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Modeling the Influence of Treatment Accessibility
and Treatment Compliance on the Dynamics of
HIV /AIDS
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Abstract The invention of highly active antiretroviral treatment (HAART)
revolutionalized the treatment of HIV and brought hope to millions of indi-
viduals living with the virus. However, the eradication of HIV has proved
difficult owing to many factors including accessibility and treatment compli-
ance, particularly among many individuals in low income countries. Thus, we
developed a model in terms of a system of nonlinear ordinary differential equa-
tions to assess the influence of inaccessibility of treatment and noncompliance
with treatment guidelines by the HIV infectives who are aware of their status
on the spread of HIV. The model was studied qualitatively and quantitatively
using the theory of reproductive ratio and the software Maple respectively.
The results of the analysis showed that early detection, treatment accessibility
and treatment compliance by the majority of the infectives who know their
status are crucial to the minimization of HIV incidence and prevalence.
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1. Introduction

The emergence of human immunodeficiency virus (HIV), the causative agent of
the acquired immunodeficiency syndrome (AIDS), was announced by the Center
for Disease Control and Prevention (CDC) at the start of the 1980s [1]. It was
hoped that vaccines would be created to halt the spread of the disease or possibly
eliminate it as soon as possible. But more than four decades later, no strategy has
been effective to halt or eliminate the virus.

The transmission potential of HIV is affected by viral load - the quantity of virus
in the blood. At present, highly active antiretroviral therapy (HAART) is the best
method to suppress viral load as it reduces the chance of HIV spread by 96% [2].
However, the application of the drugs does not cure HIV permanently, but it does
lower virus multiplicity and, as a result, AIDS related morbidity and mortality.
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Theoretically, HAART is thought to have three major effects: (i) a decreased risk
of secondary infection [3,4], (ii) a decreased infectivity per contact [5,6], and (iii)
an individual effect, such as an increased life span [7] that indicates a decreased risk
of both AIDS and death from AIDS [8,9].

A number of issues shape dynamics of HIV. For example, some HIV-positive
individuals who are aware of the risks and effects of their infection may not always
have access to therapy because it is difficult for them to get it or because the cost
is too expensive for them to bear. This situation neglects this group of infectious
agents and frequently causes a sharp increase in the rate of disease transmission in
the community. The scenario may be related to the fact that a significant num-
ber of HIV-positive individuals, despite being aware of their status and in need of
treatment, do not have access to HAART or receive it effectively in low and middle
income countries (LMICs) (particularly in sub-Saharan Africa, where the pandemic
is most severe).

Up till 2019, AIDS accounted for 32.7 million deaths worldwide, and 75.7 million
people became infected with HIV, based on the information from the United Nations
Program on HIV/AIDS [10]. Worldwide, there were 38 million individuals infected
with HIV as of the end of 2019. In addition, 1.7 million individuals became newly
infected with the virus during that year, and over 690,000 people died of AIDS-
related ailments. HIV/AIDS is one of the major obstacles to development; it is not
merely a health problem. It has a significant impact in LMICs, where 95% of all
HIV/AIDS patients reside [11].

Mathematical models remain a crucial tool in epidemiology for comprehend-
ing the transmission of infectious diseases and the effects of intervention initiatives.
The literature and growth of mathematical epidemiology is well documented [12,13],
also see for various models [14-19]. Basically, mathematics plays a crucial part in
the prevention of virus spread by enabling decision-makers to predict the effects
of certain intervention strategies or to develop more effective techniques following
the insights from mathematics. Based on the importance of mathematical models
in disease dynamics, several HIV/AIDS mathematical models have been developed
with one of the earliest attributable to Anderson et al. [20] where two mathematical
models were presented: the first model captured HIV transmission in two popula-
tions of susceptible and infectious individuals; the second model considered three
populations where there is one susceptible population and two infectious popula-
tions with one of infectious populations being AIDS group. Motivated by Anderson
et al. [20], several studies have been conducted over the years on various aspects of
HIV/AIDS dynamics e.g. transmission [21,22], diagnosis [23,24], treatments [25,26]
and optimal control [27-29].

In their contributions to the study of HIV/AIDS, Udoo and Ashezua [30] devel-
oped a mathematical model to analyze the contribution to the spread of HIV/AIDS
of the HIV positive individuals who are in need of treatment but cannot receive
it due to inaccessibility and poor delivery, particularly in resource-poor nations.
The researchers considered five compartments - susceptible S(t), infected individ-
uals who are ignorant of their HIV infection I;(¢), infected individuals who are
not ignorant of their HIV infection I5(t), infected individuals who are not ignorant
of their HIV infection but cannot access treatment [3(¢) and infected individuals
who are not ignorant of their HIV infection and are receiving treatment termed
recovered class R(t). The authors discovered that the inability to access treatment
has the potential to increase and sustain the endemicity of HIV/AIDS epidemic.
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The analysis in [30] leaves some gaps. First, while there are numerous evidences to
support inaccessibility and inadequate distribution of HAART in LMICs, accessi-
bility to HAART is also a source of concern to people living with HIV (PLHIV) in
resource-rich nations. For instance, only 25% of PLHIV in the US have suppressed
viral load [31]. Also, as of 2011, 65% of PLHIV were infectious as a result of un-
suppressed viral load in Canada [32]. Therefore, a model that limits HAART poor
coverage to only resource-poor nations does not really capture the reality on ground.
Second, the use of the term “recovered class R(t)” in the HIV/AIDS study is inap-
propriate as it can be misinterpreted as HIV eradication. Experts have advocated
for HIV persistence management and warned against the use of any terms that may
connote eradication in HIV/AIDS analysis as the disease has not met the eradica-
bility criteria of the World Health Organization (WHO) and the International Task
Force for Disease Eradication (ITFDE) [33-35].

