points which are four boundary points and one positive point, has
been analysed using the characteristic equation and the Routh-Hurwitz criterion.
This paper determined the bifurcation parameter of the predator-prey system as ¢
through mathematical analysis of the system model.

We have found that under conditions (2.15) and (3.6), the solutions lose their
stability and generate Hopf bifurcation with ¢ fluctuatin. When § passes a critical
value §p from right to left, the family of periodic solutions bifurcates from equi-
librium. Furthermore, using the center manifold theorem and normal form theory,
the stability and direction of the Hopf bifurcation are determined. This paper has
shown that when conditions (3.10) and (3.11) are established, the direction of Hopf
bifurcation and the stability of the bifurcating periodic solutions of system (2.4) at
do are determined by the sign of Re{C7(0)}. We also analysed how the discrete
system produces flip bifurcation.

Numerical results prove that the system converges to an equilibrium state when
& > dp; the system will appear Hopf bifurcation and produce bifurcation periodic
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solutions when ¢ crosses dg; the solutions are stable when § = §y. The Hopf bifur-
cation produced by the example given in the paper is subcritical. The bifurcating
periodic solutions are stable, and its period increases with 4.
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