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The Influence of Environmental Variability and
Media Coverage on the Dynamics of an Epidemic
Model*

Yanhui Jiang!, Miaomiao Gao®f, Daqing Jiang? and Jieyu Ding'*

Abstract Various infectious diseases seriously affect human health and social
economy. It is a never-ending battle that human beings fight against infec-
tious diseases. Media coverage has been an important weapon in virus war and
has contributed to the epidemic prevention. In this paper, we focus on the
dynamics of a stochastic SIRS epidemic model with media coverage and two
mean-reverting Ornstein-Uhlenbeck processes. Firstly, we present the exis-
tence and uniqueness of the solution. Then, the sufficient condition for disease
extinction is provided. In order to get the condition for disease persistence,
we verify the existence of stationary distribution by constructing appropriate
Lyapunov functions. Moreover, it is theoretically proved that the solution fol-
lows a normal probability density function around the endemic equilibrium of
corresponding deterministic model. Finally, some numerical simulations are
carried out to confirm theoretical results.

Keywords Media coverage, Ornstein-Uhlenbeck process, stationary distri-
bution, density function
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1. Introduction

Infectious diseases seem to have become an unavoidable problem for mankind. The
history of the development of human society is also a history of constant struggle
against infectious diseases. In recent years, the outbreak of Ebola virus, Middle East
respiratory syndrome (MERS), Corona-virus diseases 2019 (COVID-19) and other
infectious diseases led to serious damage to human health worldwide. Several epi-
demics have brought great panic to the whole world, and even caused catastrophic
consequences in many regions, such as economic recession and social shutdown.
Therefore, a full understanding of transmission rules and control strategies of the
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disease is urgently needed. Mathematical modeling provides a reliable theoretical
analysis for studying the pathogenesis of infectious diseases and predicting the de-
velopment trend. It has become an effective tool to solve various phenomena and
problems caused by the infectious disease.

For the epidemic dynamics model, Kermack and Mckendrick [1] proposed a land-
mark SIR epidemic model, which makes the epidemic model enter the era of quan-
titative analysis. After that, many authors [2-8] assumed that the total population
N(t) is divided into three categories at time ¢, including susceptible individuals S(¢),
infected individuals I(¢) and recovered individuals R(t). Recovered individuals in
the SIR epidemic model are permanent immunity. But in fact, for most infectious
diseases, such as cholera, influenza and malaria, acquired immunity wears off over
time, which is a phenomenon well described by the SIRS infectious disease model.
Ma et al. [2] considered that acquired immunity may disappear after a period of
time and proposed a standard SIRS model:

S(t) = p— BS)I(t) — pS(t) +~R(t),
I(t) = BSHI(t) — (A + p)I (1), (1.1)
)

R(t) = M(t) — (n+7)R(),
where g is the natural birth and death rate coefficient. /3 denotes the average
incidence rate. 7 represents the immunity loss rate of recovered individuals. A is
the recovery rate of infected individuals. All the parameters are considered to be
positive. Up to now, various versions of SIRS models have been studied and many
research results have been achieved [6-11].

It is now widely noted that the mass media (television, Internet, microblog, Tik
Tok, billboards and wechat) plays a key role in the spread of the disease [12-14]. For
the public, people can keep abreast of the transmission route and the epidemic data
through the media at any time. From the government’s point of view, they can make
full use of the powerful force of the media to publish essential disease prevention
measures as soon as possible and broadcast the latest public health policies. The
information reported by the media can affect the change of people’s social behavior.
People may go out less, receive vaccinations, self-isolation and wear masks, which
will indirectly reduce the number of infected individuals or incidence rate among
the population.

Research has found that the epidemic models with nonlinear incidence have
more accurate and complex dynamics than those with bilinear incidence (3ST) or
standard incidence (3SI/N) [14,15]. The contact rates commonly used, bilinear
and standard, cannot describe the impact of media coverage on the dynamics of
the infectious disease well. Cai et al. [16] and Tchuenche et al. [17] held that the
incidence rate in a model considering media coverage should be a monotonically
decreasing nonlinear function with respect to I(t). Li et al. [18] and Tchuenche et
al. [19] constructed a modified nonlinear incidence rate §(I) with media coverage:

BI0) = 5 - s,

where 3, is the maximum reduced contact rate due to the presence of infected
individuals. a is the half-saturation constant which reflects the impact of media
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. B
coverage on the contact transmission. 7 is used to measure the effect of reduc-

tion of the transmission rate when infected individuals are reported by the media.
When I — +oo, B(I(t)) approaches B — B.. If I =0, B(I(t)) = B. It is important
to recognize that media coverage cannot totally prevent the spread of the disease
and the incidence rate is non-negative. Assume 3 > .. A SIRS epidemic model
with media coverage has the following form [12]:

S(t)=u—<ﬁ PO sto16) - ns(o) + i)
i = (5- =50 )S (v W), (12)
(1) = (1) — 1+ 1) R(

where parameters have the same definitions as model (1.1) expect for a and j..

)
The basic reproduction number of system (1.2) is Ry = % If Ry < 1, there is

a disease-free equilibrium Ey(1,0,0), which is locally asymptotically stable. While,
if Ry > 1, FEy becomes unstable and there exists an endemic equilibrium E* =

(%,I * %)7 which is locally asymptotically stable. I* is the positive

root of the following equation:

(2 ama) -]

#|F = 5 - O e+ 0+ 2] Lt ol (Fo = 1) = .

However, it is now well known that the real world is stochastic. Environmental
random variation has a significance impact on the spread of an epidemic [20, 21].
A deterministic model with fixed parameter values has certain limitations because
it does not take random factor into account. May [22] argued that parameter
values in the model are inevitably disturbed by environmental noise. Therefore, it
is valuable and meaningful to study stochastic SIRS epidemic model [23-25]. At
present, there are two common approaches to incorporate environmental variability
by modifying the parameters in epidemic models: linear function of Gaussian white
noise [7, 8,13, 16,23-28] and the mean-reverting Ornstein-Uhlenbeck process [29—
32]. A few authors [31,32] pointed out that the first way to involve environmental
variability is problematic because the variance of the parameter tends to infinity
as time shortens, which implies that the mean value of the parameter becomes
more and more volatile as the time interval decreases. While, in the second way,
the variance of the parameter will approach zero. This means that the second
way is more consistent with the actual biological situation. Allen [33] compared
these two approaches to modify parameters from different aspects and found that
the mean-reverting Ornstein-Uhlenbeck process has the advantages of continuity,
strong practicability, non-negativity, asymptotic property and ease of modifying
the parameters for environmental data. Zhou et al. [32] devoted to a stochastic SIR
epidemic model considering media coverage and Ornstein-Uhlenbeck process. In this
paper, on the basis of the existing model (1.2), we will formulate a SIRS model with
media coverage and two Ornstein-Uhlenbeck processes. For system (1.2), we assume
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that B(t) and S.(t) are affected by the following Ornstein-Uhlenbeck processes:

dB(t) = 01(B — B(t))dt + 01dB1(t), dBe(t) = 02(Be — Be(t))dt + 02dBs(t), (1.3)

where 6; > 0 is the speed of reversion and o; > 0 is the intensity of volatility
(j = 1,2). Bi(t) and Bs(t) are two independent Brownian motions defined on a
complete probability space {£2,.%,{%;}i>0,P}, where { % };>0 is a o— filtration
satisfying the usual conditions (i.e. it is right continuous and %, contains all P-null
sets). Dixit and Pindyck [34] were the first to propose this form of mean-reverting
process in financial economics.

By adding both ends of the three equations of the model (1.2), we obtain

d(S+1+R)=[p—u(S+I+ R)]dt.

