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A Study on Demonstrating the Consistency of the
Formulation of the Parameters of 5 or Less
Independent Variables of Multiple Linear
Regression with Data Examples

Mehmet Korkmaz!'

Abstract In this study, it is aimed to demonstrate the consistency of the pre-
viously given formulations of the parameters of 5 or less independent variables
of multiple linear regression with data examples. All the values in the param-
eter formulas of 5 or less independent variables with respect to one dependent
variable were found to be the same as all the parameter values obtained from
the related equation system. In other words, the values found with the pa-
rameter formulas and the parameter values found with the computer program
were found to be the same.
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1. Introduction

In mathematics, statistics and many sciences, regression is one of the important
topics. In this study, we will first work with the example given for simple linear
regression. After that we will work with the example given for multiple linear
regression, MLR.

Regression analysis is an important statistical tool for analyzing the relationships
between dependent, and independent variables. The main goal of regression analysis
is to determine and estimate parameters of a function that describes the best fit
for given data sets. There are many linear types of regression analysis models such
as simple and multiple regression models. Regression analysis is the widely used
statistical tool for understanding relationships among variables. It is used when
there is a continuous dependent variable which can be predicted by independent
variables [1]

Seber defined linear regression analysis as a common technique of estimating
the relationship between any two random variables, the explanatory variable X,
and the dependent variable Y [11]. The simple relationship among dependent and
explanatory variables can be defined as follows:

Y = f(X],Xz,...,XN)+E,
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where a random error representing the discrepancy in the approximation is assumed
to be e. It accounts for the failure of the model to fit the data exactly. The function
f(X1, Xy, ... Xy) describes the relationship between the dependent variable Y, and
the explanatory variables X;, X5, ... Xy.

When the relationship is linear, it may be represented mathematically using a
straight line equation. The regression coefficient describes the change in Y that is
associated with a unit change in X. This line is frequently computed using the least
square procedure [5].

Linear regression is one of the fundamental techniques in the statistical analysis
of data. We assume a straight-line model for a response variable Y as a function of
one or more predictor (or explanatory) variables X [4]. In this study, first, we look
at exactly one predictor variable and then we will look at two or more predictor
variables.

Multiple linear regression is as follows when the error is omitted

¥ =Bo+B1X1 +BaXo + B3 X5 + ... + By Xw,

where ¥ is the equation of the regression and B; (i = 0,1,2,...,N) are unknown
parameters of the regression, X; (i = 1,2, ..., N) are the independent variables of the
regression.

The unknown parameters, 3, are estimated by using the method of least squares
in multiple linear regression. The estimates of the B coefficients are the values that
minimize the sum of squared errors for the sample. The obtained formula for this
is given in this study on matrix notation.

Equations like this can easily be handled by any computer program that performs
ordinary multiple regression. But in this study to get the parameters of multiple
linear regression without using a computer program, the general formula of the
parameters will be given. After that the parameter values obtained by the formula
will be compared with the parameter values obtained by the linear equation system.

Multiple regression analysis is one of the most widely used statistical proce-
dures. Multiple linear regression using the least square procedure is extensively
used in astronomy to model observational data, analyze simulated data, and com-
pare empirical data with theoretical models [3]. Its popularity is fostered by its
applicability to varied types of data and problems, ease of interpretation, robust-
ness to violations of the underlying assumptions, and widespread availability [7].

If a simple linear regression model with one predictor variable, X, is started,
then a second predictor variable, X,, is added, Error sum of squares (SSE) will
decrease (or stay the same) while Total sum of squares (SST) remains constant, and
thus R-squared (R? ) will increase (or stay the same). In other words, R? always
increases (or stays the same) as more predictors are added to a multiple linear
regression model, even if the predictors added are unrelated to the response variable.
Thus, by itself, R?> cannot be used to help us identify which predictors should be
included or excluded in a model. But an alternative measure, adjusted R?, does
not necessarily increase as more predictors are added, and can be used to help us
identify which predictors should be included or excluded in a model. Due to the
malfunctioning of R2, the researchers preferred to use adjusted R? [2].

In fact, the adjusted R? statistic does not change by adding variables to the
model. In addition, the adjusted R* will often decrease by adding excessive pa-
rameters. This is the best way to add unnecessary variables to the model without
changing the R? significantly [15].
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The regression sum of squares always increases, and the error sum of squares
decreases due to adding more variables to the regression model. Adding an external
variable to the model continues until one decides that the result will feature good
accuracy. Actually, the effectiveness of the model will decrease by adding further
insignificant variables because this increases the mean square error [10,12].

Using the least squares method in a computer program, Ye and Liu in their
study [14] found the parameters of the regression model with 3 independent and
one dependent variable for a sample data set. By using least square method, this
study was conducted to test the consistency of parameter formulas obtained by
Korkmaz in his study [6] for multiple linear models with 5 or less independent
variables.

2. Materials and methods

An important objective of regression analysis is to estimate the unknown parameters
in the regression model. This process is also called fitting the model to the data.
There are several parameter estimation techniques. One of these techniques is the
method of least squares [8,13]. In this study, for linear and multiple linear regression,
the method of least squares is used.

In his study [6], Korkmaz presented the formulas of the parameters of the multi-
ple linear regression with 4 or less independent variables under the relevant tables.
Since the denominators and numerators of the parameters for 5 independent vari-
ables are very long, Korkmaz did not summarize the formula for the parameters of
5 independent variables in a relevant table in his study [6]. That is, Korkmaz pre-
sented only the relevant formula table, which is in a certain order, for the parameters
of 5 independent variables in his study [6].

In this study, a sample data table is used for 1 independent variable and 1 de-
pendent variable. Then, sample data tables are arranged by keeping one dependent
variable constant, increasing the number of independent variables up to five one by
one, and preserving the previous independent variable values.

3. Results

3.1. One independent variable with one dependent variable

If we use one independent variable and one dependent variable, then we use the
following equation (3.1) for linear regression,

?Zﬁo +,81X. (31)

To minimize SSE, we use the method of least squares by means of the derivatives
of the parameters,

N N
SSE= (Y= 17 = (Y= By - B, X0,
i=1 i=1
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OSSE S
—— =25, - By - B, X) =0,
o, Zi=1(Yi =By =B,
OSSE S
— = 255, (Y~ By~ B X0Xi = 0,
o 2in(Yi = By — B, Xi)
N N
D Xi=BN + By Y X, (3.2)
i=1 i=1
N N N

DX, =BOZX,- +B ZX?. (3.3)

Equations (3.2) and (3.3) are called normal equations. Matrix display of this system
with two parameters can be written as the following equation (3.4):

N Y | N S X || Bo (3.4)
SYXY | | I X 2N X | B

If both sides of the equation (3.2) are divided by N, we get

where
X: Zizlxi & 1'\11 Yi

If this By value in equation (3.5) is substituted in the equation (3.3), we can get

Z;LX,‘YI' = (Y_BIX )ZLX; +[31 ﬁlXiz’
XY -V YN X =BEN, X2 -X 3N X)),

and then we can get
S
Bi=2 (3.6)

- £
S xx

where

N N ox ) (s y. N N oy )\
Sxy = Z XiY;: — (lel XIB\SZZZI Yl) and Sxy = E]X,2 - —(ZIZJIVXZ) .
i=1

i=1

The values of 1 independent parameter against one dependent parameter are
given in Table 1.

By using the values in Table 1, since Sxyx=14,5 and Sxy= -7, the relevant pa-
rameter values of equations (3.6) and (3.5) are found as follows respectively:

PN

B = —0.4828,
Bo= 17.5724.
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Table 1. The values of 1 independent parameter against one dependent parameter

1 2 3 4 5 6 7 8 9 10 >
X 6 4 2 5 4 3 5 6 5 5 45
Y 2 5 6 5 7 6 6 6 5 6 54
X*X | 36 16 4 25 16 9 25 36 25 25 217
X*Y | 12 20 12 25 28 18 30 36 25 30 236
Y*Y | 4 25 36 25 49 36 36 36 25 36 308

The system of equation (3.4) can be written in the following:
1045 [g| |54
452171 | B 236 |

By solving the system above, we can find unknown parameters as follows:

.| 75724 |
~0.4828 |

The results obtained with both the formula method and the system of equation are
exactly the same.