Aside the influence of treatment and treatment accessibility on the dynamics of
infectious diseases, many scholars, for example [36,37], have created and researched
mathematical models illustrating the impact of awareness programs in halting the
development of epidemics because they cause changes in people’s behaviors and at-
titudes toward infection and also make it easier to take precautions that can lower
the likelihood of contracting the disease. [12] proposed an SIS epidemic model to
study sexually transmitted infections (STIs) with considerations that all individuals
in the population are aware of the danger of the disease but only few decides to
restrain by reducing their interactions with the infected individuals and looking for
instant treatments. Also, [38] constructed a model to analyze the impacts of aware-
ness strategies on the transmission of flu. They discovered that awareness programs
could minimize flu but flu eradication would prove difficult with the existence of
immigration. Furthermore, the general implications of awareness campaigns on the
propagation of infectious diseases have also been studied by some researchers [39,40].

Recently, Ayele et al. [27] designed a model to study the roles of awareness
in HIV/AIDS transmission in Ethiopia. They considered two sets of susceptible
and infectious classes. Individuals who are conscious of the risks of HIV/AIDS
and those who are unconscious of it are termed aware susceptibles and unaware
susceptibles respectively. Also, infectives who are unaware of their disease status
and those who are aware of it are termed undiagnosed infecteds and diagnosed
infecteds respectively. A separate compartment is also incorporated for infected
individuals who are receiving treatment and those who have developed AIDS. The
authors studied the model mathematically and discovered that an upsurge in the
population of unaware susceptibles and undiagnosed infecteds is the main challenge
to HIV/AIDS minimization in Ethiopia. They advocated for increase in media
campaigns, screenings and treatments to overcome HIV/AIDS scourge in Ethiopia.

HAART accessiblity is one of the main challenges to HIV/AIDS control. Sirega
et al. [41] and UNAIDS [42] corroborate the claim of Udoo and Ashezua [30] that
a good number of PLHIV do not have access to treatment. It was reported in [41]
that 24% of PLHIV in Indonesia receive HAART while only 30% of PLHIV in the
entire LMICs have access to HAART [42]. Nevertherless, the place of treatment in
the control of HIV cannot be overemphasized and many studies have expounded
benefits of HAART development in the revolution of HIV control and restoration of
hopes to PLHIV [43-45]. However, while it is one thing to have access to HAART,
it is another thing to adhere to HAART guidelines. Beacroft and Hallett [46] have
identified poor adherence to HAART guidelines as a major obstacle to HIV con-
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trol response. It was reported in [47] that many PLHIV especially young people in
South Africa (aged 15-24) do not adhere to HAART. Therefore, there is need to
focus on the implications of treatment accessibility and treatment compliance on
the dynamics of HIV/AIDS to properly guide the policy makers better approaches
to combat HIV/AIDS pandemic. Although HIV/AIDS pandemic has been a sub-
ject of intense mathematical and non-mathematical studies, studies on the overall
consequences of non compliance with the treatment procedures on the dynamics
of HIV/AIDS are relatively new in the literature. Specifically, while Udoo and
Ashezua [30] and Ayele et al. [27] studied HIV/AIDS models with aware infectives
who are on HAART, their models exclude the effects of aware infectives who do not
adhere to treatment procedures.

The present study therefore considers a population wide HIV transmission and
examines the consequences of inaccessibility of HAART and non compliance with
HAART guidelines on the spread of HIV/AIDS. The rest of the paper is organized
as follows. In Section 2, the model and its properties are presented. In Section 3,
the qualitative analysis is presented. The model is studied numerically in Section 4
and the discussion of results is offered. In Section 5, we present the conclusion.

2. Materials and methods

The model considers a low income society N (t), a population that is sexually active
and partitioned into compartments: S(¢) (individuals who can contract HIV), I(t)
(HIV positive individuals who have not been aware of their status), I;(t) (HIV
positive individuals who have been aware of their status and are accessing treatment
and complying with treatment guidelines), I5(¢) (HIV positive individuals who have
been aware of their status and are accessing treatment but not complying with
treatment guidelines), I3(¢) (HIV positive individuals who have been aware of their
status but cannot access treatment), and A(t) (HIV positive individuals who have
developed AIDS). Hence,

N(t)=5)+I(t)+ I1(t) + Ia(t) + Is(t) + A(t). (2.1)

Because of its pandemic nature and the fact that HIV is associated with vertical
transmission, new entrants into the population (either by birth or immigration)
may share the features of individuals in S(t), I(t), I1(t), I2(t) or I3(t). Therefore,
new recruitment is assumed to occur at rate 8 with (1 —by — by — b3 —b4)6, b10, ba0,
bsf and b6 recruited into S(t), I(t), I1(t), Ia(t) and I3(t) respectively. Susceptible
population may contract HIV if they come into contact with individuals in I;(¢),
I5(t) or I3(t) with a force of infection A defined as

A=BI+ (1 =¢1)l1 + (1= ¢2)la+ (1 - ¢3)13), (2.2)

where [ is the contact rate that is sufficient to result in infection and ¢, ¢2 and ¢3
are the HIV reduction factors due to treatments either with or without compliance
for individuals in I (¢) and Iz(¢) and due to just awareness of one’s health status
for individuals in I3(t). Since human behavior is not predictable, allowances are
made for flexibility and changes in human behaviors for individuals in I (¢), I5(t)
and I5(t) in terms of ¢1, @2, and ¢3 respectively. There is tendency for individuals
who have been accessing treatment and complying with the treatment guidlines
to relax. On the other hand, individuals who have been accessing the treatment
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but not complying with the treatment procedures may turn over a new leaf. Also,
individuals who do not have access to treatment may begin to access it. These
possible scenarios can account for fluctuations in the values of ¢1, ¢o and ¢3 but
were not considered in the previous work [27,30].

Although individuals in I5(t) and I3(t) may exercise caution/restraint because
they are aware of their status, they may spread the virus intentionally for reasons
that are best known to them. On the other hand, individuals in I(¢) spread the virus
unintentionally because they are unaware of their status. Therefore, individuals in
S(t) are at higher risk of HIV infection from individuals in I().