It can easily be seen that the size of population is constant. In other words, there
is an invariant set I" for any ¢ > 0 and the I" satisfies

I'={(S,I,R)eR} : S+I+R=1}

Hence, we only need to study the dynamics of the following epidemic model for I
and R:

(s B
ar(t) = Kﬂ - m)) (1= I(t) — RUDI(E) — A+ w)I(0)|

dR(t) = [M(t) = (p+ ) R(D)]dt,

(1.4)

where
(I,R)eIn :={(I,R)eRY: I+ R< 1}.

Considering the Ornstein-Uhlenbeck process, system (1.4) with random variable (3,
Be) can be expressed as

CAMIOY o i
ar) = | (50 - O ) (1~ 1) - oY) - (4 1)
AR(t) = (M (1) — (u+ ) ROt )
48() = 01(3 — B(H)dt + 01dBy(),

dﬁe(t) =0y ( ( ))dt+02d32(t).

For the sake of simplicity, letting 7 (t) = B(t) — 3,72(t) = Be(t) — Be, system (1.5)
can be transformed into the following form:

dI(t) = [((5 Bl (1) )+ (m L0 >) (1= 1I(t) = R(t))I(t)

a+ I(t) a+1I(t)
- (v )],
(1.6)
dR(t) = [AL(t) — (n + 7)R(t)]dt,
dri(t) = —01r1dt + 01d B (t),
dro(t) = —0arodt + 02dBsy(t),
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where
I, := {([7R,r1,r2) ERi xR2: T+ R< 1}.

For simplicity, there are some mathematical notations. R% = {(z1---z,) €
R™z; > 0,1 <4 < n}. I, denotes the n-dimensional unit matrix and Ix is the
indicator function of the set X. || - | is the Euclidean norm. If A is a matrix, AT
and A~! represent its transpose and inverse matrix, respectively. Denote vy V vy =
max{vy, va}.

The aim of this paper is to probe into the long-time behavior of stochastic
system (1.6). The structure of the paper is arranged as follows. In section 2,
we prove that system (1.6) exists a unique solution. Sufficient condition for the
extinction of the disease is obtained in section 3. Section 4 gives the condition
for the existence of stationary distribution. The concrete expression of density
function of the stationary distribution is derived in section 5. In section 6, we use
some examples and numerical simulations to confirm our theoretical results. Lastly,
the brief conclusion is given.

2. The existence and uniqueness of the solution

In this section, we prove the existence and uniqueness of the solution to (1.6).

Theorem 2.1. For any initial value (I(0), R(0),71(0),72(0)) € I, system (1.6)
has a unique global solution (I(t), R(t),r1(t),r2(t)), and this solution will also exist
i Iy almost surely.

Proof. Clearly, the coefficients of system (1.6) all have locally Lipschitz property.
Consequently, for any initial value (1(0), R(0),r1(0),72(0)) € I, system (1.6) exists
a unique local solution (I(t), R(t),r1(t),r2(t)) on t € [0,,,), where 1), denotes the
explosion time. To show that the solution is global, we should prove ¥, = oo a.s.
Select a sufficiently large integer ng such that 1(0), R(0), e*(*) and em2(9) € [n%’ no).
For each integer n > ng, a stopping time can be defined as follows

1
¥ =inf {t € [0,%y) : min{I(t), R(t),e™® ez} < =
n
or max{I(t), R(t),e"® ez} > n} ,
where 1, is increasing as n approaches infinity. We denote inf{@} = oo and

Yoo = lim 1, thus Yo < 9, as. If Yoo = oo a.s., then 9, = 0o a.s. and
n—oo

(I(t),R(t),r1(t),r2(t)) € Iy a.s. for all ¢ > 0. But, if this assertion is incorrect,
then there exist two constants 7' > 0 and e € (0, 1) such that

P{tpoo < T} > €.
Therefore, there is an integer n, > ng such that
P{¢, < T} >e, Vn>ny.

Using the formula y — 1 —logy > 0 for any y > 0, we construct an non-negative
C?-function V (I, R,r1,79) as follows:
. r3

2
V=I-1-logl+R-1-logR+(1—I—-R)~1—log(l—I-R)+T+".
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Applying Ito’'s formula derives

L(~logl) = — (5 fjf]) (1-T—-R)+(\+p)— (rl - arf]) (1-1-R).
(2.1)

L(—=1logR) =—— +p+7. (2.2)

p R
Llog =T =R) == —gp+r—1-1_¢

= Bel 7"2]
+<ﬁ_a+l>l+(r1_a+[>1' (2.3)

r% 1
E(?> = —917"1 + 50’1 (24)
T2 2, 1 5
£<?) = —927"2 + 50’2 (2 5)
Combining (2.1)-(2.5) gets
s Bl rol
LV =u (ﬁ o 1-I-R)+(A+p "o (1-I—-R)
AT 1 R 5 Bel
_ = S S e _ T
TR ey gy 1IR+<B a+1
rol 5, 0F 5, 03
— I — 1 Z2
+<7“1 a+I> 91T1+2 922+2
2 2 _ I
<Apary+ AT 5 r—— A1-T-R+(m—- 21
2 a+1
—917‘%—927'5
2 2 2
n _ I
<Ap+r+y+ 2 02+6+(| 1|+|T2| ) (1= —R)+|m|1+
2 a+1
—917‘%—927“%
+
§4u+)\+’y+ 5 +5+2|r1|+2|r2|—91r1—92r2
+ 1 1
<Ap+r+y+ 2 5 +6+9—1+6—2 G",

where G* is a positive constant. We omit the rest of the proof process, which can
be proved in a similar way in [26]. This completes the proof. O

3. Extinction

In this part, we deduce the condition for infectious disease extinction.
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Theorem 3.1. Assume that (I(t), R(t),r

t),r1(t),m2(t)) is the solution of system (1.6)
with any initial value (1(0), R(0),71(0),r2(

(
0)) in I. If

1 (o} g9
Ri=Ry+-—— [ —4+——2 ) <1,
T T (N ) (fel <a+1)fez>

then

lim sup <A+ wp)(R;—1) <0, a.s.

t—o0

log I(t)
t

Namely, the disease of system (1.6) will eventually die out almost surely.

Proof. Applying Itd’s formula to the first equation of system (1.6) gets

dlZfI - (‘— fji) (1—T-R)—(A+p)+ (“‘Jijf) (1-1-R)
SB—(/\+u)+r1(1—I—R)+aTiII(l—I—R)
< (A4 p)(Ro— 1)+ (r1 VO) + ail(rgvoy (3.1)

Integrating (3.1) from 0 to ¢ and dividing by ¢ on both sides, one yields

log I(t) logI(0)
t 4

<A+ w)(Ro— 1) + %/O (ri(r) v 0)dr (3.2)

+1/t L (ra(r) v 0)d
t0a+17‘27' T.