3.2. Two independent variables with one dependent variable

If we use two independent variables and one dependent variable, then we use the
following equation (3.7) for multiple regression.

V= Bo+BiXi + B2 X,. (3.7)

To minimize SSE, we use the method of least squares by means of the derivatives
of the parameters.

N N
SSE= ) (Yi= 1) = Y (Y =By - i X7,
i=1 i=1

OSSE N a ~
B 23N (Y =B, - B, X1 — B, X) = 0,
0
OSSE N a ~
PR = 23N (Y - By - B, X1 — B, X2 X1 = 0,
1
OSSE ~ ~ A~
— =230, (Y; - By - B X1i — By XoXai = 0,
6,82
N N N
DUYi=BN+B D X+ By ) X, (3.8)
i=1 i=1 i=1

N N N N
ZXIiYi =,802Xn+,31ZX12,'+322X1,-X2,-, (3.9)
P im1 =1 P
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N N N N
D XoiYi =By D KXo+ By D XX 4By D X5 (3.10)
i=1 i=1 i=1 i=1

Equations (3.8), (3.9) and (3.10) are called normal equations. Matrix display of
this system with 3 parameters can be written as the following equation (3.11):

?i1 Y; N 2?41 Xii ﬁ1 Xoi /3’0
Ztll XiiYi, | = Z;\il Xii zll Xlzi Zl XXy B |- (3.11)
Zﬁl XY Zf\il Xai Zﬁ\il XXy Zﬁl X%i [32
If both sides of equation (3.8) are divided by N,
Bo =Y -piXi - BXo (3.12)

is found. If this By value is substituted in equation (3.9),

N N N N N N
ZXUY[ = YZXH -Bi% lei - BaXs ZXII +pBi ZXUZ + B ZXn'Xzi,
P in1 in1 o1 P P

N N N N N N
ZXliYi - YZXU =BI(Z X2 - X lei) +,[32(Z X1:Xoi — Xz lei)
p im1 im1 i1 i1 =1
can be obtained. And then
Sx,v =BiSx.x, +B2Sxx (3.13)

is obtained. And similarly, if this By value is substituted in equation (3.10),

N N N N N N
ZXZI'Yi = szzi -BiX ZXZi - B Xs ZX21' +pBi leiXZi + B sziz,
P P im1 i1 P im1

N N N N N N
ZXZiYi - ?szi =BI(Z X1:X0i — X, ZXZi) +/§2(Z X2t — X» ZXZi)
= =1 im1 -1 -1 o1

can be obtained. And then
Sxy = BiSxix, + B2Sx,x, (3.14)

is obtained. These equations (3.13) and (3.14) can be solved by using adding or
substituting method and the matrix form of these is the following equation (3.15),

Sxiv| | Sxx Sxix, B (3.15)

Sx,y Sxx, Sxox, || B2

In his study [6], Korkmaz gave the formulas for the parameters of the 2 inde-
pendent variables under each relevant Table as follows:

_SxivSxx —SxrSxx,

Bi =

3.16
SX]X1SX2X2 - (SX1X2)2 ( )
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and

s SxrSxix, —SxrSxx

B =

, 3.17
SxxSxx — Sxix)? ( )

in addition to the constant parameter (equation (3.12))
Bo=Y-pBi X, - BoXo.
The values of 2 independent parameter against one dependent parameter are
given in Table 2.

Table 2. The values of 2 independent parameter against one dependent parameter

1 2 3 4 5 6 7 8 9 10 >
X 6 4 2 5 4 3 5 6 5 5 45
X, 2 4 5 4 2 6 3 2 6 5 39
Y 2 5 6 5 7 6 6 6 5 6 54
X *¥X| 36 16 4 25 16 9 25 36 25 25 217
X *¥X,| 12 16 10 20 8 18 15 12 30 25 166
X *¥Y | 12 20 12 25 28 18 30 36 25 30 236
Xo*X,| 4 16 25 16 4 36 9 4 36 25 175
Xo*Y | 4 20 30 20 14 36 18 12 30 30 214
Y*Y | 4 25 36 25 49 36 36 36 25 36 308
The system of equation (3.11) can be written in the following;:

10 45 39 | | B 54 |

45217166 | B | =236

39166 175 | | B> 214 |

By solving the system above, we can find unknown parameters as follows:

8.0596
B=|-05294
~0.0711

By using the values in Table 2, the system of equation (3.15) can be written in the
following:

-7 14,5 =9,5 || A

3,40 |-9,522,9(|4 |

By solving the system above, we can find unknown parameters as follows:

. |-0.5294
B
-0.0711
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and after getting the values of 8; and B>, by using equation (3.12), we can find the
value of By below:
Bo = 8.0596

By using the values in Table 2, the relevant parameter values of equations (3.16),
(3.17) and (3.12) are found as follows respectively:

~

B = -0.5294,
By = -0.0711,
Bo=8.0596.

The results obtained with the formula method and the results of the systems of
equations (3.11) and (3.15) and equation (3.12) are exactly the same.

3.3. Three independent variables with one dependent variable

If we use three independent variables and one dependent variable, then we use the
following equation (3.18) for multiple regression,

V= Bo+BiXi + B Xo + B3 Xs. (3.18)

To minimize SSE below, after using the method of least squares by means of the
derivatives of the parameters, we can get the normal equations of the system,

N N
SSE = Z(Yi -y = Z(Yi —30 =B X\ - B, Xa - B3 X3)°.
i=1 i=1

Matrix display of this system with 4 parameters can be written as follows:

SN Y N DIED. CTHEED YARD YR YD I | I
N N N N N A
im1 XY _ PIAED. STRED IS X%i ity XliXZi pI XliX3i Bi (3 19)
N IS x 3N oxox, YV ox2 sY xox || '
i=1 A2idi i=1 A2 Luj=1 X142 i=1 A2 i=1 24342 2

T Xa, T Xai B4 XXy B XXy B X5 || Bs

For 3 independent variables, after performing similar operations to those for 2
independent variables, we have the following equation (3.20):

Sxy Sxix Sxix Sxix || B
Sxr | = | Sxx Sxx Sxoxs || Ba (3.20)
Sx,y Sxx Sxax, Sxix; || B3

and
Bo =Y =B X1 —BaXa - B53X;.
In his study [6], Korkmaz gave the formulas for the parameters of the 3 inde-
pendent variables under each relevant Table as follows:

2
. (SX2X25X3X3 ~(Sx) )SYXI +(SxSxx —Sx0Sxx)Sr + (SxnSxx —SxxSnn) S
b= (3.21)

2
(SX2X2SX3X3 - (szxz) )SXIX] +(SX|X3SX2X3 _SX|X25X3X3)SX1X2 +(SX1X25X3X2 _SX1X3SX2X2)SX1X3
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Table 3. The values of 3 independent parameter against one dependent parameter

1 2 3 4 5 6 7 8 9 10 >
X, 6 4 2 5 4 3 5 6 5 5 45
X, 2 4 5 4 2 6 3 2 6 5 39
X 1 3 3,91 2,64 3,09 1,55 2 2,18 1,64 2,18 23,19
Y 2 5 6 5 7 6 6 6 5 6 54
X *X, | 36 16 4 25 16 9 25 36 25 25 217
X *X, | 12 16 10 20 8 18 15 12 30 25 166
X *X;3 | 6 12 7,82 13,2 12,36 4,65 10 13,08 8,2 10,9 98,21
X *Y 12 20 12 25 28 18 30 36 25 30 236
Xo*X, | 4 16 25 16 4 36 9 4 36 25 175
Xo*X5 | 2 12 19,55 10,56 6,18 9,3 6 4,36 9,84 10,9 90,69
Xo*Y 4 20 30 20 14 36 18 12 30 30 214
X3*X; | 1 9 15,2881| 6,9696 | 9,5481 | 2,4025 | 4 4,7524 | 2,6896 | 4,7524 | 60,4027
X3*Y 2 15 23,46 13,2 21,63 9,3 12 13,08 8,2 13,08 130,95
Y*Y 4 25 36 25 49 36 36 36 25 36 308