A fraction 7 of HIV positive individuals who have not been aware of their status
become aware at a rate « and then move to I;(t), I2(t) and I3(t) with proportion
(1—71 —72)a, 11 and o respectively. HIV infection graduates to AIDS at the final
stage so individuals in I(t), I (¢), I2(t) and I5(t) develop AIDS at rates 91,9, 93
and ¥4 respectively with ¥ < ¥3 < 97 < ¥4. Natural mortality occurs at rate p in
all compartments while in addition to p, death due to AIDS occurs at rate § only
in A(t) compartment. Transmission diagram of the infection is illustrated in Figure
1.

r,0

AS

S(t)

Figure 1. Transfer diagram of the model

In Figure 1, we have I'y = 1 — by — by — b3 — by, I's =1 -7 — 1 and A =
BI+(1—¢1)1 + (1 —¢2)lo+ (1 — ¢3)I5). Given the formulation and Figure 1, we
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come about the following system of ODEs

S=(1=b1 —by—b3—b4)0 = B(I + (1 = p1)]1 + (1 — ¢p2) ]2
+ (1= ¢3)15)S — pS,
T=b00+BI+ (1~ ¢+ (1—¢o)lo+ (1 —$3)13)S — (u+ a+ 1)1,
I} =bof+ (1 — 7 — m)ad — (u+ 99)14, (2.3)
Iy = bsf + miod — (u+ 03) 1,
I = by + moad — (1 + 94)13,
A =0T+ 9501 + UsIy + 9als — (n+ 6)A,
with nonnegative initial conditions

S(0) > 0,1(0) > 0,1;(0) > 0, 15(0) > 0, I3(0) > 0, A(0) > 0. (2.4)

Variables and parameters descriptions are stated below in Table 1 and Table 2
for ease of reference.

Table 1. Nomenclatures for the model variables

Model
Variables | Descriptions

S Susceptible population at time ¢

I Infectious population at time ¢ who are unaware of their HIV positive status

I Infectious population at time ¢ who are aware of their HIV positive status,
have access to HAART and adhering to HAART procedures

I Infectious population at time ¢ who are aware of their HIV positive status,
have access to HAART but do not adhere to HAART procedures

I3 Infectious population at time ¢ who are aware of their HIV positive status
but do not have access to HAART

Table 2. Nomenclatures for the model parameters

Model
Parameters | Nomenclatures
b1,bo,b3,by | fraction of humans recruited into I, I, Is and I3 classes respectively
0 recruitment rate by birth or immigration
153 effective contact rate
o1, b2, P3 HIV reduction factors for individuals in Iy (t), Iz(t) and I3(t)
T, To fraction of HIV individuals who join Iy and I3 after awareness of their status
« rate at which HIV individuals become aware of thier status
91,02,93,94 | rate at which I(t), I(t), I2(t) and I5(t) develop AIDS
0 mortality rate unrelated to HIV
0 mortality rate due to HIV

The analysis can be restricted to the first five equations in (2.3) without changing
the dynamics of the model since AIDS compartment does not contribute to other
compartments [64—66]. The basic features of epidemic models would be verified for
the HIV model and the sixth equation in (2.3) would be excluded from the study.
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It is sufficient to restrict the study to the first five equations in (2.3) since the AIDS
individuals do not influence disease dynamics. Hence, the system (2.3) is reduced
to system (2.5) below

S=(1—=by —byg—b3—b)0 — BT+ (1 —¢1)[1 + (1 — ¢p2)]
+ (1= ¢3)13)S — uS,
I=b10+BI+(1—¢1)1 + (1 — )2+ (1 — ¢3)I5)S
—(p+a+d1), (2.5)
I, = by + (1—71 —m)al — (u+92)14,
Iy = b3l + mr0d — (p + VU3) I,
Is = byl + moad — (1 +V4)13.

First, the well-posedness of the system (2.5) is examined and to achieve this, we
verify whether the model is biologically and mathematically well defined.

Lemma 2.1. Consider the initial conditions of the model in (2.4). Then, the model
solutions S(t),I(t), I1(t), I2(t) and I3(t) are positive for all t > 0.

Proof. Suppose
t=sup{t>0:8(t),I(t),(t), I5(t),I3(t) > 0 € [0,1]}.
Then, £ > 0, and from the first equation in (2.5), it follows that
S=T;—(\+p)S.

% [S(t) exp {MH/;A(S)dSH =Tyexp {MH/;/\(S)dS}

e S(t) exp {utl + /O ! )\(s)ds} — 5(0) (2.6)

ty Y
= / Iyexp [uy —|—/ )\(s)ds} dy.
0 0
Hence,

S(t1) =S(0) exp {—utl - /0 ! /\(s)ds} +exp {—utl _ /O ! )\(s)ds}
« /Otl T, exp [,uy + /Oy )\(s)ds] dy > 0.

Therefore, S(t) > 0,V¥¢ > 0. Similarly, we can establish that I(t) > 0,I;(t) >
0,I5(t) > 0 and I5(t) > 0 which completes the proof for positivity of the model
solutions. O

Also, the boundedness property can be verified for the HIV/AIDS model de-
scribed in system (2.5).

Therefore,

(2.7)

Lemma 2.2. Suppose the model’s feasible region is defined as
0
o= {500,160, n(0. 0. () e B o < v < 2

Then, Q) is positively invariant and attracting for all t > 0.
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Proof. Summing up the model’s equation in (2.5), we have

Nl(t) =0 /J,N — ’191.[ — 192]1 — 193]2 — 194[3

2.8
<60 —puN. (28)

Hence, N'(t) < 0 if N(¢t) > —, since the RHS is bounded above by 6 — puN. Inte-

grating (2.8) then,
N(t) < N(0)e M + 9(1 —e M,
u

0 0 0
In particular, N(¢t) < — if N(0) < —. Also, if N(0) > —, then N(t) enters Q2
I
or approaches it asymptomatically. Therefore, the region €2 is positively invariant
and attracting under the flow induced by the model. Thus, in 2, the model is
epidemiologically well-posed. Hence, the model can be studied in 2. O

3. Qualitative analysis

The system (2.5) shall be studied analytically to obtain some basic results.

