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A Stochastic Immunotherapy Model for Breast
Cancer with Pulsed Chemotherapy™

Weipeng Zhang', Shiyu Zhang? and Hang Wang?

Abstract In this paper, we consider an immunotherapy model for breast can-
cer with stochastic perturbations and pulsed chemotherapy. By using stochas-
tic Lyapunov analysis and the strong law of large numbers, we first prove the
existence, uniqueness and the stochastic ultimate boundedness of the global
positive solution for the model. Then we obtain sufficient conditions for the
extinction of tumor cells and the persistence of all three kinds of cells for this
model. Finally, we use numerical simulations to verify the theoretical results
which are obtained in the paper.
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1. Introduction

Breast cancer has become one of the malignant tumors that threaten women'’s lives
and health in today’s society and its mortality rate has already been the second
highest among female tumors. Further, studies have shown that age, family his-
tory, reproductive factors, estrogen and lifestyle are the five important risk factors of
breast cancer [26]. With the development of medical level and treatment method,
survival rates and survival time of patients have increased. However, from the
prevention of breast cancer to precise treatment, many problems remain to be ex-
plored. Therefore, it is very meaningful to study the mechanism of breast cancer. It
is recorded that the immune system can recognize and eliminate cancer cells before
they proliferate and grow, which is called immune surveillance [12,29]. And the
immune response to tumor cells is usually mediated by natural killer (NK) cells and
cytotoxic T lymphocytes (CTLs) [1,21,31].

Mathematical models of tumor growth are powerful tools for understanding,
predicting and improving treatment options. More and more scholars have further
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studied dynamical behaviors of tumor growth by establishing mathematical models
containing NK cells and CTLs. For example, de Pillis et al. [5] set up a mathemat-
ical model to express tumor-immune interaction and they focused on the roles of
NK cells and CD8" T cells in tumor monitoring. Further, Masaha et al. [20] pre-
sented a new model which involved various immune cell populations and tumor cell
populations. Moreover, Wei [30] studied a four-dimensional tumor-immune model
for breast cancer by comparing the results obtained from numerical simulation with
those from clinical and experimental studies.

Up to now, the clinical treatment methods include surgery to remove cancerous
tissue, chemotherapy, radiotherapy, immunotherapy and so on. Compared with
other treatments, immunotherapy such as dendritic cell vaccine therapy [23] and
HER2/neu(E75) peptide vaccine [2] has attracted more and more scholars’ attention
[13,27]. Motivated by the above references, we consider the following model

dz(t) = (ev — fx —powz + %)dt,
ay(t) = [ 255 (1= 4 ) o — dy + by,

o cE(t)z z z%z 22 1.1
dZ(t) - |:Z((l + 1+£¥1E(t)+ﬁ122> (1 - ?) - 1+ocpzlz+ﬁ2w2 - 1+(566zy2+,86y dt’ ( )
dv(t) = (o — Bo)dt,

x(0) = x0, y(0) =yo, 2(0) = 2o, v(0) = vy,

where z(t), y(t), 2(t) and v(t) denote the NK cell population, the CTL population,
the tumor cell population and the white blood cell (WBC) population, respectively,
and E(t) represents the circulating level of estradiol. Besides, E(t) is a periodic
function, namely, E(t) = E(t — n7),t € [n7,(n + 1)7). Based on the realistic
background, all parameters of system (1.1) are real and positive. Further, the
significance of parameters and the schematic diagram of the interactions among
four kinds of cells for system (1.1) are shown in Table 1 and Figure 1, respectively.

Table 1. The parameters and their interpretations in model (1.1).

Parameter Description Parameter Description

e Fraction of WBCs becoming NK cells a Tumor growth rate

f NK cell death rate c Tumor growth rate induced by Ea2
D2 NK cell inactivation by tumor cells %1 Half saturation constant

p3 NK cell recruitment rate B Half saturation constant

a3 Half saturation constant K Tumor cell carrying capacity
B3 Half saturation constant P1 NK induced tumor death

Ps CTL growth rate induced by IL-2 [e % Half saturation constant

I IL-2 concentration B2 Half saturation constant

Qy Half saturation constant P6 CTL induced tumor death
Ky CTL carrying capacity ag Half saturation constant

as Half saturation constant Be Half saturation constant

d CTL death rate [eY WBC production rate

b CTL growth rate by immunotherapy B WBC death rate

It is worth noting that the last equation is independent of the first three equa-
o

tions. Then we can derive v(t) = § + (vo — E)e_ﬁt. Supposing that vy > F, we
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can easily know that § < v(t) < vo. Hence, system (1.1) can be reduced to the
following differential equation

dz(t) = (ev — fo —paxz + H%)dt,

azz+P3x

I
|22 (1= ) 2 — dy + by at,
_ cE(t)z 2 2
dZ(t) - |:Z<a + 1+a1E(t)+ﬁ122> (1 o %> B 1+014021;+22w2 - 1+£66Zy2z+,36y dt’

z(0) =z, y(0) =yo, 2(0) = 2.

In the tumor tissue, the growth rate and cytotoxic parameters are always influ-
enced by many environmental factors such as the supply of oxygen, temperature,
radiation and gene expression [8]. As a consequence, it is very necessary to consider
the impacts of the stochastic fluctuations of the environment. A widely used method
is to assume that white noises may affect some parameters in a system [15,32]. In
this way, we assume that environmental fluctuations mainly affect the death rate
of NK cells f, the death rate of CTLs d and the growth rate of tumor cells a, i.e.,

—fdt — —fdt + 01dB; (t), —ddt — —ddt + O'QdBQ(t), adt — adt + Ugng(t),

where B;(t) (i = 1,2,3) are independent one-dimensional Brownian motions, and
o; (i = 1,2,3) are white noise intensities. Therefore, system (1.2) becomes the
following SDE

dz(t) = (ev — fx —poxz + %)dt + o12dBy (t),

dy(t) = [;’%ﬂ, (1 - z%) o —dy+ by} dt + oayd By (1),

_ cE(t)z 2 22
az(t) = [=(a + rempiihim= (1 )~ b — ey | d+os2dBy(),

z(0) =0, y(0) =yo, 2(0) = 20.

(1.3)

We can easily see that when o1 = 09 = 03 = 0, system (1.3) will degenerate into
system (1.2).

In fact, the combination of chemotherapy and immunotherapy can undoubtedly
achieve the best therapeutic effects [24,25]. In experimental and clinical studies,
chemotherapy and immunotherapy drugs are usually injected at a fixed time to treat
cancer. This kind of pulsed therapy can be described by using impulsive differen-
tial equations [33]. For example, Yang et al. [33] investigated a stochastic tumor-
immune system with impulse comprehensive therapy which can reduce the damage
of therapy to the healthy cells. Consequently, inspired by the above references, we
try to add pulsed chemotherapy to model (1.3). In order to be more realistic, we
consider turning parameters of system (1.3) into time-dependent functions. Hence,
we get the following stochastic immunotherapy model for breast cancer with pulsed
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Figure 1. Schematic diagram of the interactions among NK cells, CTLs, tumor cells and WBCs for
system (1.1).

chemotherapy

(e(t)v — [t = otz + 1 af(‘zg?f W (t)x)dt
+ Ul(t)l'dBl(t), t 75 ty, k€N,

[ ps()I(t)y y
dy(t) = [af(t) F1(1) (1 K (t )) (t) Iy
+ g9 (t)yng (t) t 7é tk, N,

_ c(t)E(t)z p1(t)z2z
ax(t) = [2(o(t) + ity iam=) (1 - %) — mmprmme (0

— ey | At + o3(0)2aBs (), ¢ £ b, KEN,

a(tf) = (L+dw)a(t), t =ty kEN,
y(t) = (14 dar)y(t), t =tx, k €N,
2(t5) = (1 + dsp)z(t), t =tx, k€N,

dx(t)

~ d(t)y + b(t)y]at

with initial values 2:(0) = zg, y(0) = yo and z(0) = zy. Moreover, the parameters
of the first three equations for model (1.4) are all continuous bounded nonnegative
functions on [0,00); di, doi and dsj are all constants in the interval (—1,0) and
0 <t <ty <--- <t <--- is a strictly increasing sequence satisfying len;O tr =
~+o00.