2
R (SX2X3SX|X3 - SX2X|SX3X3)SYX| +(SX|X|SX3X3 _(SX1X3) )Syxz + S xxSx3x, — Sxx38 % xS vx;
By = s (3.22)
(SX2X3SX]X3 - SX2XISX3X3)SX2X1 +(SX]X]SX3X3 - (lex3) )SX2X2 + (X% S 3% = Sxx35 X, xS X, %3

and

2

. (SX3X25X1X2 - SX3X15X2X2)SYX1 +(SX3X1SX2X1 —Sx3x25x1x1)5yx2 +(SX1XISX2X2 _(lexz) )SYX3

Bs = . (3.23)
(SX3X25X1X2 - SX3X15X2X2)SX3X1 +(SX3X1SX2X1 _SX3X25X1X1)SX3X2 * ( Sxx;53%, = (lexz) )SYX3

in addition to the constant parameter

Bo =Y =B X1 - BoXs - B3 Xs. (3.24)

The values of 3 independent parameter against one dependent parameter are
given in Table 3.
The system of equation (3.19) can be written in the following equation system:

10 45 39 2319 ||Bo 54
45 217 166 9821 | |Bi| | 236
39 166 175 90.69 | | B | | 214
23.19 98.21 90.69 60.4027 | | 33 130.95

By solving the system above, we can find unknown parameters as follows:

3.5173
. | —0.0795
B

0.1069

0.7862
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By using the values in Table 3, the system of equation (3.20) can be written in
the following;:

-7 145 -9.5 —6.145 || B
34 |=| -95 229 0249 || B
5.724 —6.145 0.249 6.62509 || s

By solving the system above, we can find unknown parameters as follows:

~0.0795
B=1|0.1069
0.7862

and after getting the values of 31,8, and B3, by using equation (3.24), we can find
the value of By below.

PN

Bo = 3.5173.

By using the values in Table 3, the relevant parameter values of equations (3.21),
(3.22), (3.23) and (3.24) are found as follows respectively:

A

B = -0.0795,
B = 0.1069,
By = 0.7862,
Bo= 3.5173.

The results obtained with the formula method and the results of the systems of
equations (3.19) and (3.20) and equation (3.24) are exactly the same.

3.4. Four independent variables with one dependent variable

If we use four independent variables and one dependent variable, then we use the
following equation (3.25) for multiple regression,

V= Bo+BiXy +BaXo + B3 X5 + BaXa. (3.25)

To minimize SSE below, after using the method of least squares by means of the
derivatives of the parameters, we can get the normal equations of the system,

N N
SSE = Z(Yi -9 = Z(Yi _5’0 _lel _/?2X2 —,33X3 —[34X4)2.
i=1 i=1

Matrix display of this system with 5 parameters can be written as the following
equation (3.26):

LY N DINED. TS YARD. S YAPD. CHIEND YARD ¢ Bo
T XY SE X TR XL X XX I XX I XX || B
T XY | = | 2 Xa T XXy ZRXS X XXy S XX, || Ba |- (3.26)

I XY T X Dl X, Xy B XXy B Xy B XX, || B
SLiXaY; || ZE Xa B XXy I XX, S XXy XL X5 || B
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For 4 independent variables, after similar operations to those done before, we
have:

SX[Y SX1X1 SXIXZ SX1X3 SX1X4 El
SXZY _ SXzX] SXzXz SX2X3 SX2X4 /:32 (327)
SX3Y SX3X1 SX3X2 SX3X3 SX3X4 ﬂ3
Sx,y Sxx Sxx, Sxox: Sxux, :84

in addition to the constant parameter
Bo =Y =1 X1 = BoXo — B3 X3 — BaXs. (3.28)
In his study [6], Korkmaz gave the formulas for the parameters of the 4 inde-
pendent variables under each relevant Table as follows:

Syx,E1 +Syx,F1 +Syx,G1 + Syx, Hi
Sxix E1 +Sxx.F1 + Sx,x,G1 + Sx,x, Hi’

B =

(3.29)

where

Ei =Sx,x, (SX3X3SX4X4 = Sx3x4Sx3%4 ) + Sxox3 (SX2X4SX-4X4 = Sxx38x,%, ) + Sx,%, (SX2X3SX4X3 = Sxx,8x3%3 ) 5

=Sxx, (SX3X4SX3X4 - SX3X3SX4X4) +Sx,x3 (szx35x4x4 = Sxx, S X3%,
=Sxx, )

(
(

+Sx,x, (SX2X4SX3X3 - szx35x4x3).
= 5x1% (Sx,0S %333 = Sxux3 53033 ) + 53, %3 (Sxyx35 5% = Sxx,5 433 ) + Sx,% (S %35 3,%; _SX2X23X3X3)'

)
)
)
)

Sx3%,Sx,x4 = Sx3x,Sx5x4 ) + Sx1x3 (SX2X4SX2X4 = Sx%,8x,%, ) + Sx,x4 (SX3X4SX2X2 - Sx3%,5%,%, )

Ao SYX]E2 + Syszz + SYX3G2 + SYX4H2
Sx,x B2+ Sx,x,F2 + Sx,x,G2 + Sx,x, Ha'

(3.30)

where
E> =Sx,x, (SX3X4SX';X4 = Sx3x35 X% ) + Sxox3 (Sx1x35x4x4 = Sxx48x3%, ) + S 3%, (Sx, X, S X35 =S X X35 x4%3 ) »

B

Fr =Sxyx, (Sx3x4sxlx4 = Sxyx,Sx,%

G = Sx,x; (Sx3xS x4, = Sx3x,Sx1%4 ) + Sx0x3 (Sxyx45 %%, = Sxyx; Sx4% ) + S x0%, (Sx3x, S %1% = Sx3x;Sx4%, )5

) (

+Sx3% (Sx,%, S x4, = Sx,x, 53,3, ) + Sxax, (Sxax, S, = Sx3x, Sy,
1 ) (
) (

) )
) )
( )+ S ( )
= Sxx (SX4X15X3X3 SX4X3SX1X3>+SX2X3 (SX4X35X1X1 = Sxax; S350 )+ S x5, (S xS x5 7SX1X15X3X3)‘

Syx,E3 +Syx,F3 +Syx,G3 + Syx, H3
Sxx E3 +Sxx,F3 +Sxx,G3 + Sx,x, H3

Bs =

(3.31)

where
E3 = Sx3x, (Sx2x45x2x4 Sx%Sx,x4) + Sx3%, (Sx1x25x4x4 = Sx1x48 X% ) T S X3%4 (Sx]x45x2x2 = Sx1%5X,%, )+

F3 = Sx3x, (SX2X1SX4X4 = Sxx,Sx1x, ) T S X%, (SX1X4SX1X4 = Sxix Sxaxy )+ Sx3% (SX2X4SX1X1 ~ Sxpx, 5%, )

Gs = Sxx, (SX4X2SX1X2 _SX4X18X2X2) +Sx,% (SX4X15X2X1 _SX4X25X1X1) (SX1XISX2X2 _SX1X25X1X2)’
H3 = Sx;x, (Sx4xlsx2x2 _SX4XZSX]X2)+SX3X2 (Sx4x23x1xl _SX4X]SX2X1) + S X%, (Sx]xzsxlxz —Sx]xlsxzxz)'
N Syx,Es +Syx,Fa+Syx,Gs + Syx,Hy

Ba =
Sxx Ea +Sx,x,Fa +Sx,x,Gsa + Sx,x,Has

(3.32)
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where
Ey =Sx,x, (SX2X3SX2X3 —szxzsx3x3) +Sx,4%, (5x|x25X3x3 - Sx,x3sxzx3) +Sx,x3 (lex3sx2x2 - SX]XZSX3X2)»
Fa=Sxx (SX2X1SX3X3 _SX2X3SX1X3) +Sx,% (SX1X35X1X3 _SX1X15X3X3) +Sx,%3 (SX2X35X1X1 _SX2X15X3X1)’
Gy =Sx,x (SX3X]SX2X2 _SX3X2SX1X2) +Sx,%, (5x3x25xlxl _SX3X15X2X])+SX4X3 (lexzsxlxz —lexlsxzxz),

Hy = Sx;x, (Sx3xzsx]x2 _SX3X|SX2X2)+SX3X2 (Sx3x15x2x| —Sx3x2sxlx|)+sx3x3 (SX]X]SX2X2 —Sx]x25x|x2)~