3.1. Disease-free equilibria (DFE)

Assuming &, represents the DFE such that & = (S°,1°,17, I3, IS). Then, solving
for the model variables when the RHS of the system (5) is zero, we obtain

E = (9,070,0,0) . (3.1)
"

3.2. Effective reproduction ratio, R.

The effective reproductive ratio (R.) measures the average number of secondary
infection which an infected individual is able to produce throughout his lifetime in
an entirely susceptible population where intervention strategies against the infection
are on ground [48]. The R, is essential in epidemiological study to check whether
the disease clears out or persists within the population. The effective reproductive
ratio (R.) has the characteristics that when it is less than one (i.e., R. < 1), the
population of infected individuals diminishes and the disease tends to eradication
but when it is greater than one (i.e., Re > 1), the population of infected individuals
rises and the disease escalates in the population. To derive R, the next generational
matrix (NGM) approach is usually used [49]. The dominant eigen value of the NGM
represents the R, [50]. Given the system (2.5), R, is calculated from the infectious
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compartments thus:

B+ (1 =)+ (1—¢2)l2+ (1 —¢3)15)S
0
F = ,
0
0
(3.2)
(p+a+91)I
v (h+92)[1 = (L =71 — 2)ad
(/L+193)[2 —7'10&]
(/L+194)13 — ol
We determine F' and V' at DFE so that
BS° B(1—¢1)S° B(L — ¢2)S° B(1 — ¢3)5°
0 0 0
F= ,
0 0 0 0
0 0 0 0
(3.3)
(p+ a+91) 0 0 0
Vo —(1—7’1—7'2)a (M+192) 0 0
—T & 0 (M—Fﬂg) 0
—To(x 0 0 (/L+194)
The inverse of V' gives
1
—_— 0 0 0
(p+a+9)
1-— T1 — TQ)O[ 1 0
v-1| (Wt a+d)(p+d2) (u+1D2)
T
0 -
(1 +a+01)(p+ J3) (1 +7s)
ToX 0 0 o
(L4 a+ 1) (p+ 94q) (14 V)
R. is the spectral radius of FV~! and is computed as
_ 650 B(l*@bl)so(l*Tl*Tg)a
T (pta+) (1 +a+91) (1 + V2) (3.4)
ﬁ(1—¢2)SOT1a 5(1 —¢3)SOTQOZ '

(m+a+91)(p+93)  (p+a+91)(p+94)

R. is the threshold parameter for HIV minimization or escalation (under some
suitable conditions, such as the absence of backward bifurcation [51]). Generally,
if Re > 1, then a single HIV positive individual can spread the virus to more than
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one individual, thus escalating the virus in the population. On the other hand, if
Re < 1, then an infected individual does not spread the virus to a single person;
hence the virus is minimized in the population. In (3.4), the significance of HAART
is revealed in terms of the parameters ¢, g2 and ¢3. If these parameters are absent
(i.e., 1 = ¢ = ¢p3 = 0,) then R, > 1 is more feasible. But, if ¢; — 1,05 — 1
and ¢3 — 1, then R, < 1 is likely to be achieved because HIV transmission from
I,,I> and I3 becomes zero under the condition. ¢ is likely to tend to one if HIV
positive individuals who are aware of their status and who are accessing HAART
and complying with HAART guidelines do not relax. ¢s is also likely to tend to one
if HIV positive individuals who are aware of their status and accessing HAART but
who are not complying with HAART guidelines turn over a new leaf. Lastly, ¢3 is
likely to tend to one if HAART becomes accessible to all HIV positive individuals
who are aware of their status irrespective of their locations or economic status.

3.3. Disease-endemic equilibrium (DEE)

Disease-endemic equilibrium occurs when the virus invades the population. Under
this condition S*, I'*, Iy, I5, I5 > 0. Reducing the RHS of (2.5) to zero then

& = (5" 1" 11,13, I3), (3.5)
where in terms of I*,
§* — m1l'y
N I} {mll* + mg[bge + FgOéI*] + mg[b39 + TlaI*] + m4[b49 + 7'205[*” + pumq ’
« bsl + Tyl ™
If=—
p+ o
« b3 + mald*
I, =——-,
p+ I3
v bif+mal”
I3 = —m—
o+ vy
(3.6)
and
col*™ 4+ 1T + ¢y =0, (3.7)
with
co = —pmi(p+ a+ 91)[m1 + maolea + myma + mymeal,

c1 = b10my f(mi+malaa+mamiat+myrea)+my ST (my+melea+msmia+myma)
—m1B0( + o + 1) [mabs + mabs + mabs] — m3 (1 + o + 91,

Cy = m1b192ﬂ(m2b2 + m3b3 + m4b4) + mlﬂﬁfl(mgbg + m3b3 + m4b4) + m%blﬂu,
my = (4 02)(p+ V3)(p + Pa),mz = (1 = d1)(p + I3) (1 + V),

m3 = (1= ¢2)(p + U2)(p + V), ma = (1 = b3)(p + P2) (10 + I3)

Fl :(1—b1—b2—b3—b4),F2:(1—7’1—7’2).

Since ¢y < 0 and ¢y > 0, then the product of the roots cocay < 0. Therefore, one
of the roots in (3.7) is necessarily be positive which stands for I*. Hence, S* > 0,
I* >0, If >0, I3 > 0 and I > 0 which establishes the existence and uniqueness
of the disease-endemic equilibrium £*.
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3.4. Local and global stability of DFE, &,

The stability of &, both local and global, depends on R.. &, is stable locally and
globally if R, < 1 but it is unstable if R, > 1. To verify the existence of local
stability for &, we compute the Jacobian matrix of the system (2.5) around the
DFE, &, and the result is stated in (3.8)

—p —BS° =B = ¢1)5° =B(1 — ¢2)5° —B(1 — ¢3)5°
0 pS°—(pta+ii) B(1—¢1)5° B(1—¢2)5° Pl —¢3)5°
JE)=10 (I-m-m)a  —(u+vs) 0 0
0 T 0 —(u + 193) 0
0 Toou 0 0 —(p+7Y4)
(3.8)
In (3.8), A1 = —p and the remaining solutions of J(&,) are contained in B given as

BS° = (n+a+91) B(1 —¢1)S5° B(1 = ¢2)5° B(1 — ¢3)5°

1—7m — —(u+v 0 0
B— ( T — T2) (1 2) . (3.9)
T 0 —(u + 193) 0
Tox 0 0 —(M + 194)