According to the results of [27], r1(t) and 72 (¢) will converge weakly to the invariant
densities

0y
b = 2o g er)
0522
ko (2) = \};?26 %3 (zeR).
That is N(0, 0—%) and N(0, U—%) Then, we get
20, 20
oo oo oy ‘9%2
/_OO (y vV O)ki(y)dy = ot LW
o (5 e
:2\/%01/0 e 71 d(oll) = 2\/;701,@3. (3.3)
Similarly,
+o0 oo
/700 (2 V 0)ka(z)dz = m,a.s. (3.4)
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Taking the superior limit on both sides of the inequation (3.2) and combining (3.3)-
(3.4), one obtains

lim sup M
t—o0 t
I I
<A+ p)(Ro—1)+ tlggo i), (ri(m) VvV 0)dr + tlggo i) ax 1(T2(T) vV 0)dr
+oo 1 +oo
0@+ [ VO [ vk
g1 g9
=(A Ro—1
(A +m)(Ro )+ 270, * 2(a+1)y/mby
=N+ p)(R5—1) <0,a.s. (3.5)

It implies that tlim I(t) = 0. That is to say, the disease will go to extinction with
—00
probability 1. This completes the proof. O

4. Stationary distribution

In this section, the conditions for infectious disease persistence will be studied. For
deterministic model (1.2), we investigate the persistence of the disease by endemic
equilibrium point. But the endemic equilibrium does not exist for stochastic model.
We can prove that stochastic system (1.6) admits stationary distribution, which
also shows the persistence of the disease. We define

1 g1 g9 )
Ri=Ry—-—F—i—— | —=+—"F—=1.
0T 2y + ) <¢ei (a+1)v0;
Condider an n-dimensional stochastic differential equation with initial value ¥(0):
dV(t) = hi(U(t))dt + ho(¥(t))dB(t), (4.1)

where h; : R® — R™ and he : R — R™ ™ are Borel measurable. B(t) is an
m-dimensional Brownian motion on the space {£2,.#,{%,}+>0,P}. Based on the
searches of Dieu [28] and Zhou et al. [32], we can obtain the sufficient condition for
the existence of stationary distribution as Lemma 4.1.

Lemma 4.1. If there is a bounded closed domain = C R™ with a reqular boundary
A, for any initial value ¥(0) € R™,

1 t

liminff/ P(7,¥(0),E)dr > 0 a.s.,
t——+o0 0

where P(7,¥(0),-) is the transition probability of U(t). Then system (4.1) has a

solution and admits at least one invariant probability measure on R™, which implies

system (4.1) has at least one stationary distribution on R™.

Theorem 4.1. If Rj > 1, there exists at least one stationary distribution of system
(1.6) on I.

Proof. According to Lemma 4.1, the proof of Theorem 4.1 is divided into three
steps.
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Step 1. (Construction of a C?-function):
Construct a C%-function V (I, R,r1,72) : I'. — R as follows:

) 3 ) ri
V=M —logl+—""—R)—logR—log(l - T —R)+ L 4+ -2
0( ogl+ -~ og og( ) 5t 5

= —MoV1 + Vo + Vs,

2 2 2
where V; = —log I + %R, Vo = —logR —log(1 — I — R), V3 = % n %2 and
M is a sufficiently large positive number satisfying the following inequality:

2 2
5 -
— Mo+ p)(RS — 1) + B+ 2+~ + L1272
|72 01 5 02 2}
+ su ri| + ——ri— —=r5 < =2 4.2
(Tl,T2§)€R2{ 1| a+1 2! 2 %)~ ( )

We make the differential operator £ act on —logI to get

E(—log[):—(ﬂ— ﬁe[)(l—I—R)—(rl— rof )(1—[—R)+()\+u)

a+1 a+1
Be rol
< —B+A+p)+Bl+BR+ +I—r1(171—R)+a+I(1—IfR)
3.1 I
—(\+ 1) (Ro — 1) PLna-r-me 2
()\+M)(R0—1)+BI+BR+/BG (T1V0)+ai1(7“2\/0).
(4.3)
Combining (3.3)-(3.4) and (4.3) leads to
LV <~ OBy~ 1)+ B0+ B + 2L v o)
+a+1<rzvo>+%w (14 )R
(/\—|—,u Ro—l <6+—|—’y)[+(7‘1\/0)+ai1(7“2\/0)
Be . A8

g1 e
+2\/T91+(T1 \/0)—/7Oo (y vV 0)k1(y)dy

(o) Foo

1
et vl Tat1 {(wvo)_/_oo

(zV 0)k2(2)d2:|

g1 92
—(A+p) (Ro_l_Q\/ﬁ()\—Fﬂ) a 2(a+1)\/7702()\+,u))

AB +o0
+<ﬁ++ﬂ+7>l+ r1 V0) — / (y V0)k1(y)dy

— 00

1 oo
+{r2\/0 / (2 V 0)ka )d}

o0
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e, A8
(/\Jr,LL)(R(S)1)+<[3+6+M+67)I+(7’1\/0)

_ / v Ok (y)dy + o {(rg Vo) - / v 0)k2(z)dZ] (4

— 00 — 00

Making use of Ito’s formula to V, and V3, one obtains

Y B
LVy = +(H+’Y)1_?_R+(5a+l>

e

1% bl ’I"2|I2
<_7 2 Kk
RTHMTITITI R T T
A B _
s-5t2 - 4.
and
2, 2
vy =% g2 g3, (4.6)
Combining (4.4)-(4.6), one derives
1/ Be /\B by 1
LV =— My(A Ry — 1)+ M, Fe  2F g2 ___ 2
oA+ p)(Rg — 1) + o(ﬁ+ P I
3 of +03 |2
+ﬁ+2ﬂ+7+%+\ﬁ|+a+l—917“%—92743
+oo
+ Mo [(Tl \/0)—/ (y\/())kl(y)dy]
My too
+ - {(7‘2\/0)—/ (z\/O)kg(z)dz}
a+1 .
s Be B _
< = Mo(A+ p)(RG — 1) + My 5+—+T7 T+B+2u+n
|72] 01 o 02 4 I M o2 +03
+<nig§)ene2{“+a+1 21T TICI—R R 2
91 2 92 2 +oo
— 5T g2t Mo|(riv0) - (y vV 0)k1(y)dy
My [ +00 ]
a+01 (rQ\/O) /OC (zV0)ka(z )dz_
=F(LR,mr +M0[?"1V0 (y\/O)kl(y)dy]
M, +00 ]
+a+01 (ra vV 0) — /oo (zV 0)ka(z )d_7 (4.7)

where

F(I,R,Tl,?"g)
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_ 2 2 _ _e )\_
=~ Mo+ ) (RS — 1) + B+ 2+ 7+ D222 4 g <B+5+5 >I
2 a  ptry

|72 b1 o 02 2} M Al 017"2 927,2

at+1 217"

+  sup {|r1|—|—
(Tl,TQ)GRz
7 = Be . BA )
= — Mo(A+ ) (RS — 1) + K + M, +—+—11
oA+ p)(Ry —1) 0(5 PR

2 2
. . = oito lra] 61 02
in which K = 8+ 2u+~+ =2+ su {r + _ 2 222t
ﬂ M ’Y 2 (’I"l,’I’Q)I)E]R2 | 1| a + 1 2 ! 2 2

Step 2. (Construction of a compact set):
Construct a bounded set D,

1 1
D, = {(I,R,rl,rg) €ENJI>e, R>> I+ R<1—¢, || <=, |ra < }
13 19

where ¢ is a sufficiently small positive number satisfying

My (ﬂ+%+m>g§ 1. (4.9)
K+M0<B+%+m>—2<—l. (4.10)
K+MO<B+BE+>\B)M§1. (4.11)

a u+y) e
K+MO<B+%+£>—;;2§—1. (4.12)
K+Mo<ﬁ+&+m)—;;é—l- (4.13)

Next, we divide the set I, \ D, into five subsets D, j=1,2,...,5, where

Dg,l = {(I’R7T1a7a2) € F*ll < 5}7
Dg,z ={{,R,r1,r2) € IL|R < 52, I>¢e},

. 1
Dfs ={(,R,r1,r2) €I+ R>1~¢}, D, = {(I,R,rl,rg) € Li||r1| > 5}’

1
Dg,f) = {(I3R,T1;r2) € F*HT2‘ > 6} .

We discuss the following five cases:
(I) If (I, R,71,72) € D¢ 1, combining (4.8) and (4.9) gets
, 5 B B
F(I7R,7"1,7°2)S—Mo()\—FM)(RO—l)—‘rK—‘rMO 6 Z"‘m I
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- B A3
<oan (74l 2L,
a [ e
< —1.