The values of 4 independent parameters against one dependent parameter are given
in Table 4. The system of equation (3.26) can be written in the following equation

Table 4. The values of 4 independent parameter against one dependent parameter

1 12 |3 4 5 6 7 8 9 10 Y
X 6 4 2 5 4 3 5 6 5 5 45
X5 2 4 5 4 2 6 3 2 6 5 39
X; 1 3 3,91 2,64 3,09 1,55 2 2,18 1,64 2,18 23,19
Xy 10 |20 | 30 40 50 60 70 80 90 100 550
Y 2 5 6 5 7 6 6 6 5 6 54
X *X, | 36 |16 | 4 25 16 9 25 36 25 25 217
X *X,| 12 |16 | 10 20 8 18 15 12 30 25 166
X *X3| 6 12 | 7,82 13,2 12,36 | 4,65 10 13,08 | 8,2 10,9 98,21
X *X4| 60 | 80 | 60 200 200 180 350 480 450 500 2560
X ¥Y |12 |20 | 12 25 28 18 30 36 25 30 236
X,*X, | 4 16 | 25 16 4 36 9 4 36 25 175
Xo*X5 | 2 12| 19,55 10,56 6,18 9,3 6 4,36 9,84 10,9 90,69
X,*X4 | 20 | 80 | 150 160 100 360 210 160 540 500 2280
Xo*Y |4 |20 |30 20 14 36 18 12 30 30 214
X3*Xs5 | 1 9 15,2881| 6,9696 | 9,5481 | 2,4025 | 4 4,7524 | 2,6896 | 4,7524 | 60,4027
X3*X, | 10 | 60 | 1173 | 1056 | 154,5 | 93 140 | 1744 | 1476 | 218 1220,4
X5*Y | 2 15 | 23,46 | 13,2 21,63 | 9,3 12 13,08 | 8,2 13,08 | 130,95
X4*X4 | 100 | 400 | 900 1600 2500 3600 4900 | 6400 8100 10000 | 38500
X4*Y |20 | 100 | 180 200 350 360 420 480 450 600 3160
Y*Y 4 25 | 36 25 49 36 36 36 25 36 308
system:

10 45 39 23.19 550 ﬁo 54

45 217 166 98.21 2560 ﬁ’l 236

39 166 175 90.69 2280 ,82 =1 214

23.19 98.21 90.69 60.4027 1220.40 E3 130.95
| 550 2560 2280 1220.40 38500 | »[34 | | 3160 |
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By solving the system above, we can find unknown parameters as follows:

| 7.4453 |
~0.8217
—0.4444
0.4665

[ 0.0419

e
Il

By using the values in Table 4, the system of equation (3.27) can be written in the
following:

-7 145 -9.5 —6.145 85 Bi
34 | | <95 229 0249 135 || j
5724 | | -6.1450.249 6.62509 —55.05 || s
190 85 135 —55.05 8250 || js

By solving the system above, we can find unknown parameters as follows:

~0.8217

~0.4444
0.4665
0.0419

B:

and after getting the values of B8;,,,8; and B4, by using equation (3.28), we can
find the value of By below,

Bo = 7.4453.

By using the values in Table 4, the relevant parameter values of equations (3.28),
(3.29), (3.30), (3.31) and (3.32) are found as follows respectively:

Bo = 7.4453,
By = -0.8217,
B> = —0.4444,
B3 = 0.4665,
By = 0.0419.

The results obtained with the formula method and the results of the systems of
equations (3.26) and (3.27) and equation (3.28) are exactly the same.
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3.5. Five independent variables with one dependent variable

If we use five independent variables and one dependent variable, then we use the
following equation (3.33) for multiple regression,

? = EO +,31X1 +ﬁ2X2 +,83X3 +,B4X4 +B5X5. (333)

To minimize SSE below, after using the method of least squares by means of the
derivatives of the parameters, we can get the normal equations of the system,

N N
SSE =) (Yi= 1) = 3" (¥i =By = B X1 = ByXo = By Xa = ByXa = BsXs).
i=1 i=1

Matrix display of this system with 5 parameters can be written as the following
equation (3.34):

LY N DIAED TR YARD TR YARD CHID YARD. CTRRNED YARD ¢ Bo
Zﬁl XY Z;{i] Xii Zﬁl Xlzi ?il X)X Zﬁl X Xsi Z?Ll XX Zgl X, Xs; ,31
Z:{il XY — ZLXZI Zﬁ] XX ﬁl X%; Zl{\ilXZiXSX Z?il X0 X4 Z:{il XX B (3 34)
Zﬁl X3Yi Zx{iIXy ZﬁIX,Zini Z,[’il X3 Xy Zrl’il X%i Z?LIXSiXZIi Zﬁl X3 Xs; :é3 . .
Zx]'il X4iYi Zﬁl Xai Zﬁ] XXy Zfil XX Zx]'ilxzuxy x]'ilxii Zﬁl Xy Xs; ﬁ‘*
) Xsii Y Xsi B XXy B XX DY XXy Y XXy SE X Bs

For 5 independent variables, after similar operations to those done before, we have:

Sxiy — >SX1X1 Sxix, Sxix; Sxix, lexsr >ﬁ1
Sx,y Sx.x Sx% Sx.x: Sxoxs Sxoxs || Ba
Sxv | = | Sxx, Sxix, Sxoxs Sxixs Sxexs || B3 (3.35)
Sx,y Sxx Sxax Sxxt Sxuxs Sxuxs || Ba
| Sxor | | Sxsx Sxoxe Sxsxs Sxsxe Sxoxs || Bs |

in addition to the constant parameter
Bo =Y = BiXi = BoXo = B3 X5 - BuXy — BsXs. (3.36)

Korkmaz in [6] is summarized the formula for the parameters of 5 independent
variables in relevant Tables in his study. Since the denominator and numerator
of the parameters for 5 independent variables are very long, the formulas of the
parameters in the Table, which is in a certain order, are not given under the relevant
Table in his work.

In this study, using this Table in a certain order, some appropriate abbreviations
are made, and the parameter formulas are written as follows:

Syx, Ki + Syx,L1 + Syx; M1 + Syx,Ni + Syx, 01

Bi =
Sxx, Ki +Sx,x, L1 + Sx,x, M1 + S x,x,N1 + S x,x,01

(3.37)
where

Ki =A1Sxx, + BiiSx,x, + C11Sxox, + D11S x,x55
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Ly = AipSxx, + BiaSxx, + CioSx,x, + D12S x,x,.,
My = Ai3Sxx, + BisSx,x, + C13S x,x, + D13S x, x5,
N1 =AuSxx, + BusSx,x, + CiaSx,x, + D1aS x, x5,
01 = Ai58x,x, + BisSx,x, + Ci158 x,x, + D155 x,x,.,

A =Sxsx; (SX5X4SX3X4 - SX5X3SX4X4) +Sxsx, (SX5X3SX4X3 - SX5X4SX3X3) +8x5x5 (SX3X35X4X4 = Sx3x,5x3%, )5

B =Sxsx, (SX3X5SX4X4 —Sx3x, S Xs5xy ) + S x5y (SX2X3SX4X5 = Sx,x, 5 X35 ) + S x5X (SX2X45X3X4 - SX2X35X4X4)’
Cii = Sxsx, )

) )
(SX5X4SX3X3 - Sx5x35x4x3) + Sxs5x3 (Sx2x45x3x5 - szx3sx4x5) + S xs5x5 (SX2X3SX4X3 = Sx,x4 8 X3%3 )+
( ) )

Dii = Sxsx, (Sx3x,Sx3x5 = Sx3x38 xux ) + Sx5x3 (szx3sx4x4 = Sxx4Sx3x, ) + Sx5x4 (5x2x45x3x3 = Sx,x38 X3 )+

A = Sxsx; (SX5X3SX4X4 = Sx5x,Sx3%, ) + Sx5x, (SX5X4SX3X3 = Sxsx3 X33 ) + Sxs¥Xs (SX3X4SX3X4 ~Sx3x35 %%, )5

Sx3x, S x3x5 — Sx3x3 5 x4x5 ) + Sx5x3 (Sx2x35x4x5 = Sxx45x3%5 ) + Sx5x5 (Sx0x, 533 = Sxx35%4%3 ) »