In this article, we will mainly study system (1.4) which not only involves the
random perturbations but also simulates the comprehensive treatment including
immunotherapy and pulsed chemotherapy. Further, using a suitable Lyapunov func-
tion, we get the existence and uniqueness of the global positive solution and obtain
the sufficient condition for stochastic ultimate boundedness of the solution. Besides,
by the strong law of large numbers, we prove the extinction of tumor cells and the
persistence of all three kinds of cells under certain conditions. The results show
that white noises do play an important role in the tumor treatment. What’s more,
the bounded impulsive effects do not affect some properties such as the existence,
uniqueness and the stochastic ultimate boundedness of the global positive solution.

The structure of this paper is as follows: In Section 2, we give some preliminary
knowledge. In Section 3, we prove the existence and uniqueness of the global positive
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solution. In Section 4, we deduce the sufficient condition of the stochastic ultimate
boundedness for the solution. In Section 5 and Section 6, we pay attention to the
extinction of tumor cells and the persistence of all three kinds of cells. In Section
7, we use numerical simulations to verify the correctness of our theoretical results.
Finally, our paper ends with a conclusion.

2. Preliminaries

In order to explore the above problems, firstly, we need to define some denota-
tions. Throughout this paper, R™ represents the space of n-dimensional real col-
umn vectors and R’ is the set of n-dimensional real column vectors with pos-
itive elements, that is, R} = {z € R" | 2; > 0,1 < i < n}, and we have
R? = {z € R" | 2; > 0,1 < i < n}. Let (Q,{Fi}i>0,P) denote a complete
probability space with a filtration {F;};>¢ satisfying the usual conditions and E be
the probability expectation with respect to P. For any x € R™, we let |z| denote
the Euclidean norm of z on R™. B;(t)(i = 1,2,--- ,m) are mutually independent
standard Brownian motions defined on this complete probability space.

Generally speaking, we consider the n-dimensional stochastic differential equa-
tion in reference [19]

da(t) = f(t,z(t))dt + g(t,z(t))dB(t), (2.1)

where z(t) is an n-dimensional vector valued function, f(¢,z(t)) is an n-dimensional
vector valued function in R” defined on [0, +00) x R™, and g(t, z(t)) is an n x m ma-
trix valued function. f and g are locally Lipschitz functions in x(t). B(t) denotes an
m-dimensional Brownian motion on the complete probability space (2, {F;}i>0, P).
Furthermore, let C12(]0, +00) x R™;R) be the family of all nonnegative functions
V(t,z) defined on [0,+0c0) x R™, which are continuously once differentiable in ¢
and continuously twice differentiable in z. We define the differential operator £
associated with equation (2.1) by

< o 1 T 9>

i=1 ij=1

Then for a function V (t,z) € C*2([0, +00) x R™;R), we have
1
LV(t,2) = Vi(t, @) + Vo(t 2) f (¢, @) + Stracelg” (,2)Vau (t, 2)g (¢, ).

Here we set
ov oV ov
Vi(t,x) = T Ve(t,x) = (87301’ ’gn),
Vv %V
O0x10x1  0x10Tn

0*V
Va;gj(t7x) = (m)nxn = : .
o*V o’V
O0xndx1  0xn0xn

For convenience, we set

t
(@)= | F6)ds. f.=limint £(0), " =limsup £(0). f*=sup f(2), £ =1uf 1(0)
0 0 t—o00 >0 t>0
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where f(¢) is a continuous bounded function defined on [0, o).

Assumption 2.1. Throughout this paper, we assume that there exist two con-

stants my and M; such that for allt > 0and i =1,2,3,m; < [[ (14+di) < M.
0<tp<t

Definition 2.1. [19] The population z(t) is said to become extinct exponentially

with probability one if limsup M <0 a.s.

t—o0
Next, we give the definitions of weak persistence and persistence in the mean
referring to the literature [16,17].

Definition 2.2. The population z(t) is said to be weakly persistent if limsup x(t)
t—o00

> 0 a.s.

Definition 2.3. The population z(t) is said to be persistent in the mean if (x(t)). >
0 a.s.

3. Existence and uniqueness of the global positive
solution

From a biological point of view, we should ensure that system (1.4) has a unique
global positive solution. First of all, we give the definition of solutions to impulsive
stochastic differential equations (ISDEs).

Definition 3.1. ( [17]) Consider the following ISDE

dX(t) = F(t, X(t))dt + G(t, X (t))dB(t), t # tg, k €N,

(3.1)
X(t;:) — X(tk) = BkX(tk), ke N,

with initial condition X (0). A stochastic process X (¢) = (X1(t), X2(t), ...Xn(t))T,
t € R4, is said to be a solution of ISDE (3.1) if
(i) X (t) is Fi-adapted and is continuous on (0,¢;) and each interval (¢, t541) C
Ry, k € N; F(t,X(t)) € LY(Ry;R™), G(t, X(t)) € L2(R4;R™), where
LF(R,;R™) is all R™ valued measurable {F;}-adapted processes f(t) satis-
fying fOT |f(#)|*dt < oo a.s. (almost surely) for every T' > 0;
(ii) for each t, k € N, X(t{) = lim X(t) and X(t,;) = lim X(t) exist and
t—t,

t—t,
X(t) = X(t,,) with probability one;
(iii) for almost all ¢ € [0,¢1], X (¢) obeys the integral equation

X(t):X(O)+/0 F(s,X(s))dS—I—/O G(s, X (s))dB(s).

And for almost all t € (tg, tr41], £ € N, X (t) obeys the integral equation

t

X(t):X(tZ_)+/ F(s,X(s))der/ G(s,X(s))dB(s).

tr tr

Moreover, X (t) satisfies the impulsive conditions at each t = t;, k € N with
probability one.
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Then we will prove the existence and uniqueness of the global positive solution
for system (1.4).

Theorem 3.1. System (1.4) has a unique global positive solution X (t) = (x(t), y(t),
z(t)) ont >0 for any initial value X (0) = (zo,Yyo,20) € R3 with probability one,
that is to say, X (t) = (x(t),y(t),2(t)) € RY for allt >0 almost surely.

