Journal of Nonlinear Modeling and Analysis https://journal.global-sci.org/jnma
Volume 7, Number 1, February 2025, 43—61 DOI:10.12150/jnma.2025.43

Chaos Control and Behavior Analysis of a
Discrete-Time Dynamical System with
Competitive Effect*
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Abstract This paper is about a class of discrete-time dynamical systems
with competitive effects. The local stability of the positive equilibrium point
of the system and the conditions for the existence of flip bifurcation and
Neimark-Sacker bifurcation are discussed by using the center manifold theorem
and bifurcation theory. In addition, the direction of the flip bifurcation and
Neimark-Sacker bifurcation is given. Furthermore, a feedback control strategy
is employed to control bifurcation and chaos in the system. Finally, flip bi-
furcation, Neimark-Sacker bifurcation and chaos control strategy are verified
with the help of numerical simulations.
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1. Introduction

In nature, no species exists alone, but is closely related to and interdependent with
other species. There is not only cooperation but also competition between the var-
ious groups. If two populations live together in the same area and compete for
limited resources, space and other supplies, both sides of the competition are inhib-
ited. In most cases, only one party benefits while the other party is eliminated, and
one party replaces the other. This suggests that two different populations with the
same needs cannot live permanently in the same environment. Interspecific compe-
tition is one of the most common interactions in predator-prey system. Berryman [1]
studied the origin and evolution of predator-prey. Many researchers studied deter-
ministic mathematical models in ecology and the dynamic behavior of prey-predator
systems [2-11] . Furthermore, some authors studied the conditions, complexity and
stability of spatial pattern formation in prey-predator systems [12—14].

Numerous studies have demonstrated that, for small populations, the discrete-
time system is more appropriate than the continuous system. This has been effec-
tively explored and explained in references [15-19]. In addition, Cheng et al. [20]
conducted a study on a discrete-time prey-predator system with ratio-dependent

Tthe corresponding author.
Email address:hanxiaoling9@163.com(X. Han), duxiongxiong2021@126.com
(X. Du), leiceyu@126.com(C. Lei)

IDepartment of Mathematics, Northwest Normal University, Lanzhou, 730070,
China

*The authors were supported by National Natural Science Foundation of China
(N0.12161079).


http://dx.doi.org/10.12150/jnma.2025.43

44 X. Du, X. Han & C. Lei

and Allee effect, and found that the model with logistic growth function had simi-
lar bifurcation structures. Recent studies have demonstrated that the discrete-time
prey-predator systems have more colorful dynamic behaviors, including bifurcation
and chaos, than continuous systems. These dynamic behaviors between populations
have been explored and analyzed through numerical simulations (references [21-26]).
In [27-30], researchers not only studied the bifurcation phenomenon and dynamic
behavior in the prey-predator systems, but also discussed the chaos control strategy
for the chaos phenomenon at the unstable equilibrium point. Sarwardi et al. [31]
studied a competitive prey-predator system with a prey refuge and obtained the
relevant dynamic behaviors.

Interspecific competition is mainly reflected in the competition of different species
for resources in the ecosystem (such as food, living space, etc.); interspecific compe-
tition is more common among closely related species. In fact, up to now, ecologists
still have little understanding of the evolutionary significance of interspecific com-
petition. On the one hand, researchers pay more attention to the form and process
of competition, and on the other hand, it takes a long time for evolution to reflect
the evolutionary significance of a biological event.

In order to study the effects of competition on populations, in this paper we
consider the predator-prey system:

Unt1 = Up + pfr1un (1 — %) - % — 1z, (1.1)
Ung1 = O+ plrava (1 — 1) + S — ep0]],

where r1,79, K1, Ko,€1,€2,a and b are greater than zero, r; and ry are the intrinsic
growth rates of the prey w and predator v populations, respectively. b indicates
the ability of the predator to consume the prey. 1 and €5 denote the competition
among individuals (i.e., intraspecies interaction) of prey and predator species due
to resources. a denotes the conversion rate of the predator to the prey and Ki, Ks
denote environmental carrying capacity of the prey and predator in a particular
habitat. And p expresses the integral step length.

This paper is organized as belows. In Section 2, the existence and stability of
the system at different equilibrium points are discussed. In Section 3, we discuss
the specific conditions for the existence of Neimark-Sacker bifurcation and flip bi-
furcation. In Section 4, chaos is controlled to an unstable equilibrium point by the
feedback control method. In Section 5, we carry out numerical simulations. Finally,
we conclude with a brief summary in the last section.

2. Qualitative study of system
In this section, we will investigate the existence and stability of fixed points in

the system. To determine the equilibrium points of equation (1.1), we solve the
following set of equations:

u=u+plriu(l— ) - Si’; —e1u?,
v=v+plro(l — )+ ‘Zl’% — e90?).