) ) )

Biy = Sxsx, (Sxyxy Sxsxg = SxyxsSxgxy ) + Sxsxy (SxaxySapxg = Sapxy Sxuxs ) + Sxsxs (Sxax3 Sxaxy = S0, S5, )
Cr2 = Sxsx, ) ) ( )
) ) )

(
(

D1z = Sxsx, (Sx3x3Sx4x4 — Sx3x4Sx3x, ) + Sx5x3 (SX2X4SX3X4 = Sxox38x,x, ) + Sxsx4 (5x2x3 Sx4x3 =S X% 5X3%3 ) »

A1z = Sxsx; (SX2X4SX5X4 = Sxaxs S xyxy ) + S X5Xy (SX3X4SX2X5 = Sx3%, 5 xyx5 ) + S x5 (SX3XZSX4X4 =Sx3x45%,% )

Sx3%,S x4x5 — Sx3%, S x,%5 ) + Sx5x3 (szx45x2x5 = Sx%Sx,x5 ) + Sxs5x5 (Sx3x45x2x2 = Sx3%,8 X%, )+

) )

Bis = Sxsx, (SxsxySxux, = Sxsx,S x5 ) + Sxsxy (Sx5x, S 1055 = Sxsx5S x4, ) + S x5
Cis = Sxox, ) )
) )

)
Sx,x,8 %%, — Sx,3,5x3%,)
)
)

(
(

D13 = Sxsx, (Sx3x,S30x5 = Sx3x,8 4%, ) + Sx5x3 (szxzsx4x4 = Sxx4Sx5x, ) + Sxs5x4 (Sx3xzsx4x2 = Sx3%45X%,%, )+

Ara = Sxsx; (SX4X3 Sxox5 = Sxx,5x3%5 ) + S x5, (S XoX3SXsX3 = SXpX5 X33 ) + S xsxs (SX4X2 Sx3x3 = S35, )5

SxsXSx3%3 ~ SX5X3 S %53 ) + Sx5x; (SXSXSSszz = Sx5%,5 x50, ) + S X5 5 (SX2X3SX2X3 = S%%5%x;)

)

Bia = Sxsx, (Sxyx,Sx3%5 — Sxyx55 %5 ) + S xsx,
Cis = Sxsx, )
)

) )
Sx33,8 %53, — Sx3x55 535, ) + S 535 (Sx,33 S 5330 — S 3,353, )
) )
) )

(
(

Dis = Sxsx, (Sx,x35 5,33 — Sx0x4S x3x3 ) + Sx5x3 (Sx3x25x4xz = Sx3x4S X% ) + Sxs5x4 (szxzsx3x3 = Sx,x38 X%,%3 ) »

Ais = Sxsx, (SX3X33X4X4 = Sx3x4S x5, ) + S X5 (SX2X4SX3X4 = Sxx35 X%, ) + S x5 Xy (SX2X3SX4X3 = Sxx45%3%3 )5

SX4X3Sx5%3 ~ SX4X Sx3%3 ) + Sx5x; (SX4X2SX3X2 ~Sx4x35 %%, ) + Sx5%, (SX2X2SX3X3 = Sx,x35%%;)

)

Bis = Sxsxy (SxoxySx3x = S0 x%) + Sxsxz
Cis = Sxsx, )
)

) )
S35 %33, — Sx,3,5 53, ) + S x5, (S35 %33, — S35, 530, )
) )
) )

Dis =Sxx, (SX3X4SX3X4 —Sx3x35 X%, ) + S x5 (SX2X3SX4X4 = Sxx,Sx3%, )+ S XXy (SX2X4SX3X3 = Sxx35%4%3) -
F; Syx, Ko +Syx,Lo + Syx; Mo + Syx,Na + Syx; 02
2 —
Sxx, Ko +Sx,x, Lo + S x5, Mz + S x,x, N2 + S x,x,02

(3.38)
where

K> = A0S x,x, + BaiS x,x, + C218S x,x, + D215 x, x5

Ly = AnSxx, + BnSx,x, + C2Sx,x, + DS x,x,,

My = AzSx,x, + BisSx,x, + C3S x,x, + D3S x,x,,

Ny = AoyS x,x, + BoaS x,x; + CoaS x,x, + D2aS x, x5,
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07 = AxsSx,x, + BasSx,x, + C25S x,x, + D25S x,x,.
Axl = Sx5x3 (SX5X3SX4X4 - SX5X4SX3X4) +Sx5%y (SX5X4SX3X3 - SX5X3SX4X3) +Sxsxs (SX3X4SX3X4 - SX3X35X4X4)’
By = Sxsx, (SX3X4SX5X4 - SX3X5SX4X4) + S x5xy (SX]X4SX3X5 - Sx,x35x4x5) + 8 x5x5 (SX|X3SX4X4 - SX|X4SX3X4)a
Ca1 = Sxsx, (SX4X3SX5X3 - SX4XSSX3X3) +Sx5x (SX1X3SX4X5 - SX1XASX3X5) +Sx5%s (SX1XASX3X3 - SX1X33X4X3)’
( ) ) )

Dot = Sxsx) (Sx3x35 x4 = Sx3%,Sx3%3 ) + Sxsx;3 (SX1X4SX3X4 = Sx X35 X%, ) + S x5y (SX1X3SX4X3 ~Sxx,5%3%3)

An = Sxsx; (SXSX] Sxyxy = Sxsx,Sx,%, ) + Sx5%, (SX5X4SX1X3 = Sxsx, Sx4x3) + S x5xs (SX4X3SX4X1 = SX4xSx3x; )

+ S xsx,

A + S xsx

Sxsx;Sx4x) —Sx5x4Sx, %

By = Sxsx (SX5X4SX1X4 ~ Sxsx; S x4%y 5

C = Sx5x,

SxxSx1x, — Sxx Sxyx, )
Sxsx;Sxyxs ~ SxsxySx1x3) + Sx5x3 (Sx5x4 S XX, — SxsxSx,%1 ) + S x5x5 (Sx3%; S x4%; *Sx3x45x1x1),

) )

) ( ) (
( ) ( ) (
( ) )

Doy = Sxsx (Sx3x; Sxyxy — Sx3xySx1x, ) + Sx5x3 (Sx4x| Sxax; —Sx4%,Sx%; ) + S x5y (5x4x3 Sx1x; = Sxx;Sx3%; ) »

Az = Sxx, (SX1X4SX5X4 = Sx1x5Sx,%, ) + Sx5x, (Sx3x45x1x5 = Sx3x,Sx4%5 ) + S x5x5 (Sx3xlsx4x4 = Sx3x,5x1x4) >

B3 = Sxsx, (SX5X]SX4X4 = Sxsx,5x,x, ) + Sx5x, (Sx53, S x, %1 = Sx5%; Sx4%; ) + S x5x.

5

( Sx1X4Sx1%, _SX1X15X4X4)’
5 3(SX4XISX5X| = SxyxsSxyxp )+ Sxsx5 (Sx3x, 5 x1 %y _SX3X15X4X1)*

) )

) ) (

Ca3 = Sxsx, (Sx3xlsx4x5 —SX3X4SX]X5) ) (
( ) )

Da3 = Sxsx) (Sxx35 0% = Sxux,Sx3x, ) + Sxsx3 (SX4X4SX1X| = Sx4x, Sx4x; )+ Sx5%, (SX3X1SX4X1 = Sx3%,Sx,x, )

Az = Sxsx; (SX4X33X1X5 = Sxux Sx3xs5 ) + S xs5xy (SX5X35X1X3 = Sxsx1Sx3%3) + S xsXs (SX4X1 Sx3%3 = Sx4x35%1%3)

Cos = Sxsx,

) ) )

By = Sxsxy (SX4X1SX3X5 _SX4X3SX1X5) +Sx5%, (SX3X|SX5X1 = Sx3x55x,x, ) +Sxsxs (SX4X3SX1X| - SX4X13X3X1)’
Sxsx1Sx3%3 _SX5X3SX1X3)+SX5X3 (SX5X3SX1X1 _SX5X1SX3X1) +Sxsxs (SX1X3SX1X3 _SX1X15X3X3)’

) ) )