Proof. We first consider the following system without impulse

(e o p3(t)Ds(t)z12
dar(0)=( 5,5 ~FOm1 —maOPa(Omart D e )t
+ o1(t)z1d By (1),

_ | ps()I(t)y1 Ds(t)y1 D3 (t)z1
dy1 ()= [24(t)+1(yt) (1_ 10 ) s Dt — —|—b(t)y1]dt + 02(t)y1dBa (1),

_ c(t)E(t)D3(t)z D3(t)z 1(t)D? (t)x3 2
dz ()= {Zl(a(t)"' 1+a1(t)E(t)+5f(t)D1§(t)zf )(1_ ?((t) 1 ) B 1+a2(t)zjja(t)Zﬁle(t;D%(t)w?

pe(t) D2 (t) Ds (t)y1 2}
= TFaa (D) D201 o (0) Ds (D ] dt + o3(t)z1d By (1),

(3.2)
where v(t) = § + (vo — %)e‘ﬂt. For any initial value Y (0) = (21(0),31(0),21(0)) =
X(0) € R}, where D;(t) = [] (14 di), @ = 1,2,3, it is obvious that the

0<tp<t

coefficients of system (3.2) are locally Lipschitz continuous. So we see that system
(3.2) has a unique local solution (1(t),y1(t),21(¢)) on ¢ € [0,7.) and 7. is the
explosion time. To prove that the solution is global, we will show that 7. = co a.s.

1 1
Set ng € N be sufficiently large such that z1(0) € (n,no), y1(0) € (n,no) and
0 0

1
21(0) € (, no>. For V n > ng, n € N, we define a stopping time as follows
no

Tn = inf {t €10, 7) | min{z1(t),y1(t), 21(t)} < % or max{zy(t),y1(t), z1(t)} > n} )

(3.3)
where we define () is the empty set and set inf () = co. Thus, it is easy to see that
T 1S increasing as n — oco. We let 7o = lim 7, then 7 < 7. a.s. Exactly, we

n—oo

just need to prove 7o, = oo a.s. If this assertion is false, then there will exist two
constants T' > 0 and ¢ € (0,1) such that P{roc < T} > . Then, there is an integer
ny > no such that

P{r, <T}>e, Vn>n. (3.4)

Next, we define a C?-function V : Ri - Ry,
V(z1,y1,21) = (w1 — 1 —logz1) + (y1 — 1 —logys) + (21 — 1 —log z1).
Using the It6 formula, we obtain that

dV(J:l,yl, 21) =LVdt + 0'1(75)(.’171 — 1)dBl(t) + 0'2(75)(:1]1 — 1>dBQ(t)
+ o3(t)(z1 — 1)dBs(t),

(1oAY e o ps(t)Ds(t)z121
W_(l )(Dl(t) FB)er=p2(t)Ds ()21 1+1—|—a3(t)D3(t)zl+63(t)D1(t)x1)
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+D3

-
(“” 1+a1<>EE<t(>t+ﬁf<)> <t>z><1‘D;((2>ZI>

1 (1) D3 (t)a3 21 pe(t)Da(t) D3(t)y1 27 }
s5(t)z1+B2(t) DI (H)a? 1 +a6( )D3(t)z3 4 Be(t) Da(t)

D) — e+ (00|
)

2 2 2

a(t)Ds(t) | pe(t)Ds(t) ) ;
K Be(t) a

Since for V u > 0, the inequality u < 2(u + 1 —logu) holds. Thus,

BB (01)° | (08  (o4)?
LV < +d*+ + + B
_< mi ﬂiml Klﬂl 62 + 2 + 2 + 2

2 pEM
+(x1+110gx1)+2<p5 + 0" + 1)(y1+110gyl)

]
a"My,  pgM

+
Kt B

( My +a” + )(21+1—10g21).

Then we define two positive constants vy := euﬂJrf“ d“+5, e Klﬁl + +(Ul) +

my

(o3)” )* +<f’s) = 2(1’3 + p¥ +b“+” Lt pY My +at + 20 +p6M1). Namely,
LV < vy vz +1—logay) +va(yr + 1 —logyr) + va(z1 + 1 —log 21)
= v + vV (21,91, 21).
Further, we have

AV (z1,y1,21) <[v1 +v2V (21,91, 21)|dt + o1(¢) (21 — 1)d B (2)

+ Jg(t)(yl — 1)ng(t) + O’g(t)(Zl — 1)dB3(t) (35)

Integrating both sides of (3.5) from 0 to T' A 7,, and taking expectations, we then
derive that

E[V(fﬁ(T/\ Tn)7y1(T /\Tn)7zl(T/\ Tn))]

T
< V($1(0),y1(0),z1(0))+U1T+U2/O E[V(21(s ATn) y1(s ATy), 21(s A7) ] ds,

where a A b = min{a,b} and I4(-) is the indicate function of set A. Using the
Gronwall inequality, then we have

E[V (21(T A7), 11 (TAT), 21 (TATR))] < (V(zl(()), y1(0), zl(O))+v1T)e”2T.(3.6)
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Setting 2, = {w | 7, < T} for n > ny, thus from (3.4) we get P(2

n) Con-
sequently, for V w € Q,, at least one of (T A 1,), y(T A7) and z(T A

> €.
Tn) equals

either n or —, which shows that
n

V(21 (T A7), y1 (T ATR), 20(T A7) = (n+1—logn> A (i—l—l—l—logn). (3.7)

In view of (3.6) and (3.7), we get

(V(ml(O),yl(O),zl(O)) —i—vlT)e“?T [V(xl T A7), 1 (T ATy), 210(T A1))]
> E[Lg, (w)V (21 (70, w), y1(Tn,w), 21(Tn, w)) |
> P(Q,) - Kn%—l—logn) (;+1+logn>}
>

1
5[(n+ 1 —logn> A (n + 1+logn)].

1
Letting n — oo, it leads to <n +1- logn> A ( +1+ logn) — 00, and then we
n

get a contradiction
00 > (V/(1(0), 31(0), 21(0)) + 01T e = .

Further, we obtain 7., = oo a.s. That is, system (3.2) has a unique global solu-
tion (x1(t),y1(t), 21(t)) € R with probability one for all ¢ > 0. Setting x(t) =
Di(t)x1(t), y(t) = Da(t)y1(t) and z(t) = D3(t)z1(t), we can see that system
(1.4) with initial value X(0) = (2o, ¥o0,20) has a unique global solution X(t) =
(z(t),y(t), 2(t)) € RY. In fact, z(¢), y(t) and z(t) are continuous on (0,t;) and
every interval (¢, tky1) C (0,00), k € N. If ¢ # ¢, we have

dz(t) = d(Dy(t)z1(t)) = Di(t)dw(t)

= <e(t)v — f()x —p2(t)zz + T a?iiﬁ)f_zﬁ?)(t)x)dt + o1 (t)xd By (t),

dy(t) = d(D2(t)y1(t)) = Da(t)dys(t)

_ [ OI®y (v : i
o L) + 1) (1 Kl(t))a5(t)+z d(t>y+b(t)y}dt+ 2 (£)ydBs(t),

dz(t) = d(Ds(t)z1(t)) = Ds(t)dz(t)

- -Z ) () E(t)z A pi(t)z?z
= [0+ amem raee) - 7a) - e e

pe(t)y2?
_ 1+ ae(t)z2 + Bﬁ(t)y:| dt + 03(t)ZdB3(t)

~—

For any k € N, ¢, € R, we observe

a(tf)=lm z(t) = [] Q+diyat))=Q+du) [[ Q+diy)a(ts)

L
t=1, 0<t; <ty 0<t; <tp

(1 + dyg)x(ty).
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Similarly, we can obtain that y(t{) = (1 + dox)y(tx) and z(t)) = (1 + dax)z(tx).
Therefore, X (t) = (z(t),y(t), 2(t)) is the unique global positive solution for system
(1.4) with probability one. The proof is now complete. O

4. Stochastic ultimate boundedness

Theorem 3.1 allows us to further investigate how the solution of system (1.4) changes
in Ri. The following theorem gives a criterion for the stochastic ultimate bound-
edness (see the reference [18]) of the solution in system (1.4).