Following Gershgorin’s circle theorem [52], the following hold for matrix B

Ri: (n+a+v1)>p8S"+8(1—¢1)S°+ 81— ¢2)S°+ B(1 — ¢3)5°,
Rs: (/,L+192)>(1—7’1—7'2)Oé,
Rs: (M+193)>710z,
Ry: (n+94) > ma,
which give
Be 1e BST L B1=0)S° | BL—02)S° | B1-6u)S"
b (p+a+d) (p+a+d) (p+a+d) (p+a+v1)
(1-7 — )
Ry: 1>——— =
20T it ) (3.10)
. (1w +93)
. TolX
Ry: 1> 7(/14-1-?94)
Combining Ry, Ro, R3 and R4 then
1> ﬁSo 5(1—(}51)50(1—7'1—72)&
(u+a+v) (p+a—+91)(p+ 92) (3.11)
B(l—¢2)S°7'1a ﬁ(l—d)g)Snga )

(h+a+91)(u+93)  (p+a+d)(u+da)
In view of (3.4), (3.11) becomes 1 > R,.
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Hence, R. < 1 and the DFE is locally asymptotically stable for R, < 1. To
establish the global stability of DFE that guarantees total minimization of HIV
regardless of the initial sizes of the susceptible and infectious populations, we con-
struct a Lyapunov function U(t) as in [53] as follows

U(t> = A1I + A2I1 + Ag[g + A4I37
with time derivative
U(t) = AT + Aoy + Asly + Ayls, (3.12)

where Ay, ..., A4 are nonnegative constants whose values do not alter the positivity
or negativity of U(t). We substitute for I, 1}, I and I first in (3.12) and after a
few algebraic manipulations with Iy = I + I3 = Ay = Ay = A3 = Ay, = 1 and
neglecting some terms, we obtain

) <[5+ (17 - a0

B — ¢2)5° B — ¢3)5°

—&—Tlocm—i—ma it 0a) —(p+a+99)]I
_—
. ﬁSo 5(1—¢1)SO(1—7‘1—’7’2)OZ
) <(eva+ 0 |
5(1 — ¢2)50710t 5(1 — ¢3)SOTQQ . 1 I
(n+a+91)(p+93) (+a+91)(p+9q) '
Hence, )
Ut) < (u+a+91)[Re — 11, (3.13)

where I signifies the existence of HIV in the population. The inequality (3.13)
indicates that U(t) < 0 if R, < 1. Again U(t) = 0 at DFE {&,} where I = 0.
Consequently, (I, 11,I5,13) — (0,0,0,0) as t — oo and evaluating the model (2.5)
at I = 11 = I, = I3 = 0 gives S — S° as t — oo for Re < 1, and hence
following [54, Theorem 2.3.1], the DFE {&,} is GAS if R, < 1.

3.5. Local and global stability of disease-endemic equilibrium,
8*

As in DFE, &,, the stability of £* depends on R.. However, unlike in &,, £* is
stable locally and globally if R, > 1 while it is unstable if R, < 1. To examine the
local stability of £*, we linearize (2.5) about £* and the result obtained is in (3.14)

—(u+di1) —dy —ds—dy —ds
dq do —dg ds dy ds
J(E) = 0 Ly —d: 0 0 |, (3.14)
0 T« 0 —dg O
0 ToOx 0 0 —dg
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where dy = S(I* + (1 — ¢1)IT + (1 — ¢p2)I5 + (1 — ¢3)13),d2 = BS*,ds = B(1 —
$1)S*,ds = B(1—=¢2)S*,d5 = B(1—¢3)S*,ds = (p+a+11), T2 = (1-11—72)a, d7 =
(1 +D2),ds = (u+93),dg = (1 + V4).

The characteristic equation of (3.14), using software maple, is

DoAY + pIAL + p2Ad + p3AZ + padi 4+ ps =0, (3.15)

where

po =1,

P11 = [dg+d8+d7+d6+d1+ﬂ—d2],

po = [d1(dg + d7 + dg + dg) — da(d7 + ds + do + p) — dsT'2 — Ta(ds + ds) + de(d7 +

dg +dg + p) + (dg + dg + p) + ds(dg + p) + dop],

ps = [d1ds(d7 + ds + dg) + d1d7(ds + dg) + d1dsdyg — dad7(dg + dg + 1) — dods(dy +

) — dodgps — Tods(ds + dg + p) — dato(dr + do + ) — dsTa(dr + dg + p) + ded7(ds +

do + 1) + deds(dg + 1) + dedopt + drds(dg + p1) + drdgp + dsdop],

pa = [—dsdrTa(ds + p) — dsdsTop+ didedy (d7 + dg) + d1dsdg(d7 + da) — dadop(dr +

dg) —dsdol's(ds + p1) — dadoTa(d7 + ) + drdedy (ds + 1) + dgdo pu(ds + d7 ) — dadrTop+

didedrdg — dgp(dady 4 dsl'y — dgdy)],

Ps = d7d9d8(d1d6 - dz,u) + d6d7dgd8,u - d77’0¢ﬂ(d5d7 + d4d9) - dgdgdslurg.
Following Routh-Hurwitz criteria [55], the roots of (3.15) are all negative and

&* is locally asymptotically stable if the following inequalities are true

P1p2p3 > Pa + 0ipa,  (P1pa — ps)(P1paps — P2 — Pipa) > ps(prp2 — p3)* + pips.