(
(

Dy = Sxox, (SxuxsSx1x5 = Sxax; Sxaxs) + Sxsxs (Sxux, Sx5%, = Sxuxs Sx1x1 ) + Sxsxy (Sx1x, 3535 — Sx,x55x,x3)

Azs = Sxsx, (SX3X35X4X4 —Sx3x, 5 X%, ) + Sx5x3 (SX1X4SX3X4 —Sxix3Sxx, )+ Sxsxy (SX1X3SX4X3 = Sxix,5x3x3)»

Bas = Sxsx, (SXSXASX1X47SX3X]SX4X4 + S x5x3 (Sxx S x4x5 — SxxSx x5 )+ Sx5x, (Sx3x S x4 —Sx3%,5 %1% ) »

) ) )

) ( ) ( )

Cos = Sxsx; (Sx3x, S X3, _SX3X35X4X1)+SX5X3 (SX1X4SX1X3 _SX1X1SX4X3) +Sxs5x, (SX1X1SX3X3 _SX1X3SX1X3)’
) ) )

Dys = Sx,x, (SX4X|SX3X3 = Sxx38x,x3) + Sxux3 (SX4X3SX]X| = Sxx,Sx3x ) + Sxyxy (SX|X3SX|X3 = Sx1x,5x3%3 ) -
A SYX1K3 +SYX2L3 +SYX3M3+SYX4N3 +SYX503
3 =
Sxx, K3 + Sxsx,Ls + Sxyx, M3 + S xx, N3 + S x,x,03

(3.39)
where
K3 = A31Sxx, + B31Sx,x, + G318 x,x, + D318 x3x5»
Ly = A»nSxx, + B2Sx,x, + C328 x,x, + D32S x,x.
M3 = A33Sx,x, + B33Sx,x, + C33S x,x, + D33S x, x5,
N3 = A34S x,x, + B3aS x,x, + C34S x,x, + D3aS x5,
O3 = A3sS x,x, + B35S x,x, + C358 x,x, + D35S x,x,.,
A3 =Sxsx, (SXSXzSX4X4 - SX5X4SX2X4) +Sx5x, (SX5X4SX2X2 - SX5X25X4X2) +8x5xs (SX4X25X4X2 - SX4X4SX2X2)’

B3 =Sx5x, (SX5X4SX2X4 - SX5X2SX4X4) +Sxsx, (SX5X25X4X1 = Sxsx,5 X,y ) +8x5x5 (SX2X| SX4Xy ~ SX2X45X1X4)’
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Gt = Sxsx (SX5X2SX4X2 _SX5X4SX2X2)+SX5X2 (SX5X4SX2X1 _SX5X2SX4X1) +Sx5%s (SX4X1SX2X2 _SX4X25X1X2)’

D31 = Sxsx, (SX4X4SX2X2 - SX4X25X4X2) +Sxs5x, (SX4X25X4X1 - SX4X4SX2X1) +Sxs5x, (SXAXZSXlxz = Sx4x, Sszz)’

An = Sxsx, (SX5X4SX1X4 = Sxsxy SX4X4) +Sxsx, (SX5X1 Sx4Xp ~ SX5X4SX1X2) +8x5x5 (SX2X1 SX4Xy ~ SX2X4SX1X4)’

By =Sx5x, (SX5X18X4X4 7SX5X4SX1X4) +Sxsx, (SX5X4SX1X1 7SX5X15X4X1)+SX5X5 (SX4X15X4X1 7SX4X4SX1X1)’
Ca = Sx5x, (SX5X4SX1X2 _SX5X|SX4X2)+SX5X2 (SX5X1SX4X| _SX5X4SX1X|)+SX5X5 (SX4X25X1X1 _SX4X15X2X1)‘

Ds2 = Sxsx, (SX2X4SX1X4 _SX2X15X4X4)+SX5X2 (SX|X15X4X4 _SX1X4SX1X4) +Sx5x, (SX4X1SX2X1 _SX4X2SX1X1)’

Az = Sxsx, (Sx5x25X1x4 - SXSXISX2X4) + S x5xy (stxl Sx,x, = stxzsxlxz) + S x5x5 (SX4x25x1X2 = Sx,%8%,%, )

By3 = Sx5x, (SX5X1SX2X4 _SX5X2SX|X4) +Sxsx, (SX5X25X1X1 _SX5X15X2X1)+SX5X5 (SX4XISX2X| _SX4XzSX1X1)’
C33 = Sx5x, (Sx5x25x]x2 7SX5X15X2X2)+SX5X2 (SX5X1SX2X1 7SX5X2SX1X1) + S xsxs (SX1X1SX2X2 7SX1X2SX1X2)'

D33 = Sxsx, (SX4X15X2X2 _SX4X25X1X2)+SX5X2 (SX4X25X1X1 _SXAXISXZXI) +Sxsx, (SXZX]SXZXI = Sx%5xx ),

Azt = Sxsx, (SX5X1 SxpXy — SX5X2SX1X4) +Sxsx, (SX5X25X1X2 = Sxsxy SX2X2) +8x5x5 (SX4X1 SxpX, ~ SX4X25X1X2)’
B3y = Sxsx, (Sx5x25x1x4 - Sxsx, Sx2x4) + S x5y (Sx5x15x2x1 = Sx5x,5 X, x, ) + S xs5x5 (SX4X2SX1X1 = Sxx, S X%, ),
C34 = Sxsx, (SX5X| Sx,x, = Sx5xzsx,X2) + Sxs5x, (SXSXZSX]XI = Sx5x,Sx,x, ) + S xs5x5 (szxl Sxx; = Sx%,8 X%, )‘

D3y = Sx5x, (Sx4x25x1x2 - SX4X15X2X2) +Sxs5x, (SX4X15X2X1 _SX4X2SX1X1) +Sxsx, (SX2X2SX1X1 - SX2X1SX2X1)'

Ass = Sxsx (SX2X25X4X4 _SX2X4SX2X4) +Sx5% (SX2X4SX1X4 - SXZXISX4X4) +Sxsx, (SX4XZSX1X2 - SX4X15X2X2)’
Bss = Sxsxy (SX4X23X4X1 _SX4X4SX2X1) +Sx5% (SX4X4SX1X1 _SX4X1SX4X1)+SX5X4 (SX4X13X2X1 _SX4X23X1X1)’
G35 = Sx5xy (Sx4x25x1x2 7SX4X15X2X2)+SX5X2 (SX4X15X2X1 7SX4X25X1X1) +Sxsx, (SXZXZSXIXI 7SX2X15X2X1)'
D3s = Sx,x, (SX4X15X2X2 - SX4X25x|X2) +Sx4%, (SX4X2SX]X1 = Sx,x szxl) + S X%y (szx] Sxyx, — szxzsxlxl)‘

A SYX]K4+SYX2L4+SYX3M4+SYX4N4+SYXSO4
=
Sx.x Ka +Sx,x,La +Sx,x;Ma +Sx,x,Na + S x,x;04

(3.40)
where
Ky = AuSx,x, + BuSx,x, + CaSx,x, + Da1S x,x5,
Ly = A4ZSX4X1 + By S XX, T CpS XX, T D42SX4X5’
My = A43SX4X1 + B43SX4X2 + C43SX4X3 + D43SX4X5,
Ny = AgyS x5x, + BaaS x5x, + CaaS x5x, + DaaS x5,
O4 = AysS x,x, + BasS x,x, + CasS x,x; + DasS x,xs,
Agq1 = Sxgx, (stszszs - Sx5X3Sx2x3) +Sx5x3 (Sx5x35x2xz - 5x5x25x3x2) + S xs5x5 (Sx3x25X3X2 - SX3X3SX2X2)’
Ba1 = Sxsx, (5x5x3 Sx,x3 = Sxs5x, S x3%3 ) + S x5%3 (SX5X25X3X] = Sx5x38 X% ) + Sx5x5 (SX2X| Sx3x;3 = SX2X3SX]X3)s
Ca1 = Sxsx, (
(