Theorem 4.1. If f' —h? + # > 0, then the solution of system (1.4) is stochas-
tically ultimately bounded for any initial value X (0) = (29,0, 20) € RY.

Proof. Due to Theorem 3.1, we know that the solution X(t) = (Dy(t)z1(2),
Dy(t)y1(t), Ds(t)z1(t)) of system (1.4) will remain in the positive cone R3 with
probability one for all ¢ > 0. Firstly, we will prove that for any initial value Y'(0)
= (21(0), y1(0), 21(0)), the solution of system (3.2) is stochastically ultimately
bounded. Then we define a function

g(z1) =

1+ algmlzl

Py Mz l
—pomaz1, 21 > 0,

and obtain that
(i) If p¥ My < phmy, then g(z1) < 0,V z; > 0.

(vt o)

a3m1

(ii) If p¥M; > phmy, then g(z;) < , V21 >0.

That is,

aéml

2
/ U — /ol
g(z1) < [ s el vol = h% V2 >0, (4.1)

where a V b = max{a,b}. In view of f! — h? + @ > 0, we get 1+ 2((]:;;2) > 0.

For any fixed p € (0, 1+ 2(f17h2)), we define a function as follows

(o1)?
Vi = (1+l’1)p, Ve Ry
By computing £V7, we derive that

;(f();}) — f(t)x1 —pa(t) Ds(t)xr 21+ —f(t) 23 — po(t)D3(t)z2 2,

p3(t)D3(t)r121 e(t)vx; p3(t)Ds(t)xiz

LV :p(l + l‘l)p_2<

1+a3(t)D3(t)z1 +Bg(t)D1(t)x1 Dy (t) 1+ Oég(t)Dg(t)Zl + Bg(t)Dl(t)LL'l

(p = Dot (1)}
# =)

(4.2)
(r—1)(o}1)?
2

Based on the range of p, we obtain that f! — h% — > 0, and then we can

choose a small enough positive constant s such that

_g TR (p— 12)<U%)2 < 0. (4.3)
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By the Ito formula, it is easy to see that

My, (t) := "'V (xl(t)) -Wi (a:l(O)) —/0 E[e“‘/l(xl(s))]ds

is a local martingale. Next, we compute L[e"'V;(x1)]. By (4.1) and (4.2), we have

E[e’“tVl(xl)]
K 2K K
< pe(1+aq)P? ( + a2+
p p p
u u 2 u\2,.2
e VL1 1,2 ! 2 psMiziz (p —1)(o}) 27
4+ — — flx] —pomixiz1 + +
mi f 1 parmitiz 1+aém121 2

e

u U
oy ! pyMizizy
— flzy —pomyzi21 +
mi

1+ ozlgmlzl

< pe"(1+ 1'1)p_2W1(5E1)7

u 2 u -1 u)2
Wl(xl): <I<L+€ v0>+(ﬁfl+h2+evo>xl+<ﬁfl+h2+(p)(o—1)>1;%.
p  my p my p 2

From (4.3), we can get

lim (14 2)P2Wy (1) = —oo.

xr1—+o0
This, together with the continuity of (1 4+ x1)P~2Wy (1) in R, allow us to derive

Hi(p) :=p Su]g {(A+2)P?Wi(21)} <+ o0.
x1ER L

Hence,
L[e"Vi(z1)] < Hy(p)e™. (4.4)

Then we will prove

]E[e”tVl (ml(t))] = E[Vl (a:l(O))] + E/Otﬁ[e“‘/l(xl(s))]ds.

In fact, we choose a sufficiently large constant ¢ such that x1(0),y1(0) and z1(0)

are all in the interval (7107 1"0). For V r > ry, we define a stopping time as follows

& =inf {t > 0 |max{x1(t),y1(t),z1(t)} > r}. (4.5)

Noting that &, is monotonically increasing, thus its limit exists and we define the
limit as £,. According to the definition of 7, in (3.3), we can know that &. > 7,.. By
Theorem 3.1, we get 7o, = o0 a.s. Therefore, {,, = 00 a.s. Because of the properties
of local martingale, we easily obtain E[My, (t A §,)] = 0. Namely, for any ¢ > 0, we
deduce that

LA
E[en(t/\fr)vl (xl(t A fr))] =E [Vl (xl(O))] + E/O L [e"“SVl (xl (s))] ds.  (4.6)

Letting 7 — oo and applying the monotonicity of &, then we have

e"(tAgT)(l—l—m(t/\gT))p —>e“t(1—|—x1(t))p a.s.
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Clearly,
E[e"" )V (21 (t A E))] — E[e™ Vi (21(1))], as r — oo.

By (4.4) and the dominated convergence theorem, we derive that

tAE, t
E/O L[e’“Vl (xl(s))]ds — IE/O E[e’“Vl (xl(s))]ds, as r — oo.

Letting » — oo in (4.6), we obtain

E[e™ Vi (21(1))] = E[Vi(21(0))] +E/O L[e"Vi(21(s))] ds. (4.7)

Combining (4.4) with (4.7), we get

SHE[(1+21(6)"] < E[(1+21(0)"] +E /0 Hi(p)e™ds

< {1+ m(0)7] + 2o

Kt

Then dividing e"* and taking the upper limit on both sides, we arrive at

H N
limsup E[(1 + xl(t))p] < Aip) =: Hi(p).
t—o00 Y
Consequently, .
lim sup E[1(t)] < Hi(p). (4.8)

t—o00

Next, we define
Vo =e'yl, Yy € Ry

Similarly, we have

a@:aﬁ+mwf1ﬁjﬂﬂﬂ%(kﬁb@w)adew% —awm+mwm}

(t)+1(t Ki(t) t) + D3(t)z1
p(p—1
+ 222Dtz
LI'miyiz p(p—1)
< ot p—l( ooty — Pps 1Y1%1 bty + oU)2 )
e R TP Ty T R 5 (02)"n
= etyf_1W2(y17Z1)7 (49)
where

ppsI'miyiz

p(p B 1) u 2) _
8 )9~ Ki(at + (a2 + M)

Walyr,2z1) = (1 + pps + pb" +

Obviously, we know

; p=1lyy, —
R h}n L1 2(y1,21) = —o0.
Yyi+zi—+oo
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Then combining the above formula with the continuity of yfﬁlwg(yl,zl) in R?._
leads to

Hy(p):= sup {y’f_le(yl,zl)} < 4+ o0.
(y1,21)ERT

Hence,
LV, < Hy(p)e'. (4.10)

According to the Itd formula again, we know that

My, (£) := Va3 (1)) — V(11 (0)) - /O C[Va (3 (5))]ds

is a local martingale. In the same way, E[My,(t A &.)] = 0, where &, is defined by
(4.5). Similar to the above proof, we can get

E[Va(y1(t)] = E[Va(y1(0))] —I—IE/O L[Va(y1(s))]ds. (4.11)
Combining (4.10) with (4.11), we have
CE[yl ()] - y1(0) < Ha(p)e'
Therefore,

limsup E[y}(t)] < Ha(p). (4.12)

t—o0

Setting ¢ as a positive constant, we continue to define a function
Vs =(1+qy +21)" V (y1,21) € RY.