By calculation, the following results can be gained directly.
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Lemma 2.1. (i) System (1.1) has two positive azial equilibrium points Ey =

(mllgllﬁ ’ 0)’ E2 = (0’ 7‘2:?6[;2[(2 )’.

(ii) Assume that system (1.1) has a unique positive equilibrium point E5 = (u*,v*),
where u* and v* satisfy

a* b,*
Tl(l—%:)—%w —E&1u —0, (21)
ro(1 — 45) + 22 — ev" =0

I - [ r 2711 b 2
H (u v) = ( ;('711 ﬁ Zélu) — (u“bz‘))z
| -+ 2 _i 27 2
(u ':) /1/ (1 2= 2V (;zbz:})Q 2 U)

The characteristic equation of H(u,v) can be written as

A2+ m(u, v)\ + z(u,v) = 0, (2.2)
where
2riu bv? 2rov abu?
=—trH=-2-— - =2 - —_—
m(u,v) r 12 (rl K, (u+v)2 E1U + T2 Ky + (u+v)2
+2ueq0,

212,22 2

urabu v 2riu bv
z(u,v) =det H = + [1+ rn—— — ——— —251u

o) e 1o (0= R - )

Suppose that A; and Ay are two roots of the characteristic equation of the
Jacobian matrix H|(,,.), and we obtain the following definition and results.

Definition 2.1 ( [11] ). The equilibrium point (u,v) is called

(i) Sink if [A1] < 1 and |A2] < 1, and it’s locally asymptotically stable;

(iii) Saddle if either (JA\1] < 1 and |Az] > 1) or (JA1] > 1 and |A2| < 1);
(iv

)

(ii) Source if |A1| > 1 and |A2| > 1, and it’s locally unstable;
i)
)

Non-hyperbolic if either |A\;| =1 or [A2] = 1.

The Jacobian matrix for equilibrium point 4 = (Tlﬁg}(l ,0) is:

1—pry —b
Hg, = . (2.3)
0 1+ p(re + ad)

Then, \y = 1—pry and Ay = 14 p (19 + ab). Thus, the following propositions hold.

Lemma 2.2. The eigenvalues at the boundary equilibrium point Ey = (Tl’:ﬁg}(l ,0)

are Ay =1 —pry and Ao = 1+ p(re + ab), then

(i) By = (;559=,0) is a saddle, if 0 < p < 2;



46 X. Du, X. Han & C. Lei

(i) By = (m:}g}(l ,0) is non-hyperbolic, if p = %;

(iii) Ey = (r1$§}<170) is a source, if p > %

Proof. According to (2.3), the two eigenvalues of system (1.1) at the boundary
equilibrium point are A\; = 1 — pr; and Ay = 1 4 p(ro + ab). Since r1, r1, a and
b are greater than zero, then |[A2| > 1. Thus from Definition 2.1, when |[A\| < 1,

then 0 < p < % Thus, F; = (TIEEI?KI,O) is a saddle. Similarly, when |A;| > 1,

then p > %, and F; = (n:};f}(l ,0) is a source. When Ay = —1, then p = %, and
E, = (nfﬁgkl ,0) is non-hyperbolic. This completes the proof. O
. . ro K. ..
The Jacobian matrix for Ey = (0, 2225 is:
1—pub—r 0
Hp, = ub=m) . (2.4)

ab 1— pry

Then, \y =1 — u(b—11), A2 = 1 — ure. Thus, the following results hold.

Lemma 2.3. The eigenvalues of Hg, are \y = 1 — u(b—1r1) and Ay = 1 — pra,
then

(i) Ey = (0, 22 )issinkifb—r1>()and0<g<min{2 2 };

? rotea Ko ra? b—r1

(i) Ey = (0, —r2f2 )z'sasourceifb—rl>0andu>max{2 2 };

? ratea Ko 2’ b=y

(1ii) Eo = (0, TZT;E}(Q) s non-hyperbolic if p = % or p = ﬁ and b—1ry > 0;

(iv) Ey = (0, rz?&lj?Kz) is a saddle for all possible values of parameters except those

values which lies in (i) to (iii).
Proof. (i) According to (2.4), the two eigenvalues of system (1.1) at the boundary
equilibrium point Fy are Ay =1 —pu(b—7r1) and Ao =1 — ure. Ey = (0, T;ﬁgQKQ) is
sink if and only if [A1| < 1 and |Az] < 1. When |A;| < 1, then 0 < p < ﬁ, where

b—r1 > 0. When |As] <1, then 0 < p < % In conclusion, Es = (0, T;ﬁg"}(z) is
2 2

E ? b*T’l

sink if b—ry > 0and 0 < p < min{
(iii) and (iv). This completes the proof. O

Lemma 2.4 ([11] ). Suppose that F(\) = A2+ MX+ N, and F(1) > 0, A1 and Az
are roots of F(\) = 0. Then the following results hold true:

} . The same can be proved for (ii),

(i) M| <1 and |X2| <1 if and only if F(—1) > 0 and N < 1;
(i1) |A1| <1 and |A2| >1 (or |Ai] > 1 and |A2| < 1) if and only if F(—1) < 0;
(15i) |A1| > 1 and |A2| > 1 if and only if F(—1) > 0 and N > 1,
(iv) Ay = —1 and |X\a| # 1 if and only if F(—1) =0 and N #0,2;
(v) A1 and Ay are complex and || = [X2| = 1 if and only if M? — 4N < 0 and
N=1.

By performing calculations, the characteristic equation for system (1.1) can be
obtained at the point E3(u*,v*).

A m(u*, v\ + z(u*,v*) =0, (2.5)
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where
m(u*,v*) = =2 — By,

2 * *2
B=r - 2%7; - (ufiv*)z —2e1u* + 1y — 27}?: + (3?11,)2 — 2e90%,
* *2 * *2 2 %2 %2
A= [ =20 - gty = dew| [ = 25 4 Gl — 2 |4 T
Thus
Fr,(A\) =X — (2+ Bp)A+ (Ap* + Bu+ 1) .
And

F(1) = Ap?, F(-1)=4+2Bu+ Ap>.

Using Lemma 2.4, we have the following results:

Lemma 2.5. System (1.1) has the following propositions at Es(u*,v*).

(i) Es(u*,v*) is a sink if one of the following conditions is true:
(1) B2 —4A >0 and 0 < p < =B=vB=44
(2) B2 —4A <0 and 0 < p < =E.
(ii) Es(u*,v*) is a source if one of the following conditions is true:
—B+VBZ—dA
(1) B> —4A >0 and p > =B 2=24,
-B
(2) B2 —4A <0 and p > =£.
(1ii) Es(u*,v*) is non-hyperbolic if one of the following conditions is true:
—B+VB?—44
(1) B> —4A >0 and p = =B=L5—=24,
-B
(2) B2 —4A <0 and p = =£.
(iv) Es(u*,v*) is a saddle for all possible values of parameters except those values
which lies in (1) to (iii).

Proof. (i) According to Lemma 2.4, E3(u*,v*) is a sink point if and only if F/(1) >
0, F(=1) > 0 and N < 1. It can be obtained by calculation when B? —4A4 > 0, then
0 < p< =B=vB2-d4 VAB2_4A; when B? —44 < 0, then 0 < p < =2. Therefore, Lemma

2.5 (i) holds. Similarly, Lemma 2.5 (ii), (iii) and (iv) can be established. O
By the above analysis, we can obtain that when the parameters vary on sets

Fpr, and Fgrg, system (1.1) will have a flip bifurcation at E3(u*,v*), where
—B — VB2 - 44
FE/S{(rl,rg,a,b,Kl,KQ,El,z?Q,,u)GRi:,u i ,B24A>0},
—B++vB?—4A
FE”B—{(7’1,7’27a,byK1,K2,€17€2,M)GRi5#— * 1 7324/120}-

When the parameters alter in set Fg,, system (1.1) will have a Neimark-Sacker
bifurcation at Es, where

B
FE3 = {(r17r27avb7K17K27617€27/1') GR?F/J’:_ B2_4A<0}

Z?
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3. Bifurcation phenomenon

3.1. Flip bifurcation

Consider the following system

Un+1 = Un + ,ul[’rlun(l - %) - % - Elu%]a (31>
Upt1 = Un + pa[ravn(l — &) + % — eqvp].

The eigenvalues of E5 are Ay = —1 and Ay = 3 + By with |A2| # 1 by Lemma 2.5.
Consider a perturbation corresponding to system (3.1) as follows:

Unt1 = Up + (1 + U*)[rlun(l - E)  unton 61“31]7 (3.2)

abu, Uy,

Un41 = Up + (PJl + ,u*)[T2Un( - E) + Un+vn 627}’21]’

where p* is a small perturbation parameter and |p*| < 1.
Let p=u —u* and ¢ = v — v*. Then we obtain