SxsxpSx3%, ~ SX5X3SX2X2) +Sx5x, (SX5X3SX2X1 - SX5X2SX3X1) +Sxsxs (SX3X1 Sxy% ~ SX3X2SX1X2)’
Dar = Sxsx (Sx3x35x0x, — 5x3xzsx3x2) +Sx5x, (szx35xlx3 = Sx,x SX3X3) + Sx5x3 (SX3X2SX1X2 - Sx3x, SXzXz)s
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A = Sxsx, (SX5X3SX1X3 = Sxsx1Sx3%3) + Sx5x3 (SX5X1SX3X2 = Sxsx35 X%, ) + S x5 (SX2X15X3X3 =Sxx35x1%;)5
Buz = Sxsx, (Sx5x15x3x3 —Sxsx35 %, X3 ) + Sx5x3 (Sx5x35x,x; — Sx5x; S x3%; ) + Sx5%5

Diar = Sxsx, (Sx,%35 %133 = Sx0x,Sx3x3 ) + Sx5x, (SXIXI Sx3x3 = Sxx35x,%3 ) + Sx5x3 (SX3X]SX2X| = Sx3%,5x,x, )

) )

) ( ) (
Sxsx3Sx1% _SX5X15X3X2)+SX5X2 (SXSXISX3X1 _SXSXSSXIXI) +Sxs5xs (SX3X2SX1X1 = Sx3x5xx, )

) )

)

Sx3x18 x3%1 — Sx3%35 X1 X, ),

Ca = Sxsx, )
)

A = Sx5x, (SX5X1SX2X3 —Sxsx5x1x3) + Sxsx;3 <5x5x25x1x2 = Sxsx, x5, ) + Sxsxs (Sx3x15x2x2 = Sx3x,5x%1%,)»

Biz = Sxsx, (SX5XZSX1X3 = Sx5x,5%x3 ) + Sx5x3 (Sx5%; Sx,%; = Sx5%, 5 x,%; ) + Sx5x5

) ) )
) ( ) (SX3X25X1X1 - SX3X13X2X1)’
Caz = Sx5x, (Sxsx; S x3x5 = Sxs3,5 3,3, ) + S x5y (x5S 13, = Sxsx; Sxyx1 ) + Sxsxs (Sxo S x,x; = Sx,%,5x,x, )

) ) )

Da3 = Sxsx, (SX3X25X1X2 = Sx3x53%, ) + SxsX, (SX3X13X2X1 = Sx3x5x1x; ) + Sxs5x3 (SX1X1SX2X2 =Sxi05x%,),

A = Sxsx, (SXSXZSszz —Sx3035x,%, ) + Sxsx, (Sx2x15x3x3 = Sxx38x1x3) + Sxsx; (SX3X1SX2X2 =Sx3x,5x%1%, )

Buy = Sxsx, (szxlsx3x3 = Sxx35%, X3 ) + Sx5x, (Sx3x S x3%; = Sx3%35 %, %1 ) + Sx533 (Sx3%, 5 x1x, — Sx3x, S x5,

) ) )

) ( ) ( )-

Caa = Sxsx, (Sx3xle2X2 *SX3x25X1X2)+SX5X2 (Sx3x25x1xl *Sx3x15x2xl) + S xs5x3 (Sx2x15x2x1 *szxzsxlxl),
( ) ) )

Das = Sx3x) (Sx3%,8 %%, = Sx3%Sx,%, ) + Sx3%, (SX3XISXZX1 = Sx30,8xx )+ Sx3x3 (lexlsxzxz = Sx1%,5%,%, )

Ass = Sxsxy (SXZXZSX3X3 = Sx,x35%%3 ) + S x5, (SX2X3SX1X3 = Sxx S x3x5 ) + S xs5X3 (SXBXZSX]XZ = Sx3x5%,%, )

Bus = Sxsx, (5x2x3 Sx1x3 = Sx,%; S x3%3

Cas = Sx5x) (Sx305 %%, = Sx3% S %%,

) )

+Sx5x, (SX]XISX3X3 _SX]X3SX|X3)+SX5X3 (SX3X|SX2X1 _SX3X2SX]X1)s
2 (SX3X1SX2X1 7SX3XzSX1X1) +Sx5x3 (SX1X1SX2X2 7SX1X25X1X2)'

) )

Dus = Sx3x, (SX3X15X2X2 _SX3XZSX1X2)+SX3X2 (SXSXZSXIXI = Sx3x; Sxx1 ) + Sx3%3 (SX2X1SX2X1 = Sx5xx,)-
F; Syx,Ks +Syx,Ls + Syx,Ms + Syx,N5 + Syx;0s
5 =
Sxsx, Ks + Sxsx,Ls + S xsx.Ms + Sx,x,Ns + S x:x, 05

(3.41)
where
K5 = A51Sx,x, + BsiSx,x, + Cs18S x,x, + D515 x,x,
Ls = ApS xsx, + Bs2S x,x, + C528 x5x, + D528 xsx,5
Ms = As3S x;x, + B53S x;x, + C538 x5x, + Ds53S x5x,»
N5 = As4S xsx, + BsaS x5x, + Cs4S x5x, + DsaS x5x,»
Os = AssSx,x, + BssSx,x, + Cs58 x,x, + D555 x,x,.»
As1 = Sxux, (5x4xzsx3x3 - SX4X3SX2X3) + S x4x3 (SX4X3SX2X2 - SX4XZSX3X2) + S x4y (SX3XZSX3X2 - SX3X3SX2X2)s
Bsi = Sxyx, (SaxsSxoxs = SxpS 1363 ) + Sxaxs (S5 x5, = S35, ) + Sy, (S0, S35 = S 10wy 53,35 )«
Cs1 = Sxyx (SX4X25X3X2 - SX4X3SX2X2) +Sxx (SX4X3SX2X1 - SX4XZSX3X1) +Sxxy (SX3X1 Sxpxy ~ SX3X2SX1X2)’

Dsi =Sxux, (SX2XZSX3X3 _SX2X35X2X3)+SX4X2 (SX2X3SX1X3 _SXZXISX3X3) +Sx,x3 (SX3X2SX1X2 _SX3X1SX2X2)’

As2 = Sx,x, (SX4X38X1X3 - SX4X18X3X3) +Sxx; (SX4X15X3X2 - SX4X35X1X2) +85x4x, (SX2X15X3X3 - Sx2x35x1x3),

Bsy = Sx,x, (Sx4x] Sx3x3 = Sx,x3 lex3) + S x4x3 <5x4x35x|x] = Sx,x,8x3x% ) + S x4y (Sx3xl Sx3x; — SX3X3SX]X1)s
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Cs2 = Sxyx (SX4X3SX1X2 _SX4X15X3X2)+SX4X2 (SX4X13X3X1 _SX4X33X1X1) +Sxx (SX3X2SX1X1 _SX3X1SX2X1)’

Dsy = Sxyx, (SX2X3SX1X3 _SX2X15X3X3)+SX4X2 (SX1X15X3X3 _SX1X33X1X3) +Sx,x3 (SXSX]SXZXI _SX3X2SX1X1)’

As3 = Sxux, (Sx4x, Sx,x3 =S435 % %3 ) + S x4x3 (SX4X25x|x2 = Sx4%18 X%, ) + Sx4%4 (SX3X| Sxyx, — Sx3x25xlxz),

+Sx4)(4 (Sx3x25x]xl —SX3XISX2X|)a
(

Bsy = Sx,x, (Sx4x23xlx3 = Sx,x, Sx2x3) +8x,%5 (sz‘xl Sxx; = Sx4%,8 X%,
Cs3 = Sxux (Sxux S xp%, = SX4X25X1X2) +Sxx, (SX4X2SX1X1 = Sxx 81 ) + S xuxy (Sxax1 S0 — S5 1% )'

)
)

( )
Ds3 = Sx,x, (SX3XZSX|X2 = Sx3x,8x,%, ) + Sx4x, (Sx3x| Sx,x; = Sx3%, 5 x, %, ) + Sx4x3 (lex, Sxyxy — lexzsxlxz)s

Asa = Sxyx, (SX2X23X3X3 = S$x,35 %3 ) + Sxyx, (SX2X35X1X3 = Sxpx, Sx3%3 ) + Sxy%3 (SX3XZSX1X2 = Sx3x, %%, )»

Bsi = Sx,x, (Sx2x35x1x3 = Sxx S X333 ) + Sxux (Sxyx Sxax3 — SxxaSxyx3 )+ Sxuxs (Sxaxi Sxxy —Sxsx5x,x )