Now, let’s calculate LV3 as follows

LV3 =p(1+qy1+z1)p_2[(1+qy1+21)( aps (t)I(t)D(3 (t)y121

(Qa(t)+1(1))(evs(t)+ D3 (t)21)

qps ()1 (t) D2 () Ds(t)y3 1 a(t)Ds(t)z}
(t Ck4(t)+](t))(0[5 +D3 ) qd(t)yl +qb(t)yl +a(t)21 - K t)
N c(t)E(t)Ds(t)27 3 c(t)E(t)D3(t)=}
L+ a1t E@) + A1t)D3(t)22  K(t)(1+ar(t)E(t) + () D3(1)=7)
pi(t)Di(t)aiz 3 pe(t) Da(t) D3 (t)y1 27 )
1+ Oéz(t)Ds(t)Z1 +Ba(t)Di(t)af 1+ aa( )D3(t)27 + B (t) D2 (t)y1
o2(t)q?y? + L +5- 1a§(t)z$]. (4.13)

Applying the It6 formula yields that

My, (t) == Va(y1(t), 21(t)) — Vs (y1(0), 21(0)) 7/0 L[e*V3(y1(s), z1(s)) ] ds

is a local martingale. Similarly, E[My,(t A &-)] = 0, where &, is defined by (4.5).
Computing L[e'V3(y1,21)] and according to (4.13), we deduce that

Lle'V3(y1, 21)]
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< e'(l+qyi+21)P2 [1 + Py? + 22+ 2qu1 + 220 + 2qu1 21 + p(1+qyi+21)

<qps( Jy1+ab(t)yr + at)z + () E(t) ) e a(t)Ds(t)z

B1()Ds(0) K(t)
aps ()I(£) Da(8) D5 (£)y2 21 p(p—1) ,
P R (an(0) 1 1) (aslt) + Do) T 2 2T
p(p—l) 2

+ =503 (t)zf]

< e'(1+ qyi + 21)P 2 Ws(y1, 21),

where

U u

pctE “ w . pgctE® “
) + (2q+pqp5 + pgb® + l)yl + (2+pa
ﬂlml Byma

pc*E* “ w  Pp—1
+—— |2+ | @+ pd’pE + pg’h 2D ey 2
ﬁlml 2

Ws(y1,21) = (1 +

-1
+ <2q+pqa“ +paps +qu“) Y121+ (1 +pa“+%(0§‘ )2> z

_patmy 4 pg*psI'miz

3
K U7 Kol + 1) (o + Myz)

It is obvious to see that

lim (14 qy1 + 21)P *Ws(y1, 21) = —o0.

y%+z%—>oo
Combining with the community of (1 + gy + 21)?2W3(y1,21) in Ri, we find that

Hs(p) == sup {(14qy +21)" *Ws(y1,21)} <+ oo.
(y1,21)ERY

Consequently,
L[e'V3] < Hs(p)e'. (4.14)

Similar to the above process, we arrive at

E[e'V3(y1(t),21(t)) | =E[V3(y1(0), 21(0)) | + E /0’5 L]e*V3(y1(s), z1(s))]ds.(4.15)
From (4.14) and (4.15), we obtain that
SE[(1+gy1(t) +21(6))"] <E[(14 qy1(0) + 21(0))"] + Hs(p)e'
Dividing e! and taking the upper limit on the both sides, then we know that
limsupE[(1 + qy1 () + 21 ®))"] < Hs(p).
Due to the positivity of y1(¢) and the constant ¢, we can have

limsupE [z} (t)] < Hs(p). (4.16)

t—o00
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For X (t) = (x(t),y(t), 2(t)) € R%, we derive that
|X|P = (x2 +y2+z2)5 < Sg(xp_’_y:!’_;'_zp).
By (4.8), (4.12), (4.16) and Assumption 2.1, we get

limsup E[| X 7] < 3% <limsupE[:vp] JrlimsupIEl[yp] JrlimsupIEl[zp])

t—o0 t—o0 t—o0 t—o0
< 3§Mf’<limsupE[xlf] + limsup E [yf] + limsupIE[zﬂ)
t— o0 t— o0 t—o0

< 3ng<ﬁ1(P) + Ha(p) + Hg(p)) <+ o0.

1
Let M(p) = Sng(Hl(p) + Hy(p) + H3(p)> and x = (M)p. Applying the

€
Chebyshev inequality, we can obtain

lim sup E[| X |?]

: M(p) ¢

limsupP{w : [X(w)] > x} < == < =-<e. 4.17

msupP (s [X ()| > ) < 22— < 2 2 (17)
The proof is therefore complete. O

5. Extinction

In this section, we shall consider the asymptotic behaviors of NK cells z(¢), CTLs
y(t) and tumor cells z(t) under different noise intensities.

Lemma 5.1. ([17]) Suppose that z(t) € C[QxR4,RY], whereRY ={a|a>0,a €
R}. Let Bi(t)(i = 1,2,3,...,n) be independent Brownian motions defined on a
complete probability space (2, F,P).

(i) If there are positive constants Ao, T and A > 0 such that
t n
log x(t) < Mt — /\0/ z(s)ds + Y BiBi(t)
0 i=1
for allt > T, where B; is a constant, 1 < i <n, then (z(t))* < %0 a.s.
(i) If there are positive constants Ao, T and A > 0 such that
t n
log z(t) > At — )\0/ z(s)ds + ZBiBi(t)
0 i=1

for allt > T, where B; is a constant, 1 <i < n, then (x(t)). > )%O a.s.
Theorem 5.1. If 5\2 <0, 5\3 < 0 and ;;—lu —a s 0, then
1

[0}

limsupz(t) > 0 a.s.

t—o0
1 t N
lim sup oy(t) < A <0 a.s.
t—o0 t
1 t N
limsupLZ() < A3 <0 a.s.
t—o0 t
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where
. a5(s)
Ao := lim bup Z log(1 + dax) — d(s) — b(s) + 9 ds ¢,
t—o0 0<ty <t
) _ 1 K a3(s)
A3 := limsup ~ Z log(1 + dsi) + a(s) — 5 ds .
t—oo t 0<tn<t 0

That is, NK cells (x) will be weakly persistent while CTLs (y) and tumor cells (z)
will become extinct exponentially with probability one.

Proof. Applying the It6 formula to log z; leads to

d(log z1)
T CDEMDs()z  alt)Ds()n
- [“”Hal(t) E0) 1 AODI0Z K@)
) (1) E(1) D3 ()23 P (£) D3 (1)
KO+ ar(E®) + B (ODRO2)  Thas(t)Ds(0)ea + o () D02

pe(t)Da(t) Ds(t)y121 03(t)]
— — dt+o3(t)dBs(t).
TR0 DI0F + Ay 2 | U0
According to x(t) = D1(t)x1(t), y(t) = Da2(t)y1(t) and z(t) = Ds(t)z1(t), integrat-
ing both sides of the above equation from 0 to ¢ and dividing both sides by ¢ yield
that

log 21(t)~log 51(0) _ 1 /t(a@_ff?(s))dsﬂ [ OBy,
0 o

t t 2 tJo s)E(s)+B1(s)2%(s)
1 [fa(s)x(s) L[ c(s)E(s)2%(s)
t/o K(s) t/o {K( ) (L+ai(s)E(s)+Bi(s)2%(s))
O T MO E O R,
14as(s)z(s)+B2(s)z2(s) 1+as( )2%(s) + Be(s)y(s)
% /0 o (5)dBs(s).
(5.1)
Because z(t) = [] (14 dsk)zi(t) and F= — (% > 0, then we deduce that
0<ty<t !
log z(t) — log 2(0)
t
0<%;<tlog(1+d3k) log 21 () —log 21 (0)
- +
t t
> log(1 + dag) . 2 ¢
o ol +%/0 (a(s)_o:»,?( )>d5+1/0 o3(s)dBs(s).  (5.2)

Taking the upper limit of both sides and using the strong law of large numbers, we
arrive at

1 t -
lim sup ng( ) <A <0 as. (5.3)

t—o0
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By the Ito6 formula, we can similarly calculate d(logz1) as follows

e(t)v p3(t)Dy(t)21
d(log 1) = < Brye; QP ODs O + e
O’% t

)> dt+o(£)dBy(t).