For the global attractiveness of £*, we formulate a Lyapunov function V as in [56]

as follows

(z; — x})?, (3.16)

| S

V=($1,-~-,$5)=Z

7

where x; = (5,1, 11, I3, I3) and «f = £* = (S*, I*, I, I3, I3).
Choosing ¢; = 1 then,

5
-1

V(S0 11, Ta, Ts) = 3((S =8+ (I=1")+ (= )+ (I = 5)+ (= B, (3.47)

Therefore,
i (S=S")+(I-TI )+(11—Il)+(12—12)+(13—13)}%(S+I+Il+12+13). (3.18)
In (3.18),
d d
— I+ +1,+13)=—N(t 1
S(S+I+ I+ I+ ) = 2N () (3.19)
and from (2.8),
%N(t) <60 —puN. (3.20)
Notice that 0
S+I+Il+12+13§; (3.21)
implies that
S*+I*+If+[2*+1§§£, (3.22)

I
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since the population before the outbreak is always greater than or equal to the

d
population during or after the outbreak. Now, we take %N(t) =60 — uN in (3.20)

6
and S* + I* + Iy + I3 + I = — in (3.22) and substitute the results in (3.18) to
W

obtain o 0
= (N-Z — uN 2
= (v 2) -, (3.23)
which simplifies to
av 1
— =——(0—puN)% .24
&= 0= (3:24)

In (3.24), %/ < 0but zero if $ = S* I = I*, I, = I},I, = I} and Iy = I
Further, all the solutions of (5) approaches £* as t — oo (see [57]); hence the
largest compact invariant set in {S(t),[(t),[l (1), I2(t), Is(t) € Q- % < O} is the
singleton set £*. Therefore, following LaSalle’s invariant principle [58], the disease
endemic equilibrium £* is GAS in 2 whenever R, > 1.

3.6. Bifurcation analysis

It is claimed in subsection 3.2 that the effective reproduction ratio R, is the thresh-
old parameter for HIV minimization or escalation (under some suitable conditions,
such as the absence of backward bifurcation ( [51,55]). If R. < 1 and backward
bifurcation does not exist, then the strategies that are incorporated in the model
are sufficient to put HIV transmission under perfect control in the population. On
the other hand, if R, < 1 and backward bifurcation exists, then the strategies that
are incorporated in the model do not subdue the HIV spread in the population.
Hence, there is a need for additional efforts to bring the disease under control. For
this reason, the analysis of bifurcation plays an important role in determining dis-
ease permanence or eradication when R, < 1 in mathematical epidemiology. If
backward bifurcation does not exist when R, < 1, then policy makers can hold on
to the strategies that achieve the condition to overcome the spread of HIV in the
population. But, if R, < 1 and backward bifurcation exists, then policy makers had
to put in more effort if the virus escalation is to be championed in the population.
We shall investigate the existence of backward bifurcation for our model using the
popular center manifold theory due to [59] employed in [51,55] to verify whether the
controls incorporated in the model are sufficient to bring HIV transmission under
control in the population or not. To verify the existence of backward bifurcation, we
choose [ as the bifurcation parameter and it changes to 8* at the bifurcation point
R. = 1. Also, the model variables S, I, I, I, and I3 are denoted by x1,x2,x3, T4
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and x5 respectively so that the system (2.5) is rewritten as

X1 =(1—by —by—b3 —b4)0 — B (z2 + (1 — ¢1)z3 + (1 — ¢p2)xs
+ (1= ¢3)xs5)T1 — Py,
Ty =b10 + B (z2 + (1 — ¢1)x3 + (1 — p2)as + (1 — ¢3)x5)71
— (p+ a4+ Y1)z, (3.25)
23 =bof + (1 — 11 — T2)axs — (u + J2)xs,
Ty =b30 + Taws — (u + 93)T4,
X5 =bsl + Touwe — (p + V4)xs.

The Jacobian matrix of (3.25) at DFE &, with § = 8* is calculated in (3.26)

J(&0)lp=p-
—H —B*5° —B* (1 — ¢1)5° =B*(1 — ¢2)5° —B*(1 — ¢3)S°
0 f*S° —(p+a+di) Br(1—¢1)S° B*(1—¢2)5° B*(1—¢3)S°
=10 (1—-7 — 7o) —(p+ 92) 0 0
0 T 0 —(p+93) 0
0 Toau 0 0 —(p+94)

(3.26)

The right eigenvectors of J(&)|s—=p~ represented by w = (w1, ws, w3, ws, ws)T is
then computed as

_BSE et ds) A= 9)A =7 = 7)(k+ Ya)

w1 =

7 (p1e To(p + 02)
(1 — ¢2)71 (1 + Y4)
v (- <0, 3.27
72 (i + 03) (1—¢3)| ws (3.27)
Wy = MU% >0, (328)
ToX
(1 =71 —72)(p+V4)
w3 = ws > 0, 3.29
T1(p + 94)
_nletva), o 3.30
Y et )" (3.50)

Again, the left eigen vector v = (v1,v2, v3,v4,v5)7 for J(&)|s=p+ which meets the
condition v.w = 1 is v; = v3 = v4 = v5 = 0 but v = v9 > 0. The bifurcation
coefficients, a and b with b always positive, are defined in [59, Theorem 4.1]. The
definitions and computations of a and b for the present model are as follows

: & fi
a= Z ”’““’iwjax-ax-(o’o)’
i0Tj

ki, j=1

= 27]2’(1}171125*.
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In view of (3.27) and (3.28),
a = —2vwiws5*. (3.32)

Also,

- P fi
b= ; 0,0),
2 vk oz05 0 (3.33)

kyi=1
= vawz[l + (1 = ¢1) + (1 — ¢2) + (1 — ¢2)]S° > 0.

Since a < 0 and based on Theorem 4.1 in [59], the model does not undergo back-
ward bifurcation. The implication is that HIV spread could be greatly reduced if
the proposed interventions are observed with utmost seriousness. Policy makers in
HIV “hot regions” particularly in sub-Saharan Africa can overcome the problem
of the virus if appropriate measures are put in place to ensure that: (i) HIV posi-
tive individuals who are aware of their status and who are accessing HAART and
complying with HAART guidelines do not relax; (ii) HIV positive individuals who
are aware of their status and accessing HAART but who are not complying with
HAART guidelines turn over a new leaf; and (iii) HAART becomes accessible to
every HIV positive individuals who are aware of their status irrespective of their
locations or economic status.

3.7. Sensitivity analysis

A good number of factors that have been developed theoretically in (3.4) affect
HIV transmission in the population. These factors also govern the occurence of
HIV escalation R, > 1 and HIV minimization R, < 1. The relative impacts of
these factors to HIV spread and minimization are computed theoretically in (3.34)
employing the approach in [53,55].