(IT) If (I, R,r1,72) € DE 5, from (4.8) and (4.10), we have

= e A8 A
F(I,R < K+ M —+ — | - —
(I, R,r1,m2) < K + 0</3+ +M+’)’) I
_ B \3 A
<ran (50 B Y
a w4y €
< -1

(II) If (1, R,71,72) € D 3, combining (4.8) and (4.11), we get

2. Be | AB 1
F(I < K+ M, — I—
(I,R,r1,m2) < K + o<ﬂ G+M+’Y )
- B A3
<K+M0<ﬁ+5+5>—“
a n+y €

< -1

(IV) If (I, R,71,72) € D 4, using (4.8) and (4.12) obtains

F(I,R,r,1ms) < K + M, (B+%+W>I";T§

Bty
2 Be )\B 91
< K+ M, Peyp 22 ) - 2L
<K+ °(B+a+u+7 53

IN

—1.
(V) If (I, R,r1,72) € D¢ 5, applying (4.8) and (4.13), we have
2 Be )\B 02 2
F(I < K+ M, —t—I-—=
(I,R,r1,m2) < K + 0(6+a+u+’y 5 T2
a Be /\B 92
<K+ M ey 2 )2
<K+ 0(6+a+u+7 =
< -1

Taking the above five cases into consideration, we can conclude

F(I,R,Tl,TQ) < —]., V(I,R,’f‘l,?”g) €F*\]D)5.

———7]

U:= sup {—2—|—M0<B—|—a+ “1-I-R R 2

(I,R,r1,r2)€El 1 + Y
Then, there exists U > 0, such that U > U and

F(I,R,r1,m3) <U < o0, V(I,R,r1,73) € I.

Be AB)I p M6y

(4.14)
0
;Tg} |

(4.15)
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Since the function V (I, R,71,72) tends to +oo as (I, R) approaches the boundary
of R% or as [|(,R,71,72)|| = +00, there is a point (I*, R*,r{, ) in the interior
of I',, which makes V (I, R,71,72) be minimized. Therefore, a non-negative C?-
function V(I, R, r1,72) is defined by

V(I,Rv 7"1,T2) == V(IaRarlaTQ) - V(I*,R*,T?,T;)

Using (4.7), we draw

LV <F(I,R,ry,rs) + My {(m V) — [ :O(y v O)kl(y)dy}
+ % [(m V) — [ :O(z v O)k:g(z)dz} . (4.16)

Step 3. (Existence):
For any initial value (I(0), R(0),71(0),72(0)) € I« and the interval [0, ¢], using It0's
integral and mathematical expectation to V (I, R,r1,72), we can get

EV(I(t), R(t),r1(t),72(t))

t
< ]EV(I(O)7 R(O), 1 (0)7 T2 (0) 1

0<

- t t
e[t [ v o - [ uvonwal
+ a]‘fl]E E /Ot(rgm v 0)dr /_:O(z v O)kg(z)dz} . (4.17)

Making use of the strong law of large numbers [32,35], we subsequently infer

lim E E /Ot(rl(r) v 0)dr — /+Oo(y v O)kl(y)dy}

E [ /0 mykl(wdy} - /0 “yklw;;;:o, a.s. (4.18)

and

lim E {1 /Ot(T'Q(T) Vv 0)dr — /+Oo(z Y 0)]€2(Z)d21|

t—oo |t .
=E {/000 zkg(z)dz} — /000 zka(z)dz =0, a.s. (4.19)

On the one hand, taking the limit on both sides of (4.17) and using (4.18)-(4.19),
we launch

0%, lim ; F ) B EOn o
t +o0

a]‘ioluz E /Ot(TQ(T) Vv 0)dr — /+Oo(z Vv 0)k2(z)dz} }
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= lim 1/ E(F(I(r), R(1),r1(7),r2(7)))dT a.s. (4.20)
0
On the other hand, combining (4.14) and (4.15) gets
1 /O E(F(I(7), R(r), r1(7), r2(7)))dr
:*/0 E(F(I(7), R(7),r1(7),72(T)))L{(1(r),R(r) 71 (7),r (7)) €D} AT

1 t
41 | EEPUELRE). @) s D)L 0 R0 o

U [t I
S;/O 1{(I(T),R<T>,n<T>,7-2<T))6D5}d7*g/o L{1(n), R(o)m (1), ra(r)e(T.\DL) AT

U+1 [t
Sol+—— i L{(1(r),R(7)r1 ()72 (1)) €D, } AT (4.21)

In view of (4.20) and (4.21), taking the inferior limit obtains

>0 a.s. (4.22)

N 1
tlgl_;:r; ; 0 {(I(7),R(7),r1(T),r2(7))€D. } AT = U+l

By the definition of event probability and Fatou’s lemma [28], we acquire the equiv-
alent form of (4.22)

lim inf 1/0 P(r, (I(7), R(1),r1(7),r2(7)), Dc)dr > >0 a.s., (4.23)

t—+oo t —U+1

where P(t, (I, R,r1,72), De) is the transition probability of (I(t), R(t),r1(¢),72(t)) €
D.. Thus, according to Lemma 4.1, system (1.6) has at least one stationary distri-
bution on I'y. This completes the proof. O

Theorem 4.1 indicates that if Rj > 1, then the disease will prevail in a long
term.

5. Probability density function

In this part, we will give the exact expression for the probability density function.

Lemma 5.1. For the real algebraic equation K2+ AZ + SAT = 0, where K =
diag(5,0,0), X is a real symmetric matriz, and

—a1 —ag —as
1 0 0
0 1 0

>>
I

Ifa; >0, a3 > 0 and aras —as > 0, then X is positive definite. Here, ai, az and as
are the coefficients of characteristic polynomial \> + a1 A2 +as A+ a3 of A. Appendiz
A gives the detail proof of Lemma 5.1.
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The dynamical property of system (1.6) is the same as system (1.5). As a matter
of convenience, we study the density function of system (1.5). Epidemic system (1.5)
without stochastic noises is shown below:

at) = | (50 - ZOI) (1= 10) - Ry 1) - 4 010
dR(t) = [M(t) — (n+7)R(D)]dt, (5.1)
4B(1) = 01(F  Ble)

45.(0) = (5. — B0

There exists a positive equilibrium E*:(f*, R*, B, f.) in system (5.1) when Ry >
1, where I* = I* and R* = R* are the same as Section 2. E* is the same as
E* without considering two mean-reverting Ornstein-Uhlenbeck processes. Letting
Z = (z1,29,23,24) = (I = I*",R— R*, 8 — 3, Bc — Bc), we can get the corresponding
linearized system of (1.5) at point E*, that is
Bel” aBel”
-1-I'-R*)———
- a+ I* ( ) (a+1I*)2
Bel” (I)?
— I* 1—-I"—R)I[*23—(1-I"— R* dt
(6 CL+I* 22+< R) z3 ( R)a+ *Z4 ?
dzo = [Az1 — (p + ) 22]dt,
dzg = —0123dt + 01dB; (t),

dZ4 = 7022’4dt + O’QdBQ(t).

dz; = [((1—2]*—3*) (B—

(5.2)
Let
BeI* af.I*
=2I"+R" — — 1-I"—RY)——— + A ,
ann = (2I" + )(5 P +( )(a—|—I*)2+ +hu
_ BeI* (I*)2
a2 (5 at I ;a3 = ( ROI*,  a1s = ( R)a—i—I*’
a1 = A, ags = [+, ass = b0y, Q44 = 0s.
System (5.2) can be expressed as the following form:
dZ(t) = AZ(t)dt + QdB*(t), (5.3)
where
—a11 —G12 @13 —a14
. a1 —az 0 0 ,
0 0 —ass 0
0 0 0 —a44
and