Tiipn + Th2gn + T13p2% + T1apngn + T1i52 + S11p*pn + S1214*qn

* * * * 4
Pat1 | +S1307 D5 + S1al Pt + S1517 a5 + O((|pnl, lanl, [17])7)
Gnt1 To1pn + Tozqn + Tospp + Toabndn + Tosqp + Sa1pt*pr + S22t ¢
+S0311* P2 + Soapt*putn + Sasi*a + O((Ipals lanl, [1])")
(3.3)
where
1, bu*v* . p1bu*?
Th =1 - —_— — , Tio=—+"——
1 + | Klu + w +0)? g1u’] 12 W +0)2
1 bv*? 2u1 bu*v* pibu*
T = _— _—_— T = - =
13 .U’l[ Kl + (’LL* + ’U*)3 61}7 14 (’LL* + U*)?,’ 15 (’LL* + ,U*)37
1 bu*v* bu*
S _ L s * S __ =
11 K1u + (@ + 072 g1u, 912 Lot
r1 bu*? 2bu*v* bu*?
S = —— -_— — S = = —
13 7, =+ (@ 073 €1, 14 T 15 @ o)
pabv*? rov* abu*v* .
Tor = ——, Th=1 - — —
21 (U* +’U*)2’ 22 +'U1( KQ (U/* +’U*)2 €20V )a
7 p1abv*? 21 abu*v* T ( T9 abu*? )
=, = —, =pi(—— — 05 —€2),
23 T DE 24 DE 25 = H1 K, (u" +07)3 2
abv*? rov* abu*v* abv*?
S = — S = — — —_ *7 S ="
21 (u* + U*)Q, 22 K, (0" + v*)2 €20 23 (u* + U*)ga
2abu*v* T abu*?
S S5 2 .

- (u* + v*)3’ :_E_ (u* +v*)3
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Construct a nonsingular matrix D; and use the following translation:

m
p — D, ’
q v
where
D, - Tro T1o
—1—-T11 Ag =Ty

Taking Dy ! on both sides of system (3.3), we obtain

CR I e N B AT A -
v 0 A2 )\ 9(p,q,1%)
where
fp,q, ") = [T13(Ay — Th1) — ThoToslp? | [Tra(No — Ti1) — TioToulpg
Ti2(A2 +1) T +1)
[T15(A2 — Ti1) — T12Ts)q® | [S1i(A2 — Ti1) — T12Sm]u*p
Ti2(A2 +1) TiaOa + 1)
[S12(Aa — T11) — Th2S22)p*q  [S13(A2 — T11) — Th2S23]u* p?
Tia2(A2 + 1) Tra(h + 1)
[S1a(A2 — T11) — T12S2au*pg | [S15(A2 — T11) — T12S25]1* ¢
Tia(A2+1) Tia(A2 + 1)
+O((pl, lal: [#*)*),
g(p.q, u*) = [T13(1+ T11) + Th2Tos]p?  [Tha(1+ Th1) + TioToalpq
Tia(1 4 As) T12(1 + A2)
[T15(1 4 T11) + Th2Tos)q®  [S11(1+ Th1) + Ti2Sa1]u*p
Ti2(1 4 A2) Tia(1 4 A2)
[S12(1 4 T11) + T12S22)u*q  [S13(1 + Ti1) + Ti2Sas)p*p?
Ti2(14 A2) ESY)
[S14(1 + T11) + T12S24)p*pg  [S15(1 + Th1) + Th2Sas] 1" ¢>
Thia(1 + Xo) Tra(1 + o)

+O((Ipl, lal, [* D),
p:Tlg(ﬁ+’L~)), q = ()\2 7T11)’lh}7 (1+T11)1~L

Using the center manifold theorem related to system (3.4) at equilibrium point
(0, 0) in a limited region of p* = 0. Then there exists a center manifold W¢(0) as
follows:

We(0) = {(a, 0, pn*) € R® : 0(, pu*) = Top™* +T1a2 + Totp* +Tsp*2 +O(|a|+ )},
and it satisfies

H(ﬁ(ﬂvﬂ*)) = ’E(_ﬂ’ + f(p7 17(117 M*)) - )‘217(6" :U’*> - Q(Pvﬁ(ﬂw*)»lf) =0,
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and there exists

To =0,
T, = (T13(1 4 T11) + T12T53]T12 — [T1a(1 4 T11) + T12To4](1 4 T11)
1— )2
[Ty5(1 + Th1)Th2Tos)(1 + Th1)?
(1 =212 ’
T, = —[S11(1 + T11) + T12521]Tio + [S12(1 + T11) + T12S22])(1 + T11)

T12(1 + /\2)2 ’
T35 =0.