) ) )
) ( ) ( )
Css = Sx,x (SX3XZSX|X2 - Sx3x, szxz) +Sx4%, (Sx3x| Sx,x; = Sx3%,5x, X, ) + Sx4x3 (lexlsxzxz - SXIXZSXIXZ)»

( ) ) )

Dss = Sxyx) (Sx3x, 83,0 = Sx3,5 %%, ) + Sx3%, (Sx3x25xlxl = Sx3x,5xx, ) + Sx3x3 (szxlsxle = Sxx,8xx, )

Ass = Sx,x, (stxzsxsxz = SX3%35 5%, ) + Sxy %, (Sx2x15x3x3 = Sx, %35 X1 X3 ) + S x4 %3 (Sx3x15x2x2 = Sx3%,5x%, )

Sx3x 530~ Sx3%5x%, ) + Sx,% (SX3X2SX1X1 = SxaxSx0x; )+ Sx,%3 (S x2S x0x1 — S0 x, 1)

Bss = Sx,x, (szx] Sx3x3 —Sx,x3 lex3) + 8%, (Sx3x,Sx3x, — Sx3x38 %, x
Css = Sx,x, )

) +Sx,x; (SX3X25X1X1 ~Sxx) SX2X1)’
Dss = Sx3x, (Sx3x25x1x2 —Sx3x53%, ) + Sx3% (SXSXISXZXI - SX3X2SX1X1) +Sx3x3 (Sx1x15x2x2 - SX1X2SX1X2)'
The values of 5 independent parameter against one dependent parameter are given
in Table 5. The system of equation (3.34) can be written in the following equation
system:

10 45 39 2319 550 3513 Bo | 54
45 217 166 9821 2560 16270 | | B 236
39 166 175 90.69 2280 14546 | | By | | 214
23.19 98.21 90.69 60.4027 1220.40 7865.43 | | B3 | | 130.95
550 2560 2280 1220.40 38500 240300 | | B4 3160
| 3513 16270 14546 7865.43 240300 1508819 | | Bs | | 20001

By solving the system above, we can find unknown parameters as follows:

[ 6.8037
~0.7156
~0.3576
0.6012
0.1010

| —0.0106 |

=
I
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Table 5. The values of 5 independent parameter against one dependent parameter

1 2 3 4 5 6 7 8 9 10 >

X, 6 4 2 5 4 3 5 6 5 5 45

X, 2 4 5 4 2 6 3 2 6 5 39

X 1 3 3,91 2,64 | 3,00 1,55 2 2,18 1,64 2,18 23,19
X, 10 |20 |30 40 50 60 70 80 90 100 550

X 110 | 154 | 225 256 | 330 352 412 458 557 659 3513
Y 2 5 6 5 7 6 6 6 5 6 54
X*X, [36 |16 |4 25 16 9 25 36 25 25 217
X*X, |12 |16 |10 20 8 18 15 12 30 25 166
X*X; | 6 12 | 782 132 | 12,36 | 4,65 10 13,08 |82 10,9 98,21
X*X, | 60 | 80 |60 200 | 200 180 350 480 450 500 2560

X, *Xs | 660 | 616 | 450 1280 | 1320 1056 2060 2748 2785 3295 16270
X*Y |12 |20 |12 25 28 18 30 36 25 30 236
X,*X, | 4 16 |25 16 4 36 9 4 36 25 175
X,*X; | 2 12 | 1955 | 10,56 | 6,18 9,3 6 4,36 9,84 10,9 90,69
X,*X, [ 20 |80 | 150 160 | 100 360 210 160 540 500 2280
X,*Xs | 220 | 616 | 1125 1024 | 660 2112 1236 916 3342 3295 14546
X,*Y | 4 20 |30 20 14 36 18 12 30 30 214
X*X; | 1 9 15,2881 | 6,9696| 9,5481 | 2,4025 | 4 47524 | 2,6896 | 4,7524 | 60,4027
X;*X, [ 10 |60 | 117,3 | 1056 | 1545 | 93 140 1744 | 147,6 | 218 1220,4
X;*¥Xs | 110 | 462 | 879,75 | 675,84| 1019,7 | 5456 | 824 998,44 | 913,48 | 1436,62 | 7865,43
X*Y |2 15 | 2346 | 13,2 | 21,63 |93 12 13,08 | 8,2 13,08 | 130,95
X,*¥X, | 100 | 400 | 900 1600 | 2500 3600 4900 6400 8100 10000 | 38500
X,*¥Xs | 1100 | 3080 | 6750 10240 | 16500 | 21120 | 28840 | 36640 | 50130 | 65900 | 240300
X,*¥Y [ 20 | 100 | 180 200 | 350 360 420 480 450 600 3160
Xs*Xs | 12100 23716| 50625 | 65536 | 108900 | 123904 | 169744 | 209764 | 310249 | 434281 | 1508819
Xs*Y | 220 | 770 | 1350 1280 | 2310 2112 2472 2748 2785 3954 20001
Y*Y |4 25 | 36 25 49 36 36 36 25 36 308

By using the values in Table 5, the system of equation (3.35) can be written in the
following:

7 | | 145 —95 —6.145 85 4615 |5
3.4 95 229 0249 135 845.3 B
5724 |=]-6.1450249 6.6251 -55.05 -281217 || js
190 85 135 —55.05 8250 47085 B
| 1030.8 | | 461.5 845.3 —281.217 47085 2.7470021x10° || Bs |
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By solving the system, we can find unknown parameters as follows:

[ ~0.7156|
~0.3576
0.6012
0.1010

| —0.0106 |

Ry
Il

and after getting the values of By, 8,83, B+ and fBs, by using equation (3.36), we can
find the value of By below,

Bo = 6.8037.

By using the values in Table 5, the relevant parameter values of equations (3.36),
(3.37), (3.38), (3.39), (3.40) and (3.41) are found as follows respectively:

Bo= 6.8037,
Bi =-0.7156,
B = -0.3576,
B3 = 0.6012,
Bs = 0.1010,
Bs = —0.0106.

The results obtained with the formula method and the results of the systems of
equations (3.34) and (3.35) and equation (3.36) are exactly the same.

4. Discussion

As can be seen, this study was conducted to test the consistency of the parame-
ter formulas obtained by Korkmaz in [6] for multiple linear models with 5 or less
independent variables. Actually, in [9], Pires et al. gave the criteria to select statis-
tically valid regression parameters using multiple linear regression models. Because
of this reference, the researcher should be cautious when selecting statistically valid
regression parameters of multiple linear regression. Therefore, the number of pa-
rameters of multiple linear regression will not be as many as the researchers want. In
other words, the researchers may not be able to increase the number of independent
variables too much.

In [6], the aim of Korkmaz’s work was to get the general formula of the pa-
rameters of multiple linear regression without using a computer program. In that
study [6], it was stated that the parameters of the multiple linear regression can
be easily found using this formula. Thus, it was emphasized in that study [6] that
researchers could estimate the regression equation.
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5. Conclusions

Since the denominator and numerator of the parameters for 4 and smaller inde-
pendent variables are not very long, the formulas of the parameters in the tables,
which are in a certain order, are summarized under the relevant tables [6]. Since
the denominator and numerator of the parameters for 5 independent variables are
very long, the formulas of the parameters in a table, which is in a certain order,
are not summarized under the relevant table [6]. In this study, the formulas of the
parameters with 5 independent variables in a certain order are summarized, just
like the formulas of the parameters with 4 or less independent variables in a certain
order, by using the tables that Korkmaz used in his study [6].

While the parameter formulas were given for 5 or less independent variables,
the tables were not given again in this study because they were given by Korkmaz
in [6] and they take up a lot of space.

Through this study the researcher completely sees the general formulas of the
parameter values with five or less independent variables that he or she wants to
find.

In this study, by using the data examples, all the values in the parameter for-
mulas were found to be the same as all the parameter values found with the related
equation system. That is, the parameter values found are in a consistency.

Since different methods may have rounding errors in the same parameter values
due to different calculations among the methods, 4 digits after the dot were used in
the parameter values in this study. Although the methods are different, parameter
values were always the same in models with 5 or less independent variables.

In this study, it has been shown that the parameter formula values of the mul-
tiple linear regression model with 5 or less independent variables are completely
consistent with the parameter values obtained by other classical methods.
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