, BS° (I-¢)(A -1 —m)a  (1-¢)na
ﬁ'(u+a+191)73e{1+ (1 +92) MRS
(1 - ¢3)ma }
(n+a+0)(n+94) )’
BS°(1—1 — ) o1
o1 Ttat o) (utvy) R (3.54)
ot — BS°Ti " @
(n+a+d)(p+93) R
a1 — BS° T @

X .
(p+a+d)(p+ds)  Re

The results in (3.34) provide a simple guide to the policy makers about the ways to
follow to minimize HIV transmission in the society. It is shown that parameters g
could increase the spread of the virus because it is positively related to R.. There is
a need to focus the parameter with the implementation of appropriate policies. On
the other hand, parameters ¢, ¢2 and ¢3 could reduce HIV spread because they are
negatively related to R.. Therefore, the three interventions should be prirotized in
HIV control.
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4. Simulation and discussion

Numerical simulations are performed by employing parameter values in Table 3.
The values for the parameters are either assumed or estimated or taken from the
related literature. We focus on a low income society and take estimates for some
of our parameters from the published works that are related to sub-Saharan Africa
(SSA) where the virus is most ravaging. For instance, the estimation for u is outlined

1
in [60]. The life expectancy for SSA in 2019 was 61.63 years so p = 6163 ~ 0.016
[60]. Also, based on the estimate in [61], people living with AIDS Thave a life

expectancy of 3 years so § = 3 ~ 0.3333. The units for the parameters are measured
per year.

Table 3. Parameter values employed for simulations

Parameters Values Source
b1,b2,b3,b4 0.35, 0.25, 0.17, 0.1 Assumed
I 0.016 [60]
B8 0.3425 [62]
b1, d2, O3 0.85, 0.6, 0.25 Assumed
T, T2 0.35, 0.1 Assumed
@ 0.01 Assumed
Y1,92,93,94 | 0.095, 0.01, 0.035, 0.065 | Assumed
0 0.015 Assumed
0 0.3333 [61]

Given Table 3, the indices of sensitivity derived analytically in (3.34) are com-
puted in Table 4.

Table 4. Indices of sensitivity for key parameters in relation to Re

Parameters | Signs | Sensitivity indices
B + 1
01 - 0.168
b2 - 0.039
@3 - 0.003

In Table 4, the effective contact with the HIV positive individuals () has a direct
relationship with the transmission parameter R, to the extent that a 10% change in
(B) activates a corresponding 10% change in R.. It is therefore evident that every
effort to prevent HIV transfer from HIV positive individuals to the susceptibles
should be promoted. Some of these efforts are in terms of ¢1,¢2 and ¢35 whose
indices of sensitivity are stated in Table 4. A 100% change in ¢1, o and ¢3 could
change R. by about 20%, 4% and 1% respectively. It is evident, based on the
indices of sensitivity for ¢1, ¢ and ¢3, that awareness of disease status could limit
HIV spread and reduce the burden of the disease in sub-Saharan Africa. Better
still, these efforts would be more effective as the magnitude of ¢, @2 and ¢3 tend
to increase if there is total accessibility of HAART to everyone living with HIV and
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Figure 2. (a) Sensitivity indices of contact rate 8 and the reduction factors ¢1, ¢2 and ¢3. (b) Changes
in the contact rate 8 and reproduction ratio R, due to changes in the reduction factors ¢1, ¢2 and ¢s.

at the same time, total compliance with HAART procedures by the HAART users.

With Table 3, another important epidemiological parameter, the herd immunity,
can also be evaluated to determine the coverage threshold of ¢1,¢2 and ¢3 that is
necessary to stem the spread of HIV in the society. Herd immunity, in disease
modeling, is the fraction of the population that must be immuned to an infection
through vaccination to curb the spread of the infection [63]. The herd immunity,
following [63], is computed using the formula

1

H =1 R (4.1)
For the model, R, is evaluated as 2.76 (approx.). Hence, the herd immunity H;
for the system is 64% (approx.). The result obtained for H; shows that HAART
accessibility to all that are aware of their HIV positive status and adherence to
HAART procedures by these people must exceed 64% to overcome HIV transmission
in the society. In the model, HAART accessibility and the level of adherence to the
HAART procedures are quantified in terms of ¢1, ¢po and ¢3. The herd immunity is
achieved in the population when the quantities ¢1, ¢o and ¢3 are combined so that
Re < 1. We therefore investigate the combinations of ¢1, ¢2 and ¢3 that reduces the
transmission parameter (3) to the points where R. is below unity using the values

in Table 3 as the base. The result of the analysis is in Table 5.
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Table 5. Combinations of (¢1, ¢2, ¢3) and the corresponding effects on 3 and R.

S/No. | Changes in ¢1 | Changes in ¢ | Changes in ¢3 | Effect on 8 | Effect on Re
1. 0.85 0.6 0.25 0.3425 2.76
2. 0.86 0.61 0.26 0.3225 2.60
3. 0.87 0.62 0.27 0.3025 2.45
4. 0.88 0.63 0.28 0.2825 2.27
5. 0.89 0.64 0.29 0.2625 2.11
6. 0.90 0.65 0.30 0.2425 1.94
7. 0.91 0.66 0.31 0.2225 1.78
8. 0.92 0.67 0.32 0.2025 1.62
9. 0.93 0.68 0.33 0.1825 1.46
10. 0.94 0.69 0.34 0.1625 1.30
11. 0.95 0.70 0.35 0.1425 1.14
12. 0.96 0.71 0.36 0.1225 0.98
13. 0.97 0.72 0.37 0.1025 0.82
14. 0.98 0.73 0.38 0.0825 0.66

In Table 5, the herd immunity is attained in S/No. 12 where ¢; is almost 100%,
@2 exceeds 70% and ¢3 is about 40%. This shows that to overcome the burden of
HIV in endemic regions, the accessibility and the adherence level of HAART must be
very high for individuals who have the knowledge of their HIV positive status. Now,
with parameter values in Table 3 and given that S(0) = 24,365, I(0) = 500, I;(0) =
90, I5(0) = 35 and I3(0) = 10, graphs are plotted for the model in Figures 3, 4, 5, 6
and 7 to visualize the effects of HAART accessibility and compliance with HAART
procedures on the dynamics of HIV in the society. The initial conditions used to
plot the graphs are proportional to the total population N(0) as in Ayele et al. [27].
Figure 3 shows the effect of changes in the transmission rate on the dynamics of HIV.
Figure 4 indicates the effect of changes in the rate of awareness on the dynamics
of the disease. Figure 5 shows the effects of changes in the proportion of aware
infectives who have no access to HAART on the dynamics of HIV. Figure 6 reveals
the effect of low accessibility and low compliance with HAART procedure on the
dynamics of HIV while Figure 7 shows what happens when the accessibility and the
compliance rates with the HAART procedure are optimum.