Due to x(t) = D1(t)z1(t) and 2(t) = D3(t)z1(t), integrating both sides of the above
formula from 0 to ¢ and dividing both sides by ¢, one derives

loga:(t) —logz1(0) _ 1/: e(s)uls) 4o 1/; (f(s) I Uﬂs))ds

t t x(s) t 2
1t I p3(s)z(s)
~7 Jy e [ S
t
+ %/0 Ul(S)dBl(S).
Similarly by z(t) = [ (14 dix)z1(t), we can have
0<trp<t
> log(1+ dik)
log z(t) —log 2(0) _ o<ta<t ela 1 11
; > ; + 5 ;/0 %ds (5.4)

t

(e ) - pgtetn + 7 [ oatopamite

Denote the set S1 = {lim sup z(t) = O}. If the first assertion of Theorem 5.1 does

t—o00

not hold, then P(S;) > 0. Further, for any given w € S7, we derive tlim z(t,w) = 0.
— 00
And then for arbitrary small € satisfying 0 < e < min {1, (%lo‘}, there is a

2fu+(01)?)
constant T} = T (e,w) > 0 such that

z(t,w) <e, Yit>Ti(e,w).

On the other hand, it follows from the continuity of x(t) that there is a positive
constant p such that

z(t,w) < p, VO <t<Ti(e,w).

Noting that the extinction of z(¢) implies that there exists a set Sy € F satisfying
P(S2) = 1. Thus, for any w € Sa, we have (z(t,w)). = 0. Moreover, using the
strong law of large numbers shows that there exists a set S3 € F with P(S3) = 1,
then for V w € S3, we obtain

lim 1 o1(s)dBy(s) = 0.
0

t—oo t

It is easy to find that S; N Ss N Sz # ), then for V w € S; NSy N S3, taking the
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upper limit of both sides for (5.4) and by using m; <[] (14 dix) < My, we get
O<trp<t

log = (t ! 1M 1 [t )2
im sup og z(t) > ey <limsup/ —ds + limsup — / ds)—(f“ + (o1) )
t—o00 t B t—oo b Jg t—oo L T € 2

lims
l 1 t u\2
= Q.limsupf/ (f“ (o1) )
/8 t— 00 t T e 2

In view of 0 < € < min{ , Mﬁ}, one may arrive

log x(t)

lim sup
t—o0

> 0. (5.5)

However, for V ¢t > Tj(e,w), we have

log x(t) < loge < log 1
t -t t

=0.

Hence, we can deduce the contradiction

0 > limsu

t—o0

I

loga(t) _
t

Then

limsupz(t) >0 a.s.
t—o0

Finally, we will prove the extinction of y(¢). Computing d(logy;) by the It6 formula,
we have

d(log y1) = ps(DI(t) Ds(t)z1 _ ps(I()Ds() Ds(t)yr 21
(aa()+1(1)) (as(t)+Ds(t)z1) K1 (2) (a(t)+1(1)) (05 (8)+ Ds()21)
o3(t)

—d()+b(t) -

; ]dt+02( )dBa(t).

By virtue of y(t) = Da(t)y1(t) and 2(t) = D3(t)z1(t), integrating both sides of the
above formula from 0 to ¢ and dividing both sides by t, we can see that

logyy(t)—logy1(0) 1 / ¢ ps(s)I(s)z(s) s
o (

t t

Similarly, because y(t) = [ (1 + dar)y1(t), we obtain
O<trp<t

log y(t) — logy(0)
'
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lo d
0<%3<t g(1+ 2k)+ t p5(8)1(s)z(s) ds (5.6)

- t t Jo (a4(s)+I(5))(oz5(s)+z(s))
—% /O (d(s)—b(s)+022(s)>ds+1 /0 (A Ba (s).

Using the extinction of z(¢), we can see that for V & > 0, there exists a constant
T5 > 0 such that for any ¢ > Ts, 2(t) < € a.s. Consequently,

—

log y(t) — log y(0)

t
< 0<%;<t10g(1 +d2k)+1/T2 ps(s)I(s)z(s) d5+t—T2 g&
- t tJo (cu(s)+1(s)) (as(s)+2(s)) t ak
t o2(s t
_ %/0 <d(s) —b(s) + 22( ))ds + %/0 o2(s)dBs(s).

By taking the upper limit on both sides of the above inequality and using the strong
law of large numbers and the arbitrariness of ¢, it follows that

log y(t)
t

lim sup < 5\2 <0 a.s.

t—o0
This completes the proof. O

Theorem 5.2. If A, > 0, 5\3 < 0 and I‘?—lu — 3—7 > 0, then we can have that
1

limsupz(t) >0 a.s. (5.7)
t— o0
KN
Wiy, > 522 as (58)
Ps
lim sup & (t)gﬁ\ <0 as (5.9)
t—o0
where
; 1 ! a3(s)
Ag 1= htrgg.}ft{ Z log(lerzk)f/O (d(s)b(s)+ 2 >ds ,
O<tr<t
R 1 t 2
Az = limsup — Z log(1 + dsy) +/ (a(s) - U3(S))ds .
oo U oS 0 2

That is, NK cells (x) will be weakly persistent and CTLs (y) will be persistent in the
mean, while tumor cells (z) will become extinct exponentially with probability one.

Proof. The proof of (5.7) and (5.9) is the same as Theorem 5.1, hence it is omitted
here. Next, we will prove (5.8). From (5.6), we get

logy(t) — log y(0)
t
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> log(1+ dag) .

5 <t L s % /0 t (d(s)—b(s) + U%és))ds

~ ]_ O5(S

Applying Ay := lim inf { > log(1+dak) — fg (d(s) —b(s)+ zgé))ds} >0, we
t=oo 1 o<ltr<t

can similarly obtain that for V e > 0, there exists a constant T3 > 0 such that for

any t > T3

¢ o3(s <
1{ Z log(1 + dax) 7/0 <d(s) —b(s) + 22( ))ds} > Ao *g a.s. (5.10)

0<trp<t

Due to the strong law of large numbers, we easily know that there exists a set
Q€ F with P(Q;) = 1. For the above € > 0, V w € 4, there exists a constant
Ty = Ty(e,w) > 0 such that for any t > Ty

€ 1/ €
—— < - dB —. A1
5 < t/o 02(s)dBa(s) < 5 (5.11)
Consequently, by (5.10) and (5.11), for ¢ > max{T5, T4}, it is easy to get
log y(t) — logy(0 . vl
ogy(t) —logy(0) > 3 _g_pi_f/ y(s)ds —
t 2 KLty 2
u t
py 1
= )\2——-7/ y(s)ds —e.
Kt ot ),
Hence, using Lemma 5.1 and the arbitrariness of €, we obviously have
KXy
Y(t)e > —= as.
Ds
The proof is now complete. O

6. Persistence

In this section, we will find the conditions to guarantee the persistence of all three
kinds of cells.