Therefore, we consider the map restricted to the center manifold W¢(0) as fol-
lows:

[ — =i+ 0 4 totp® + tau?pt + taap™? + 50 + O((|al + |ut))t),

where

[Ti3(A2 — Th1) — TioTos|Tiz [Tha(Ao — Tia) — ThoToa)(1 + 1)
14 Ao 14 A
n [T15(Xy — T11) — ThoTos)(1 + Th1)?
Tio(1+ Az) ’

[S11(A2 = Ti1) — T12521]  [S12(A2 — Th1) — T12520](1 + 1)

14 Ao Tia(1+ A2) ’
fo = [T13(A2 — T11) — T1oT23]2T0T1o | [Tha(A2 — Ti1) — TioToa](No — 211 — 1)Th
3 1+ A * [
_ 2[Tis (N2 — Tha) — TaoTos](1 + T1a) (N2 — T10) T N [S11(A2 — Thi1) — T12 S ]Th

t =

ty =

1+ /\2 1+ /\2
n [S12(A2 — T11) — T12S522) (A2 — T11)Th " [S13(A2 — T11) — T12523] T2
Ti2(1 4 X2) 1+ A
[S14(A2 — T11) — T12524)(1 + T11) L [S15(A2 — Th1) — Th12S05) (1 + T11)?
14 Xy (14 X2)T12 ’
ty = [S11(A2 — Ti1) — T12591]T> n [S12(A2 — T11) — T12S22) (A2 — Th1)T5
1+ Ao le()\g + 1) ’
[Ti3(A2 — Th1) — Ti2To3]2Th12Th + [Tha(Ae — Th1) — ThoToa](No — 2701 — )T
14 Ao A2 +1
_ 2[Tis (N2 — Tha) — TaoTos| (1 + Tha) (A2 — T1a)Th

(1 + )\2)T12

ts =

For the flip bifurcation we define the following two nonzero real numbers §; and

02, where
10%f  [182f\°
=ty, 0= |= ~,+< ~)
0,0) (6 ou3 2 0u?

From the above analysis, we get the following theorem:

=13 4 t5.
(0,0)

o’ f 1 of 0*f
0 = = + = ~
oudu* 2 ou* 9u?
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Theorem 3.1. If §; # 0,92 # 0, then system (1.1) passes through a flip bifurcation
at the interior equilibrium point E3 when the parameter u* alters in the small region
of the point (0,0). In addition, if 62 > 0 (resp., d2 < 0), then the period-two orbits
that bifurcate from equilibrium point E3 are stable (resp., unstable).

3.2. Neimark-Sacker bifurcation

Consider a perturbation related to system (1.1) as follows:

Unt1 = Un + (P2 + p)[r1ua (1 — }%) - 5:77.;_27; —e1up), (3.5)
Unt1 = Un + (2 + p)[ravn (1 - %) + % — e207],

where p is a limited perturbation parameter and |u| < 1.
The characteristic equation of system (3.5) at F3 is as follows:

A2 m(pu)A + 2(u) = 0,
where
m(p) = =2 = B(u+p2),  2(p) = A(p+ p2)® + B(p + p2) + 1.

Since parameters (r1,72,a,b, K1, Ko,€1,€9, u2) € Fg,, the characteristic values
of system (3.5) at the interior equilibrium point Ej are a pair of complex conjugate
numbers A and A as follows.

- —m(p) £ iy/4z(p) —m*(n)

2
Therefore,
_ i — B2
A 5o1q Bletp)  ilpt+uviA-B ’
2 2

and there exist

< d|\ d|\ B
== P D T

dp =0 du =0 2

When p changes in a small region of 1 = 0, then \, A\ = ¢ %+ id, where

/,LQB d H2V 4A — B?

2 7 2 '
Furthermore, the Neimark-Sacker bifurcation requires that u = 0, N, A" # 1
(r=1, 2, 3, 4) which is equivalent to m(0) # -2, 0, 1, 2. Because parameter
(ri,72,0,b, K1, Ko,€1,€9, l12) € Fg,, consequently m(0) # -2, 2. We only require
m(0) # 0, 1, so that

c=1+

B? #£ 24, 3A. (3.6)
Let p = u—u* and ¢ = v—ov*. After the transformation of the interior equilibrium
point Es5 of system (3.6) to the origin, we have
Pnt1 T11pn + Ti2Gn + Ti3p? + T1apndn + Ti562 + O((Ipals lan])?)