Z(t) = (21(t), 22(1), z3(1), z4(t)) ", Q = diag(0,0,01,02), B*(t) = (0,0, By (t), Bao(t))" .
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Theorem 5.1. If Ry > 1, for any initial value (z1(0),22(0),23(0),24(0)), the
solution Z(z1, z2, 23, 24) follows a normal density function ®(z1, 22,23,24) around

(I*, R*, B, B) such that
(21, 20, 23, 24) = (277—)—2|2‘|—%e—%(zl,»22,—25’>,»Z4)271(217»227»23724)T7 (5.4)
where X is positive definite and the form is given as follows

2= (Ry 1) E (R ) M + (RoJo) ' 25 [(RoJ2) T

= 21 + EQ;
where
0010 0001
1000 1000
Jl = 7J2 = )
0100 0100
0001 0010
13021 —(6111 + 022)6121 a%z — A12G21 —014021
0 a —a 0
Ry = 21 22 7
0 0 1 0
0 0 0 1
—a14021 —(an + 022)(121 a%g — @12G21 @13021
Ry — 0 a1 —ag2 0 7
0 0 1 0
0 0 0 1
d2(a13a2101)2 0 . (a13a2101)2
2(d1d2 — dg) 2(d1d2 - d&)
R 0 (Cl13>612101)2 0 0
Xy = 2(dydy — d3) :
1 2 2
 (a13a2101) 0 d1(a1302101)"
2(dydy — d3) 2d3(dydy — d3)
0 0 0 0
by(a14a2102)* 0 _ (a1sa9102) 0
2(b1by — b3) ( 2(b1by — b3)
1402102
. 0 —_— 0 0
2’2" — 2(b1b2 — bg)
(6114612102)2 0 b1 (1114@2102)2
2(b1by — b3) 2bs(b1by — bs3)
0 0 0 0
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Proof. System (5.3) has a unique explicit solution according to the results of
Oksendal [20] and Mao [36]

Z(t) = e Z(0) + / t A= QdB(7).
0

¢
Since the martingale/ eA=7QdB(r) follows the Gaussian distribution N4 (0, £(t))
0

t
at time ¢, where X (t) = / eAT(t*T)QQeA(t*T)dT, it is clear Z(t) obeys a unique
0 ~
Gaussian distribution Ny(e4*Z(0), X(¢)). The characteristic polynomial of A is
©a(N) = [ALy — Al = (A + asz) (A + aaa) [N + (@11 + a22) A + ar1a2 + ar2a21]
=M 4 a3+ a)\? + as) + ag, (5.5)

where

a1 = a1 + ag2 + ass + aaq,

az = a11(ag2 + asz + asq) + azo(ass + asq) + aszass + a120a1,

az = (a33 + aqq)a11022 + (@11 + a22)a33044 + (@33 + a44)a12021,

a4 = (anazz + a12a21)a33a44-
Clearly, it has two eigenvalues —as3 < 0 and —a44 < 0. Notice that a114ass > 0 and
a11a99 +ajgaz > 0. With the help of Vieta’s Theorem , we can get that ¢ 4(A) =0

has four negative real roots. By means of the stability theory of zero solution to
the general linear equation [37], we derive tlim et =0, tlim e*Z(0) = 0 and
— 00 — 00

t [e’e]
Y= lim X(t) = lim eAT(t*T)QQeA(th)dT :/ eATtQQeAtdt,
t—o00 t—o00 0 0

where X is positive semi-definite due to () is positive semi-definite. Then, because

o0
of the complexity of calculating / eATtQQeAtdt, the property of X’ can be studied
0

by matrix equation. Applying the continuity of matrix function e4’ *Q2e4t, we have
d [~ < d
S (et dt) = A + S AT, / Z (eA"1Q%eM)dt = Q2.
Thus X' can be defined by the following algebraic equation:
Q*+ A+ xAT =o. (5.6)

According to the finite independent superposition principle, we can study the cor-
responding solution of the following two algebraic sub-equations:

QF+ AX; + X,AT =0,(i =1,2),

where Q1 = diag(0,0,01,0),Q2 = diag(0,0,0,02). We obtain that X = X + X
and Q% = Q% + Q3. There are two steps to prove.
Step 1. Consider the algebraic equation

Qi+ Ax + 2, AT =0. (5.7)
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Let
0010
1000
J1 =
0100
0001
Calculation derives
—ass 0 0 0
Ay = JlAJfl _ a3z —ai; —ai2 —ai4
0 a2 —azxp O
0 0 0 — Q44
Hence, equation (5.7) can be obtained by similarity transformation
NI + AT WS I+ 5 JE (L ATTHT = 0. (5.8)
We denote
J1Q1JT = diag(01,0,0,0) := H;. (5.9)
e 290
J121J1 = 21 = (510)
0 0
Thus, equation (5.8) can be written as follows
H? + A5 + 5, AT = (5.11)

There is a standard transform matrix

2
13021 —(a11 + 022)6121 G359 — (12021 —014021

0 a —a 0
Ry — 21 22

0 0 1 0

0 0 0 1

Here, Ry can be got by the method in Appendix B. Let

—dy —dgy —ds —dy
1 0 0 O
0o 1 0 O
0 0 0 —au

By = RiA R =
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where
di = a1 + a2 +azz >0,
dy = aj1a22 + a11033 + az2azz + ajaaz > 0,
d3 = aii1az2a33 + aj2az1a33 > 0,
ds = a14a21(as3z — aa).
Furthermore, simple calculation yields
didy — d3 =(a11 + a2 + as3)(@11a22 + a11a33 + az2a33 + a12021)
— (a11a22a33 + a12a21033)
=(a11 + az)(a11a22 + ar1a33 + agass + ai2a21) + assz(ar1as3 + azzass)
>0.
Hence, it follows from (5.11) that

RiH?RT + RiA R 'R S RY + RS RT(RIALRTHT = 0.

That is
G? + B, 3 + 3BT =0, (5.12)
where
G1 = diag(algaglal,0,0,0), (513)
3% =R 3 RT. (5.14)
By substituting matrices G; and Bj into equation (5.12), one gets
dz(a13a2101)* 0  (a13a2101)° 0
2(dydy — d3) 2(dydy — d3)
R 0 (a13a2101)2 0 0
3y = , 2didy —ds) , : (5.15)
. ((113&2101) 0 dl(a13a2101) 0
2(drdy — ds) 2ds(dyda — d3)
0 0 0 0

Since the elements of the first row of matrix B%g) satisfy di > 0, d3 > 0 and

didy —ds > 0, we get 2;(3) is positive definite according to Lemma 5.1. Thus, ZA’?)

is positive definite. Assume that /i is the minimum eigenvalue of §§3). We obtain
253) = lidiag(1,1,1) and - l1diag(1,1,1,0).