Theorem 6.1. If Ay > 0, A3 — Bret)” <p1[§f)>* > 0 and ;—lu — < >0, then we
2 1

Kig! a
have
limsupz(t) >0 a.s. (6.1)
t—o00
Kl
yt)e > —= as. (6.2)
V2
5\3 _ E"(C(tl))* _ (m(f))" 5

KO <) < ) < s (63)
a 6 a _ Cc
=T K* ol
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where

. ] ' o3 (s)

Ay = htrggolft{ Z log(1 + dax) — /0 (d(s) —b(s) + 5 >d8 ,
O<tp<t

. o1 ¢ o2(s

A3 1= htrgggf t{ Z log(1 + dsg) —|—/O <a(s) - 32()>ds},
0<tp<t

R 1 t 2

A3 = limsup — Z log(1 + dsg) —I—/ (a(s) — 03(3)>ds .

t—oo 1 0<tp<t 0 2

That is, NK cells (x) will be weakly persistent while CTLs (y) and tumor cells ()
will be persistent in the mean.

Proof. From (5.2), on one hand, we have
> log(1 + dsg)

og z — log z <tp<t ' o5 (s
lg(t)tlg(o)zo g +10<a(8) 32())‘15
Lt e g E¥c(t))  (pi(t))
=3, e ) o= T - 2
41 /O o3(5)dBs(s)

. 1

According to A3 := liminf { > log(1+dsk) + fg (a(s) — 652(5)>ds}, we know
t—00 0<tr<t

that for Ve > 0, 3 T5 > 0 such that for V ¢ > T5

1{ Z log(1 + dsx) + /Ot (a(s) - 0‘32(8)>ds} > A3 — Z a.s. (6.4)

0<ty<t
In view of the definition of upper limit, for the above ¢ > 0, one can find two
constants Tg, Ty > 0 such that for V ¢ > max{Tg, T}
, KBl ., Bl
(e(t)) < {e(t))" + 4E“1 a.s. (p1(t)) < (;(2)) +72 a.s. (6.5)
Then, we use the strong law of large numbers again, and find that there exists a

set Qg € F with P(Q2) = 1. Thus, for the above ¢ > 0, V w € {,, there exists a
constant Tg = Tg(e,w) > 0 such that for any ¢ > Tg

3

_e Ll /O ' s(5)ABs(s) < (6.6)

1o

4 t

Combining (6.4), (6.5) and (6.6), we obviously get that 3 T = max{T5, Ts, T7, Ts}
such that for any t > T

log z(t) — log z(0) < e 1 [ [a* pY E¥%{c(t))* €
e N v as IECI & ot
_ @) e e
L4 4
N Ev{c(®)” _ {pa(8)"
= (ipr) B T i A
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By A5 — B {c(®))” _ <p1(f)>* > 0, the arbitrariness of € and Lemma 5.1, we have

Kigl Bs
Ry = EHe®) ()
(2(t)). > KA B g
a¥ Ps
Tt BL

On the other hand, by (5.2) we can obtain

> log(14dsg)
log z(t) — log z(0) _ o<te<t 1 ! als 705(3) s
: i ] (r0-257)0

t - t t

c¥ a 1 [t
R d
+ (ozll K“) t/o z(s)ds

1 t

Similarly, according to I‘;—Z — 2—1; > 0 and using Lemma 5.1 we obtain
1

()" < 7= as. (6.7)

Finally, the proof of (6.1) and (6.2) is similar to (5.7) and (5.8) of Theorem 5.2,
hence it is omitted here. O

7. Numerical simulation

In this section, we present some numerical simulations and examples to further illus-
trate our theoretical results. We use the Milstein method [10] to get the discretiza-
tion equation for system (1.4) and discuss the influence of stochastic perturbations
and pulsed chemotherapy. In the following examples, we choose the initial value
(70, Yo, 20,v0) = (4 x 10°,105,2 x 105,4 x 10°) and the parameter values are shown
in Table 2. Besides, E(t) = E(t — n#), t € [n#, (n 4 1)7), which is shown in Figure
2 [30], and 7 = 29, which is a menstrual cycle.

Figure 2. Estradiol levels across the menstrual cycle.

Example 7.1. Choose o01(t) =+/0.04+0.02sint, o2(t) =/0.04+0.02sint, o3(t) =
V0.0410.02sint, dij = dop, = daj, = ¢ 2 — 1 and 7 = 30.
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2
By computing h? = [ngl? LIV 0, we have f' — h? + % =
agmi

0.0833 > 0, which satisfies the condition of Theorem 4.1. Hence, the solution of
system (1.4) is stochastically ultimately bounded. The results of numerical sim-
ulations are shown in Figure 3 and Figure 4. They reveal the sample path of
|X(t)| = /22(t) + y2(t) + 22(¢) and the three-dimensional diagram of system (1.4),
respectively. Obviously, both of the two figures verify the conclusion of Theorem
4.1.

C X0 = V20 20 + 20)

ok 4

o 100 200 300 400 500 600 700 800 200 1000
Time t

Figure 3. The sample path of |X(t)] = /22(t) + y2(t) + 22(t) for system (1.4) with o1(t) =

1/0.04 + 0.02sin ¢, o2(t) = +/0.04 + 0.02sin¢ and o3(t) = +/0.04 + 0.02sin ¢.

y(t) oo T (1)

Figure 4. Three-dimensional diagram of system (1.4) with o1(t) = +/0.04 4+ 0.02sint, o2(t) =
1/0.04 + 0.02sint and o3(t) = +/0.04 + 0.02sin t.

Next, we choose o1(t) = v/0.014+0.02sint, 02(t) = +/0.254+0.01sint, os(t) =
4/0.64+0.01sint, and other parameters keep unchanged. By calculating Ay =

~ 1 u .
—0.115 < 0, A3 = —0.02 < 0 and z — & ~ 2.325 X 107 > 0, we can obtain

1
that the conditions of Theorem 5.1 hold, namely, z is weakly persistent while y and
z become extinct. And the numerical simulations are presented in Figure 5.
Further, we choose o2(t) = v/0.01 + 0.02sint and keep the other parameters

unchanged. By computing Ao = 0.005 > 0, 5\3 = —0.02 < 0 and l‘;l — 27 ~

2.325 x 1077 > 0, thus the conditions of Theorem 5.2 hold, that is, = will be weakly
persistent and y will be persistent in the mean, while z goes to die out. The results
of numerical simulations are shown in Figure 6, which confirms Theorem 5.2.
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Figure 5. The sample path of z(t), y(¢t), z(t) and 2(t) with o1(t) = +/0.01 4+ 0.02sint, o2(t) =
1/0.25 + 0.02sin ¢ and o3(t) = +/0.64 + 0.02sin ¢, respectively.

Moreover, set o3(t) = +/0.01 + 0.02sin¢ and the other parameters are the same

as above. By computing Ao = 0.005 > 0, A3 — EQ}S(B%»* - <p1éf)>* ~ 0277 >0
1 2

and I‘él — ;—7 ~ 2.325 x 1077 > 0, we find that the conditions of Theorem 6.1 hold.