Gn+1 To1pn + Tooqn + Tosp? + Toapndn + To5q2 + O((|pnl, \qn|)3)
(3.7)
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where T;;(i =1, 2, 1 < j <5) are given in (3.3) by substituting ps for o + p.
Consider the translation as follows:

i
P = D2 )
v
where
T 0
Dy = 12
Cc — T11 —d

Taking D;l on both sides of system (3.7), we obtain

m c—d\ [a f (@)
= =+ R
@ d c 0 G (i, )
where
s . Tisp*  Tupg Tis¢? 3
u,v) = + + + O((|p/, ,
Fla o) =22+ 21 2 4 o(((pl,Ja)®)
PP T —Th1) — TyoTes|p? T —T11) — T12T:
g(u,v) :[ 13(6 11) 12 23]p + [ 14(6 11) 12 24]pq
T12d T12d
[T15(c — Th1) — Th2T55)q>
+ +0((Ipl, 1a))®),
T12d
p :Tlg’a, q= (C — Tll)’LNL — dv.
Therefore,
~ 2Tis5(c —T)? - 2Ty5(c — T11)d
faa = 20112713 + 2T14(c — T11) + M, faw = —Th1ad — M7
T12 T12
~ 2T 5d? ~ ~ ~
D0 — 5 wuu — Juuwv = Juvv = Jovv = 0,
Ty fosa = fazs =
S 2[Ths(c — Th1) — ThoTos|Tho n 2[Tha(c — Th1) — ThoToa)(c — Th1)
i 2[T15(c — Th1) — Ti2Tos)(c — Th1)?
Tiod ’
- [Tis(e—Tun) —TioTos] . 2[Tis(c— Tiy) — TioTos)d
Guv = — y  Gvo = — ,
T12 T12
gﬂﬁﬁ = Oa gﬁﬁf} = Oa gﬁm = Oa gﬁ@f} =0.

The Neimark-Sacker bifurcation occurs in system (1.1) if the following quantity

A is not zero

1—2X)\2 1 -
A = —Re |:(1_)?T11T20:| — §|T11|2 — |T02|2 + Re(/\Tgl), (38)
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Yoo = % [(fm - fm + 2Gus) + (Jaa — Goo — Qfarv)} ;
To2 = % [(fﬁﬂ - fm — 2Gas) + 1(Gaa — Goo + 2]%17)} )

1 ~ ~ . . . -
To = 16 [(fmiﬂ + favs + Gaas + Goos) + (Gaaa + Javs — faas — fﬁﬁ’):| .

If A # 0, Neimark-Sacker bifurcation will occur in system (1.1), and the following
theorem holds:

Theorem 3.2. If the condition (3.6) holds, A # 0, then system (1.1) goes through
a Neimark-Sacker bifurcation at E3 when the parameter p alters in the small region
of the point (0,0). In addition, if A > 0 (resp., A < 0), then a repelling (resp.,
attracting) invariant closed curve bifurcates from equilibrium point E3 for p < 0
(resp., p>0).

4. Chaos control
In this section, we will utilize the feedback control method [27-29] to stabilize the
chaotic orbit at an unstable equilibrium point. This will be achieved by adding a

feedback control term to system (1.1), which will result in system (1.1) taking the
following form:

Un+1 = Un + pa[r1un (1 — Kﬁ) T unton e1up] — @(Un, vn) = f(un,vn),

Unt1 = Vp + pufrov (1 — 42) + Dot — 2502] = g(up, vy),
where x(un, v,) = hq(u, —u*)+ho(v, —v*) is the feedback controlling force, h; and
hs are feedback gains, and (u*,v*) the unique interior equilibrium point of system
(1.1). Furthermore, f(u*,v*) = u*, and g(u*,v*) = v*.
The Jacobian matrix corresponding to system (4.1) at (u*,v*) is as follows:

Ti1 —hy Tig — ho

J(u*,v*) = ;
T Too
where
. bu*v* . pu*?
To=14p——tur 4 2% Tio = —
1 il K +(u*—|—v*)2 el Tio u* + v*’
pabv*? rov* abu*v* N
Toy = Py =1 (— 2 -
21 (u* + v7)2’ 22 + u( Ky (u* + v7)2 £2v")
Thus, the characteristic equation related to J(u*,v*) is:
A2 — (T11 + Tho — hl)/\ + (T11 — hl)TQQ — (T12 — h2)T21 =0. (42)

Let A1 and A2 be the eigenvalues of characteristic equation (4.2). Then

M+ =T +To —hy, MAa = (T — hi)Ths — (Tia — ho) Ty, (4.3)
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Next, we must solve equations A\; = 1 and A\ A2 = 1 to gain the critical stability
line. At the same time, it also ensures that the absolute value A\; and Ay are less
than one.

Suppose that Ay As = 1. Then we gain

Ly : TiTae — Ti2To1 — 1 = Toohy — Torha.
Assume that A\; = 1. Then we have
Ly : Thy + Tog — T11Tog + Ti2To1 — 1= (1 — Taz)hy + Torho.
Assume that \; = —1. Then we obtain
L3 : Tiy + Tog + T11Tog — TioTo1 + 1 = (1 + Taz)hy — Torho.