It follows from (5.10) that

1000

—1¢ —I\T 13- T 0100
Yr=J; X (J7) =l Jy diag(1,1,1,0)(J7 ) =14 . (5.16)

0010

0000
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It is easy to see that
ZT50 7 = 1(22 + 22 + 22). (5.17)
Combining (5.10) and (5.14), one gets

Iy = (RyJ) L2 [(Ry )T (5.18)
Step 2. Consider the algebraic equation
Q2+ AXy 4+ 5,AT = 0. (5.19)
Let
0001
Jy— 1000
0100
0010
such that

—a44 0 0 0

—Q14 —G11 —A12 A13
_ -1 _
Ay = ATy =
0 a2 —azp O

0 0 0 —Aass

By similarity transformation, equation (5.19) can be transformed into the following
equation:

JoQ3JE + o AT I X0 J] + Jo X0 JE (Jo ATy T = 0. (5.20)
We denote
JQQQJQT = diag(ag,0,0, 0) = HQ. (5.21)
. =0
JoXo T =5y = | 2 (5.22)
0 0

Thus, equation (5.20) can be written as follows
H2 + Ay, 4+ 5,AY = 0. (5.23)
There exists a standard transform matrix Rs, which can be obtained by the method
in Appendix B.
—ai4az1 —(a11 + agz)az a3y — ai2a21 arzam

0 as1 —ag2 0

0 0 1 0

0 0 0 1
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Then direct calculation yields

—by —by —by —by
. 1 0 0 0

By = RyAyR; ' =
0 1 0 0

0 0 0 —as3
where

by = ai1 + azx + aqq > 0,
b = a11G92 + G11044 + G22044 + a12a21 > 0,
b3 = ai1a22a44 + a12a21a44 > 0,

by = ai3az1(asz — aqa).
Moreover, calculation derives

b1by — bs =(a11 + @22 + aasa)(a11022 + G11044 + G22a44 + A12G21)
— (a11022044 + a12021G44)
=(a11 + a22)(a11022 + @11044 + G22a44 + A12021) + @44(A11044 + A22044)

>0.
Therefore, from (5.23), it follows that

RoH2ZRY + RyAy Ry Ry 55 RY + Ry S5 RY (Ry Ay R;HT = 0.

That is
G2+ By35 + 33BT =0, (5.24)
where
G2 = d’iag(a14a210'2,0,0,0), (525)
3% = RyShRY. (5.26)

Substituting matrices G2 and B into equation (5.24) gets

b2(a14a2102)2 0 . (6114@2102)2
2(byby — b3) 2(b1by — b3)
0 (a14a2102)* 0 0
3y = 2(b1b2 — bs) ) : (5.27)
_ (a14a2102 0 b1 (a14a2102)
2(byby — bs) 2b3(b1by — bs)
0 0 0 0

Since the elements of the first row of matrix B§3) satisfy the conditions of b; > 0,

b3 > 0 and by1by — b3 > 0, one gets 5:’;(3) is positive definite from Lemma 5.1. Hence,
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253) is positive definite. Assume that /> is the minimum eigenvalue of 2,53). We
obtain

Z:’éS) = ladiag(1,1,1) and Dy = lodiag(1,1,1,0).

It follows from (5.22) that

1000
—1g (7—I\T —1 _I\T 0100
22 = J2 ZQ(JQ ) i l2J2 dzag(l, ]., 1,0)(]2 ) = lQ . (528)
0000
0001
Evidently
ZT 507 = 15(22 + 22 + 22). (5.29)
Combining (5.22) and (5.26), one gains
Yo = (RyJo) ' 25 [(RaJ2) 17 (5.30)

Thus, given the above two cases, from (5.17) and (5.29), we get
ZT Y7 = min{ly, 1o} (227 + 23 4+ 223 + 23).
And from (5.18) and (5.30), one can easily see that
2= (R ) SR ) 7T A (Red2) T E5[(Re o) 7T

It is clear that X is positive definite. Namely, the solution follows an exact normal
density function around (I*, R*, 5, 3.). The proof has been completed. O

6. Simulations

In this section, we will give some examples and numerical simulations to validate the
above theories. Using higher-order numerical methods of Milstein [38], we obtain
the corresponding discretization equation of system (1.5)

i—17i-1
Ii— i1 [(Bi—l _ §e+ 1{1‘71
Ri = R 4 [AI'! — (u+ )R] A,

Bt = B+ 0,(8 — BYHAL + 01 VAL,
Bi = Bt 4 02(Be — BV AL + aoV/ AL, 4,

) (I-I""' = R=HI'" ' — (A +p) It At,

(6.1)

where (I, R?, 8%, 8¢)7 is the value of the i-th iteration of the discretization equation
(6.1). The time increment At > 0. ¢;; is a random variable which obeys the
Gaussian distribution N(0,1) for i = 1,2; j = 1,2,...,n. Let the initial value
(1(0), R(0), 5(0), B(0)) = (0.2,0.2,0.8,0.8).
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6.1. The impact of /3

In this part, we study the impact of average transmission rate 3 on the long-term
behavior of epidemic system (1.5). The parameter values for numerical simulations
are shown as follows:

a=1;8=0.1;7=0.05A=0.2; 4 = 0.1;01 = 0.2;00 = 0.2;0; = 2; 60, = 2.

Fig. 1 shows the variation trends of Ry, R and R§ with 3 € [0.1,0.5]. We have
the following conclusions:

e The disease of system (1.5) will go to extinction if 0 < 5 < 0.2402.

e There is at least one stationary distribution when 8 > 0.3598.

e The solution follows a normal density function when 8 > 0.3000.

18 N

16

14

12
Extinction

Value
N

0.8 "
Stationary distribution

0.6

04 Density function

0.2

Figure 1. The variation trends of Rg, R; and R{ with the variable B €[0.1,0.5].

Example 6.1. (Persistence). We focus on the persistence of the disease when
B8 > 0.3598. For the following four cases: (i) 5=0.5, (ii) 5=0.6, (iii) 5=0.7, (iv)

p=0.8, Fig. 2 presents the solution (I(t),R(t)) of system (1.5).

Then, choosing 8 = 0.5, we can compute that Ry = 1.6667 > 1 and Rf =
1.4672 > 1. If R§ > 1, system (1.5) has at least a stationary distribution. Besides,
Ry = 1.6667 > 1, the solution has a normal probability density function & ~
Ny(E5, X1), where Ef = (0.1640,0.2186,0.5,0.1) and

0.000366 0.000226 0.000483 —0.000068
0.000226 0.000302 0.000045 —0.000006
0.000483 0.000045  0.01 0

—0.000068 —0.000006 0 0.01

Furthermore, we can calculate the joint density function of (I, R):
®(I,R)

—652.7130¢2539-6932(1 ~0.1640)” +3801.1302(1 ~0.1640) (R—0.2186) —3077.9064( R —0.2186)"

The left of Fig. 3 reflects the numbers of I and R in both stochastic system (1.5)
and deterministic system (1.4). The right of Fig. 3 shows the frequency distribution
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histogram of the stochastic solution. Fig. 4 depicts the joint density function of
(I, R).

Figure 2. The stochastic solution (I(t),R(t)) under 8 =0.5, 0.6, 0.7, 0.8, respectively.

2000

1500

1000

Variable |

500

0.1 0.15 0.2 0.25
Density function of |

2000

1500

1000

Variable R

500

0.15 0.2 0.25
Density function of R

Figure 3. Left-hand column shows the numerical simulations of the solution (I(¢), R(t)) in stochastic

system (1.5) (blue) and its corresponding deterministic system (red) when 8 = 0.5. Right-hand column
reflects the frequency distribution histogram of I and R of system (1.5).

Figure 4. Computer simulations for ®(I, R) C [0.1,0.25] x [0.16, 0.28].
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Example 6.2. (Extinction). If 3 € [0, 0.2402), the disease of system (1.5) will go
to extinction almost surely. Hence, we choose $=0.05, 0.1, 0.15, 0.2 to study the
impact of 8 on disease extinction in Fig. 5. Fig. 6 shows simulations of the solution

(I(t),R(t)) in deterministic model (1.4) and stochastic model (1.5) when 3=0.2.

Figure 5. The stochastic solution (I(¢),R(¢)) under 8 =0.05, 0.1, 0.15, 0.2, respectively.