Consequentlly, x will be weakly persistent as well as y and z will be persistent in
the mean, as is shown in Figure 7.

Finally, in order to investigate the effects of pulsed chemotherapy on tumor cell
extinction, we will compare the following SDE without impulse with system (1.4),
where 9(t) = v(t) = § + (vo — §)e .

da(t) (e(t)@ —F()F — pa(t)32 + %)dt + o1 (t)EdB (t),

aj(t) = (2 (1 = l) iy — (D3 + ()7 ) dt + 02(£)§dBa(),

IR O c(t)E(t)2 2 (t)2%2 .
a2(t) = (2(a(0) + v g b (1~ o) ~ Tras e 1)
t)522 2
~ e Jit-+os(1) 2B (1),

£(0) = o, 9(0) = yo, 2(0) = 2.

The parameter values of system (7.1) are the same as model (1.4). We will take two
sets of noise intensities as follows: o1 (t) =+/0.01+0.02sint, 02(t) =+/0.2540.01 sin ¢,
03(t)=+/0.64 + 0.01 sin ¢, and o2(t) = +/0.01 + 0.01 sin ¢, where oy (t) and o3(t) keep
unchanged. Similarly, we can get the results that tumor cells will become extinct
in both cases. Here, we only simulate the sample paths of tumor cells which are
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shown in Figure 5(c) and Figure 6(c), respectively. Obviously, it is easy to find that
pulsed chemotherapy can accelerate the extinction of tumor cells.

Table 2. Parameter values in model (1.4).

Parameter Value Reference

e(t) 0.00486 + 0.0001 sin ¢ Estimated from data [30, 34]
a(t) 0.3+ 0.01sint Estimated from data [30]
f(t) 0.0693 + 0.001 sin ¢ Estimated from data [30,34]
c(t) 1.3x 1077 +1078sint Estimated

pa(t) 3.42 x 1079 410" " sint Estimated from data [6,7,30]
a (t) 4.507 4+ 0.01sint Estimated

p3(t) 1.87 x 1078 4+ 107 %sint Estimated from data [3,30]
B1(t) 7.08 x 1078 + 107 ?sint Estimated from data [30]
as(t) 1.6 x 107° + 107 %sint Estimated from data [3,30]
K(t) 10% + 10° sin ¢ Estimated

Bs(t) 3.27 4 0.01sint Estimated from data [3,30]
p1(t) 8.7x 1077 +10 8%sint Estimated

ps(t) 4.14 x 1072 + 10" *sint Estimated from data [11,30]
s (t) 7 x 105 4 10° sin ¢ Estimated from data [3,30]
I(t) 2.3 x 107 4+ 107 '? sin t Estimated from data [14,22,30]
Ba(t) 5.4 x 107° +107%sint Estimated from data [3,30]
aq(t) 2.3 x 1071 + 10712 sin ¢ Estimated from data [14,22, 30]
pe(t) 2.04 x 1072 4+ 10" *sint Estimated from data [3,30]
Ki(t) 8 x 10% + 107 sint Estimated from data [9,30]
ag(t) 0.268 + 0.01sint Estimated from data [3,30]
as(t) 1000 + 100sin t Estimated from data [30]
Be(t) 4343 4+ 100sin t Estimated from data [3,30]
d(t) 0.41 4 0.01sint Estimated from data [4, 30]
a 3.6 x 107 [30]

b(t) 0.42 4 0.01sint Estimated

B 6.3 x 1073 [28, 30]

Example 7.2. Choose o1(t) =+/0.0140.02sint, oo(t) =+/0.25+0.01sin ¢, o3(t) =
4/0.64+0.01sint, 7 = 90 and other parameters are the same as in Example 7.1.

By calculation, we can similarly obtain that tumor cells will die out. Moreover,
our purpose is only to compare the effects of different pulsed chemotherapy cycles
on tumor cell extinction, as shown in Figure 8. It is clear that shortening the pulsed
period can keep the number of tumor cells lower until they become extinct.

Example 7.3. In order to illustrate the inhibitory effects of random disturbances

on cell proliferation, we choose o1(t) = +/0.240.02sint, o2(t) = +/0.4+0.02sint
and o3(t) = v/0.8+0.02sint, and other parameters are the same as in Example 7.1.

By similar calculation, we can easily observe that the parameters satisfy the
conditions of Theorem 5.1. Hence, z will be weakly persistent while y and z will
become extinct. The results of numerical simulations compared with Example 7.1
are shown in Figure 9. It can be seen that increasing the intensities of random
disturbances will accelerate the extinction of tumor cells, that is, stochastic distur-
bances can inhabit the cell proliferation.
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Figure 6. The sample path of z(t), y(t), (y(t)), z(t) and 2(¢) with o1(t) = v/0.01 4+ 0.02sint, o2(t) =
1/0.01 + 0.02sin¢ and o3(t) = +/0.64 + 0.02sin ¢, respectively.
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Figure 7. The sample path of z(t), y(t), (y(t)), z(t) and (z(t)) with o1(t) = +/0.01 + 0.02sint,
o2(t) = +/0.01 4+ 0.02sint and o3(t) = +/0.01 4+ 0.02sin ¢, respectively.
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Figure 8. The sample path of z(t) with different pulsed periods.

%108 3 x10°

1(t) = V001 + 0.02sint

a1(t) = V020 + 0.02sint o(t)

(1)

o3(t) = v/0.25+ 0.02sin ¢

40 +0.02sint

Time t

Time t

2(t)

10°

100

Figure 9. The sample paths of x(t), y(¢t) and z(¢) with different white noise intensities, respectively.

8. Conclusion

In this paper, we devote our main attention to studying stochastic model (1.4) which
includes immunotherapy and pulsed chemotherapy. First, we prove the existence
and uniqueness of the global positive solution for system (1.4) by the method of
stochastic Lyapunov analysis, which lays a foundation for the following discussion.
Next, the sufficient condition to guarantee the stochastic ultimate boundedness of
the solution is obtained. Furthermore, we focus on the extinction of the tumor
cells and the persistence of all three kinds of cells by using the strong law of large
numbers. Specifically, when CTLs and tumor cells are subject to strong noises, both
of them will become extinct exponentially with probability one. Moreover, tumor
cells will be extinct when the perturbations to them are large enough while CTLs
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will persist in the mean under weak noises. Besides, when both tumor cells and
CTLs are subject to sufficiently weak noises, they will be persistent in the mean. In
all the above three cases, NK cells are weakly persistent, and we can find that the
stochastic perturbations play an important role in the elimination of tumor cells.
At last, all of our theoretical results are illustrated by numerical simulations. The
figures also imply that pulsed chemotherapy can accelerate the extinction of tumor
cells and shortening the period of pulsed chemotherapy can keep tumor cells at a
low level until they become extinct. In addition, stochastic disturbances can inhibit
cell proliferation.

Therefore, one of the most commonly used methods in the clinical treatment of
breast cancer is pulsed chemotherapy. This treatment is characterized by periodic
dosing, that is, concentrated dosing over a period of time, followed by an inter-
mittent period. This way of periodic administration can reduce the damage of the
drug to normal cells, while improving the killing effect on tumor cells. In clinical
treatment, appropriately shortening the cycle of pulse chemotherapy can also in-
hibit tumor cells at a lower level until extinction. In addition, in daily life, patients
should maintain a reasonable rest to avoid the impact of environmental factors on
cancer patients.
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