Thus, the stable eigenvalues lie within the triangular region with the boundaries
of the straight lines L, Lo, L3. In addition, when the control parameters h; and ho
take values in the triangular region, system (4.1) will not generate chaos.

5. Numerical simulations

In this section, we draw the bifurcation diagrams, phase portraits, solution of the
figures and maximum Lyapunov exponents for system (1.1) to verify the above
theoretical analysis.

B
\
/

Maximum Lyapunov Ex;

Figure 1. (a,b) Bifurcation diagram corresponding to system (1.1) with p € [2, 3.5], 71 = 0.8,72 =
0.8,a =0.1,b=0.5,K; = 6,Ks = 3,e1 = €2 = 0, and the initial value is (uo, v0)=(3, 2). (c¢) Maximum
Lyapunov exponents corresponding to (a,b).

In Figure 1, we consider that the competitive rates of prey and predator €, =
€2 = 0 and take p as the bifurcation parameter to analyze the dynamic behav-
ior of system (1.1) at the interior equilibrium point. Take the parameter values
as (r1,72,a,b,¢, K1, Ka,e1,€2) = (0.8,0.8,0.1,0.5,6,3,0,0) € Fgs, with the initial
value of (ug,vo)=(3, 2) and p € [2, 3.5]. Flip bifurcation appears from the critical
value point (4.45905, 3.11045) at p = 2.3880, and it is stable when p < 2.3880,
and when p > 2.3880, system (1.1) oscillates with periods of 2,22,23,--. . It can be
acquired from Figure 1(c¢) that chaos will happen in system (1.1) as the bifurcation
parameter p continues to increase.

In Figure 2, we will consider that the competitive rates of prey and predator e; =
0.1,e2 = 0, respectively. Take (rq1,r9,a,b, K1 Ka,e1,e2) = (1,0.8,0.1,0.5,6,3,0.1,0)
€ Fps, with the initial value of (ug,v9)=(3, 2) and u € [2.2, 3.4]. Flip bifurcation
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" ” "

(2) (b) (c)

Figure 2. (a,b) Bifurcation diagram corresponding to system (1.1) with p € [2.2, 3.4], ri = 1,72 =
0.8,a = 0.1,b = 0.5,K1 = 6,K> = 3,e1 = 0.1,eo = 0, and the initial value is (ug,v0)=(3, 2). (c)
Maximum Lyapunov exponents related to (a,b).

appears from the critical value point (2.75981, 3.088) at u = 2.412, and it is stable
when p < 2.412 and when g > 2.412, system (1.1) oscillates with periods-two orbits.
It can be known from Figure 2(a-c) that the bifurcation at the interior equilibrium
point also changes from flip bifurcation to Neimark-Sacker bifurcation and chaos
will occur in system (1.1) as the bifurcation parameter p continues to increase.
At the same time, if only the prey is properly competed, it’s population density
decreases, and the predator population density decreases.

" " "

(a) (b) (c)

Figure 3. (a,b) Bifurcation diagram of system (1.1) with p € [2.3, 3.1], r1 = 1,72 = 0.8,a = 0.1,b =
0.45, K1 = 6,Ks = 3,e1 = 0,e2 = 0.31, and the initial value is (ug, v0)=(3, 2). (¢) Maximum Lyapunov
exponents related to (a,b).

In Figure 3, we consider that the competitive rates of prey and predator €, =
0,e2 = 0.31, respectively. Take (r1,7r2,a,b, K1, Ka,¢e1,62) = (1,0.8,0.1,0.45,6, 3,0,
0.31) € Fgs, with the initial value of (ug,vo)=(3, 2) and p € [2.3, 3.1]. Neimark-
Sacker bifurcation appears from the critical value point (5.43, 1.45) at u = 2.388,
and it is stable when p < 2.388 and when p > 2.388, system (1.1) will change from
a Neimark-Sacker bifurcation to a flip bifurcation and finally a chaos phenomenon
will occur as the bifurcation parameter p continues to increase. At the same time,
if only the predator is properly competed, it’s population density decreases, and the
prey population density increases.