0.2

Deterministic solution
Stochastic solution | 0.2

Deterministic solution
Stochastic solution

0.18

0.16

0.14

0.12

0.1r

Variable |
Variable R

0.08 -

0.06 -

0.04

0.02

0 200 400 600 0 200 400 600 800
Time t Time t

Figure 6. The numbers of infected individuals I and recovered individuals R in stochastic system (1.5)
and its deterministic system (1.4) when $=0.2.

Summing up, Fig. 3 and Fig. 6 show that the stochastic solution (I(t), R(t))
fluctuates around the deterministic solution regardless of the persistence or extinc-
tion. In other words, the long-time behavior of stochastic epidemic model (1.5) is
consistent with that of the corresponding deterministic model (1.4). Obviously, the
numbers of infectious individuals I and recovered individuals R will decrease and
the rate of disease extinction will be faster when § decreases in Fig. 2 and Fig.
5. To put it another way, the small § plays a positive and effective role in pre-
venting the spread of the disease. Therefore, during the COVID-19 pandemic, the
public health department publishes some effective prevention measures, which can
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reduce the contact rate 3. Measures include wearing a mask, putting in quarantine,
keeping maximum social distancing and lockdown of the city.

6.2. The impact of f.

In this part, for the dynamics of system (1.5), we will focus on the impact of the
maximum reduced contact rate 8. due to coverage media. The parameters are
shown as follows:

a=1;=08~y=0.05\A=03;14=0.1;0, =0.1;09 = 0.1;6; = 3;6, = 3.

Example 6.3. We consider four cases: (i) 8. =0, (ii) 8. = 0.2, (iii) 8. = 0.6, (iv)
B. = 0.8. Fig. 7 presents paths of I(t) and R(t) for stochastic system (1.5) and
deterministic system (1.4). Looking at Fig. 7 from left to right, we can find that the
numbers of infectious individuals and recovered individuals decrease as §, increases
and the stochastic solution (I(t), R(t)) fluctuates around the endemic equilibrium
of system (1.4). It is easy to conclude that the spread of the infectious diseases can
be effectively controlled by media coverage.

Figure 7. The deterministic solution (red) and stochastic solution (blue) for I(t) and R(t) when B.=0,
0.2, 0.6, 0.8, respectively.

6.3. The impact of u

In this part, we concentrate on the impact of the natural birth and death rate p on
long-time behavior of model (1.5). Fig. 8 depicts the variation tendency of Ry, R}
and R§ with variable p € [0,0.4]. Fig. 8 indicates that the existence of stationary
distribution of system (1.5) when p € [0,0.0522). And the stationary distribution
obeys a normal density function when g € [0,0.1). Besides, the disease of system
(1.5) will die out if g > 0.2572. The numerical simulation parameters are shown
below:

a=1;8.=0.1;7y=0.05;A=0.2;0, = 0.2;05 = 0.2;60; = 2:6, =2; 3 =0.3.

Example 6.4. For the following four cases of u: (i) p=0.01, (ii) p=0.05, (iii)
1=0.3, (iv) u= 0.4, Figure. 9 gives information about the stochastic dynamics of
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I(t) and R(t). Clearly, the numbers of infected individuals and recovery individuals
will decline as p rises. The numerical simulations verify a conclusion that a big u
can result in disease extinction.

Then, choosing u = 0.05, we can compute that Ry = 1.2 > 1, which means
that the solution has a normal probability density function ® ~ Ny (E5, X5), where
E3 = (0.0510,0.1020,0.3,0.1) and

0.000234 0.000320 0.000214 —0.000010
0.000320 0.000640 0.000020 —0.000001
0.000214 0.000020  0.01 0
—0.000010 —0.000001 0 0.01

In addition, we can calculate the joint density function of (I, R):

(I, R)
—731.3315e—6756-7568(1-0.0510)°+6756.7568( —0.0510) (R—0.1020)—2470.4392( R—0.1020)°

Computer simulations for the joint density function of ®(I, R) are given in Fig. 10.

Extinction

T
|
@ |
Zo08f |
g |
|
0.6 | Stationary i
distribution |
04 i
1
Densityifunction
1
|
‘: 0.0522 ! 0.1

0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

Figure 8. The variation trends of Ro, R; and R{ with the variable p € [0, 0.4].
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Figure 9. The stochastic solution (I(t),R(¢)) under p =0.01, 0.05, 0.3, 0.4, respectively.

Figure 10. Computer simulations for ®(I, R) C [0,0.1] x [0,0.2].

6.4. The impact of speed of reversions

In this part, we separately study the speed of reversions #; and 65 on the dynamical
behavior of model (1.5) by the method of controlling variables. Assume that the
parameters of epidemic model (1.5) are given by:

a=1,y=005X\=02u=0208 =0.1,00 = 02,00 =0.2.

Example 6.5. (Persistence). We choose 3=0.6 to guarantee disease persistence
of the deterministic system. We separately consider two cases: (i) fixing 62 = 3
to study the effect of 6q; (ii) fixing 6; = 3 to study the impact of #s. For case
(i), we can directly see that R§ > 1 when 6, € [0,12.8757) in the left of Fig. 11.
The specific changes of I and R with #;=1, 2 and 3 can be seen in Fig. 12. In a
similar way, the right of Fig. 11 exhibits the variation trends of Ry, Rj and R§ with
02 € [0,10] under case (ii). Fig. 13 illustrates the stochastic solution (I(¢), R(t))
with 8>=1, 2 and 3. In the above cases, the condition of Theorem 4.1 is satisfied.
Thus, the disease will persist in a long time.



542

Y. Jiang, M. Gao, D. Jiang & J. Ding

18

16

0.6

Figure 11. The variation trends of Ry, R; and R{ with the variable 6; € [0,20] when 6 = 3 (left).
The variation trends of Ry, Rj and R with the variable 63 € [0,10] when 6;=3 (right).
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Figure 12. The solutions of I and R under 6; = 1,2,3 when 02 = 3.

Figure 13. The solutions of I and R under 62 = 1,2,3 when 6; = 3.
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Example 6.6. (Extinction). To investigate the extinction of the disease, we choose
other parameters 3=0.3 to guarantee Ry = 0.75 < 1. We think about two cases: (i)
fixing 2 = 1 to focus on the effect of 0;; (ii) fixing 6; = 1 to explore the impact of
0. The left of Fig. 14 shows the variation trends of Ry, Rj and R§ with 6; € [0, 3.5]
under case (i) and the disease will die out when 6; € [0,2.3292). Fig. 15 explicitly
reveals the numbers of I(t) and R(¢) with different #;= 0.5, 1 and 1.5. Similarly,
for case (ii), the right of Fig. 14 depicts the variation trends when 65 € [0, 3]. If
02=0.5, 1 and 1.5, we can get Rj < 1, which means that the disease will eventually
go extinct (see Fig. 16).

From Figs. 12-13 and 15-16, we can observe that a small speed of reversions has
an unfavorable effect on the stabilization whether persistence or extinction.

Extinction

Extinction

06
05
—Ry
0.4 . i
Ro |
i
03f |——Rg !
| 1.5954
I

Figure 14. The variation trends of Ry, R, and R with the variable 61 € [0, 3.5] when 62 = 1 (left).
The variation trends of Rg, Ry and R with the variable 62 € [0, 3] when 6;=1 (right).

Figure 15. The solutions of I and R under #; = 0.5,1,1.5 when 62 = 1.
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Figure 16. The solutions of I and R under 03 = 0.5,1,1.5 when 6; = 1.

6.5. The impact of stochastic noises

In this part, we separately discuss the impact of environmental noises o7 and o9
on long-time behavior of epidemic model (1.5). The numerical simulations use the
following parameters:

a=1,v=0.05A=0.2,4=02,3, =0.1.

Example 6.7. (Persistence). For the prevalence of the disease in deterministic
system (1.4), we choose (3, 01, 62)=(0.55, 2, 2) to guarantee Ry = 1.375 > 1.
The left of Fig. 17 shows the trends Ry, Rj and R§ with o7 in the interval [0, 1]
when o2 = 0. There exists a stationary distribution if o; € [0,0.7480). Fig. 18
visualizes the trends of I and R with oy= 0, 0.1, 0.2 and 0.3. While, if o7 = 0, the
trends Ry, Ry and R§ with different o9 € [0,0.6] are presented in the right of Fig.
17, which shows the existence of the stationary distribution of system (1.5) when
o2 € [0,0.3740). Similar data simulations are demonstrated in Fig. 19.

2 ——Ry SR
—R], —R

0 0

18 s 1.8 s
RO R0

08 Stationary distribution
>

Density function
0.6

0.3740

0.4
0 02 0.4 06 0.8 1 0 01 0.2 0.3 04 05 0.6

71 %2

Figure 17. The variation trends of Rg, R and R{ with the variable o1 € [0, 1] when o2 = 0 (left).
The variation trends of Rg, R; and R with the variable o2 € [0,0.6] when o1 = 0 (right). Other
parameter values (8, 01, 02)=(0.55, 2, 2).
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Figure 18. The solutions of I and R under o1=0, 0.1, 0.2, 0.3 when o3 = 0.

Figure 19. The solutions of I and R under 02=0, 0.1, 0.2, 0.3 when o1 = 0.

Example 6.8. (Extinction). We choose (3, 01, 02)=(0.35, 0.6, 0.6) to guarantee
Ry = 0.875 < 1, which implies that the infectious disease will not exist for deter-
ministic system (1.4). The left of Fig. 20 illustrates the trends of Ry, R and R§
with o1 € [0,1] when o2 = 0 and shows disease extinction of system (1.5) when
o1 € [0,0.4552). The right of Fig. 20 depicts the similar trends when o € [0, 0.5]
and o1 = 0. If o2 € [0,0.2276), the disease of system (1.5) will be extinct. When
o2= 0, Fig. 21 describes disease extinction with different 1= 0, 0.06, 0.12, 0.18. If
o1 = 0, Fig. 22 shows the analogous data simulations.
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Figure 20. The variation trends of Rg, R and R with the variable o1 € [0, 1] when o2 = 0 (left).
The variation trends of Rg, R; and R with the variable o2 € [0,0.5] when o1 = 0 (right). Other
parameter values (3, 61,02)=(0.35, 0.6, 0.6).

Figure 21. The solutions of I and R under o1=0, 0.06, 0.12, 0.18 when o5 = 0.

Figure 22. The solutions of I and R under o2=0, 0.06, 0.12, 0.18 when o1 = 0.
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Summing up, from Figs.18-19 and 21-22, we can find that small stochastic noises
make the solution of the stochastic system closer to that of the deterministic sys-
tem. In other words, the obvious conclusion is that the fluctuation of the solution
(I(t), R(t)) will become larger as stochastic noises increase.

7. Conclusions

We propose a stochastic SIRS epidemic model with media coverage and two Ornstein-
Uhlenbeck processes. We first show the existence and uniqueness of the solution
with any initial value. Then, we provide sufficient conditions for extinction and per-
sistence, which gives theoretical support for gaining insight into the complex dynam-
ics of disease transmission. Our results reveal that the disease will be extinct with

probability one when R} := R + m \%—1 + m < 1, and the disease
. . . S .__ _ 1 o1 92

will be persistent 1_n a long term when Rf := Ry SVROER) (\/ﬂ + (a+1)\/£) > 1.

Besides, if Ry = L > 1, the solution follows a density function, which provides us

M
a more comprehensive of distribution character near the positive equilibrium point

of corresponding deterministic system. To further analyze the effect of parameters
in detail, Figs. 1-22 show the impact of 3, B, u, the speed of reversions (1, ;) and
stochastic noises (o1, 02) on stochastic SIRS model. It is possible to visually see the
specific impact of these parameters on the development of epidemic and validate
our findings. As a result of our simulations, we conclude that small 5 will effectively
keep down the spread of the disease. Larger p and suitable 3. play a positive role
in preventing the spread of the disease. The speed of reversions and the stochastic
noises are the main factors affecting the stability of stochastic epidemic model.

Some valuable research issues are worth in-depth study. Firstly, due to the lim-
itation of our mathematical approaches to stochastic epidemic model, it is hard to
find a threshold for disease persistence and extinction. Secondly, pulse vaccination
is an important policy to control and prevent the spread of the infectious dis-
ease [39-41]. Therefore, we expect to learn a stochastic SIRS epidemic model with
pulse vaccination and mean-reverting Ornstein-Uhlenbeck process. In addition, in
order to analyze and deal with the probability density function more numerically,
we need to build a more complete and systematic theory. Finally, it is also a signif-
icant question to investigate whether the method used in this paper can be applied
to other stochastic models.
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Appendix A

We give the specific proof of Lemma 5.1.
For the algebraic equation K2 + AY + Y AT = 0, where K = diag(5,0,0), ¥ is
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a real symmetric matrix, and

—a1 —a —as
1 0 0
0 1 0

>>
|

Solving the algebraic equation obtains

CLQ&Q 0 5’2
2(&10,2 — (13) ~2 2(0,10,2 — ag)
= g
5= 0 7 0 = (6;) (3x3),
2(0,10,2 — ag) ( J)(3><3)
5’2 0 CL15'2
2(&1(12 — a3) 2(13(@1@2 — a3)

where 019 = 031 = O3 = 030 = 0. If a1 > 0,a3 >0 and ajas — as > 0, then we can
get

~9 ~4
15 o
>0, 011022 = ag

011 = as > O,

4(arag — az)?
<2
9 ai1a9 g
_ — -1
022(011033 — 073) = O2a( s )4(a1a2 —a3)?

2(&1&2 — a3)

>0,

which implies that all leading principal minors of the matrix X are positive. Hence
X/ is positive definite. The proof of the Lemma 5.1 is confirmed. [

Appendix B

The method of transforming standard is provided. R
Consider the algebraic equation G2 +AY + X AT = 0, where G = (0,0,0,0) and
a1 iz @13 G4
Q- 21 Gog Q23 (24
0 ase ass asq

0 0 0 awu

Assume that @z # 0, a2 # 0 and a4 # 0. Using the linear transformation of
ordinary differential equations, we set dX = AXdt, X = (v1,22,23,24)7, Y =
(y1,92,y3,y4)" and let

Y4 = X4,

Y3 = I3,

Yo = Y5 = dr3 = A3p2 + U333 + U344,
Y1 = y/2 = &326[352 + &33dl’3 + C~L34d£174

s ~ Y - ~2 - - -
= Qg1032%1+ (G2 +a33)A3202+ (A23G32+a53) T3+ (G24G32+A33G34 +A34044) 4.
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We get
G103 (G22 + G33)a32 A3ds2 + G35 Aoadse + dza(dAss + Gaa)
_ 0 a a a
i 32 33 34
0 0 1 0
0 0 0 1

Here, M is the standard transformation matrix. Then one has

dY = MdX = MAXdt = MAM 'Y dt.

That is
Y1 —€1 —€2 —€3 —€4 Y1
1 0 0 0
ay=da| % | = 1, (7.1)
Ys 0 1 0 0 Y3
Ya O O O —&44 Ya
where

—€1 —€2 —€3 —€4

i 1 0 0 0
0 1 0 0

0 0 0 —au
Hence, the standard transform matrix M is obtained.
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