In Figure 5, we consider that the competitive effect of prey and predator e; =
0.1,e9 = 0.2, respectively. Take (r1,r9,a,b, K1, Ks,¢1,€2) = (0.8,0.8,0.1,0.5,6, 3,
0.1,0.2) € Fgs, with the initial value of (ug,v9)=(3, 2) and u € [2, 3.5]. Flip
bifurcation appears from the critical value point (2.54803, 1.7774) at p = 2.3880,
and it is stable when p < 2.3880 and when g > 2.3880, system (1.1) oscillates with
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Figure 4. Phase portraits and solution portraits for various values of p corresponding to Fig. 3.

periods of 2,22, 23 ... It can be known from Figure 6(c) that chaos will occur in
system (1.1) as the bifurcation parameter u continues to increase. At the same
time, when €1 = 0.1, g9 = 0.2, system (1.1) will occur not only flip bifurcation and
chaos, but also the equilibrium point be lowered, and the prey and the predator
population density decreases.
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Figure 5. (a,b) Bifurcation diagram corresponding to system (1.1) with p € [2, 3.5], 71 = 0.8,72 =
0.8,a = 0.1,b = 0.5, K1 = 6,K> = 3,61 = 0.1,e2 = 0.2, and the initial value is (ug,v0)=(3, 2). (c)
Maximum Lyapunov exponents related to (a,b).
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Figure 6. Phase portraits and solution portraits for various values of p corresponding to Fig. 5.

In Figure 7, when the parameter value is (r1, 72, a, b, K1, Ko, i, e2) = (0.8,0.8,0.1,
0.5,6, 3,2.3880,0) with the initial value of (ug,v9)=(3, 2) and &1 € [0, 0.2], €7 is bi-
furcation parameter. At this time, the bifurcation phenomenon of system (1.1) will
not occur. The population density of prey and predator will continue to decrease
with the increasing of prey competitive effect e;.

In Figure 8, when the parameter value is (rq, 2, a, b, K1, Ko, u,e1) = (0.8,0.8,0.1,
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Figure 7. Bifurcation diagram of system (1.1) with e; € [0, 0.2], r1 = 0.8,72 = 0.8,a = 0.1,b =
0.5, K1 =6, Ky = 3,e2 = 0, u = 2.3880, and the initial value is (ug, vo)=(3, 2).
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Figure 8. Bifurcation diagram of system (1.1) with ex € [0, 0.2], r1 = 0.8,72 = 0.8,a = 0.1,b =
0.5, K1 =6, K2 = 3, u = 2.3880,e1 = 0, and the initial value is (uo, vo)=(3, 2).

0.5,6,3,2.388,0) with the initial value of (ug,vg)=(3, 2) and &2 € [0, 0.2], &5 is bi-
furcation parameter. Figure 8 shows the occurrence of period-2 flip bifurcation in
system (1.1), the bifurcation graph does not exhibit chaos as the value of parameter
€9 increases. In addition, the population density of prey and predator will increase
and decrease with the increase of predator competitive effect es.
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Figure 9. The bounded region for the eigenvalues of the controlled system (4.1) in the (h1, h2) plane.
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In Figure 9, take (11,72, a,b, K1, Ka,e1,22) = (0.8,0.8,0.1,0.5,6, 3,0.1,0.2) with
the initial value of (ug,vo)=(3, 2). In Figure 5(c), when the bifurcation parameter
u = 3.3, system (1.1) will produce chaos. When the hy and hy are controlled
in the triangular region surrounded by three straight lines L;, Lo, and Lg, the
chaos generated by system (4.1) will be controlled near the fixed point and become
asymptotically stable state.

6. Conclusions

On the basis of previous study work, this paper studies the stability and bifurca-
tion analysis and chaos control for a class of discrete-time dynamical system with
competitive effect. According to the research results, we can have the following
results:

(a) System (1.1) has two non-trivial solutions Fy, Es, in which the stable equi-
librium point is positive, reflecting the stable coexistence of prey and predator.

(b) System (1.1) has flip bifurcation and Neimark-Sacker bifurcation at the
positive equilibrium point when p changes in Fg/, or Fgv, and Fg, small fields. It
can be seen from Figures 1, 2, 3, 5. We can also find the orbits of periods 2, 4, and
8 periodic windows of flip bifurcation.

(¢) When €1 = 0,e2 # 0, the equilibrium point of system (1.1) changes compared
to Figure 1, where u* goes up and v* goes down. The number of predators goes
down and the number of prey goes up. In addition, the bifurcation phenomenon at
the positive equilibrium point also changes from flip bifurcation to Neimark-Sacker
bifurcation (see Figures 1, 3).

(d) When g1 # 0,e2 = 0, the equilibrium point of system (1.1) changes compared
to Figure 1, where u* and v* both go down. The numbers of predators and prey
go down. In addition, the bifurcation phenomenon of system (1.1) at the positive
equilibrium point does not change (see Figures 1, 2).

(e) When €1 # 0,e2 # 0, the equilibrium point of system (1.1) changes compared
to Figures 1, where v* and v* both go down. The density of both predators and
prey populations decrease. In addition, the bifurcation phenomenon of system (1.1)
at the positive equilibrium point does not change (see Figures 1, 5).
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