As indicated in Table 4, the importance of transmission parameter g is further
revealed in Figure 3. A continuous increase in transmission rate S produces a
tremendous decline in the population of susceptible individuals (Figure 3(a)) which
in turns instigates a rise in the population of the infectives (Figures 3(b),(c),(d),(e)).
As shown in Figure 3(b), the population of HIV unaware infectives tended to be
most affected where HIV transmission is not adequately checked.

As the awareness of the dangers and modes of transmission of HIV spreads
and increases, the population of the unaware HIV infectives drops as indicated in
Figure 4(b). It is evident from Figure 4(b) that if awareness of HIV is maintained at
a high level for a long period of time, then the population of unaware HIV infectives
could be drastically reduced. The increase in the population of the susceptible
individuals in Figure 4(a) is not related to the awareness parameter but to influx
into the population. This influx brings about an increase in the population of aware
infectives who adhere to HAART guidelines and those who do not adhere to it as
well as those who do not have access to HAART as indicated in Figures 4(c),(d),(e)
respectively.
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Figure 3. (a) Effect of increase in 8 on the population of the susceptibles. (b) Effect of increase in 3
on the population of unaware infective. (c¢) Effect of increase in 8 on the population of aware infective
who do not default HAART. (d) Effect of increase in 8 on the population of aware infective who do not
have access to HAART. (e) Effect of increase in 8 on the population of aware infective who do not have

access to HAART.
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If a group of aware HIV infectives are at the disadvantage in accessing HAART
either as a result of their location, social or economic status, then there is a ten-
dency for more and more of those individuals to be recruited particularly through
immigration (bs) so that the proportion of the individuals 75 rises in the population.
An increase in the proportion of aware infectives who have no access to HAART 7
has major effects on the populations of the susceptibles and unaware infectives as
indicated in Figures 5(a),(b) respectively. In Figure 5(a), the population of suscep-
tible individuals falls continuously. The fall insigates the rising part of Figure 5(b)
which indicates an increase in the population of unaware infectives. When the un-
aware infectives become aware of their HIV positive status, the curve in Figure 5(b)
begins to fall.

The population of the susceptible individuals tends to fall quickly and move
to zero when many HIV positive individuals do not have access to HAART. The
situation is compounded while only a few of them who have access to HAART
comply with the guidelines of the medicine. In Figure 6(a), the population of the
susceptibles falls and moves to zero after ten years due to poor accessibility of
HAART and poor compliance with HAART procedure. This falls instigates an
increase in all the populations of the infectives in Figures 6(b),(c),(d),(e).

When the HAART accessibility and the compliance rates with the HAART pro-
cedure are optimum, the population of susceptible individuals does not deplete but
rather expands and there is limitation to HIV propagation. This is illustrated in Fig-
ure 7. With high rate of accessibility of HAART and high adherence rate to HAART
procedure, the susceptability curves shift upward (Figure 7(a)). An upward shift of
the curves in Figure 7(a) implies that few people contract HIV. Although there is
an increase in the populations of all infectives as shown in Figures 7(b),(c),(d),(e),
the increases are at a decreasing rate because the curves shift downward. Looking
at the figures, Figure 3 through to Figure 7, one can deduce that herd immunity
is attained in Figure 6 because it is the only figure where all the curves for the
infective classes shift downward.

5. Conclusion

This work proposes and analyzes a mathematical model to examine how HIV trans-
mission is impacted by accessibility of HAART and adherence to recommended
practices. The set of solutions for which the model is both biologically and techni-
cally meaningful is determined using differential equation theory. Besides, there was
also proof of the boundedness of the model solutions. Two potential solutions, the
disease endemic equilibrium £*, and the disease-free equilibrium &,, were identified
via model analysis. Additionally, we derived a threshold parameter R, which is
the model’s effective reproductive ratio. It is shown that the DFE is asymptotically
stable both locally and globally when R, < 1, and that the endemic equilibrium
occurs and is stable both locally and globally when R, > 1. The derivation of the
threshold parameter R, has some health ramifications since it suggests that lim-
iting the parameter below unity could be essential to stop the HIV epidemic from
spreading provided that the model does not undergo backward bifurcation. Using
the center manifold theory, we carried out bifurcation analysis and discovered that
the model does not undergo backward bifurcation.

To confirm the analytical findings, we have also run numerical simulations. It
has been demonstrated that a decrease in the population of the susceptibles results
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from an increase in the effective contact rate between HIV infectives and suscepti-
bles, and vice versa. The effective contact rate could also be aggravated and the
population of the susceptibles be impacted significantly if the proportion of the HIV
infectives who do not have access to HAART increases and if there is poor adher-
ence to recommended practices of HAART. We have also demonstrated that when
people are sufficiently aware of the risks and HIV transmission pathways, the disease
burden on society declines as the number of people who are susceptible increases.
This, however, is only possible when the effective rate of HIV infection among sus-
ceptible people is sufficiently lowered. Therefore, based on our model analysis, both
the numerical and theoretical results attribute the persistence of the rise in HIV
prevalence in the population to HIV-positive individuals that are not able to ac-
cess HAART and to HIV-positive individuals that are able to access HAART but
do not adhere to the recommended practices of HAART. The sensitivity and herd
immunity assessments shown in Table 4 and Table 5 are supported by the graphs
that were produced from our numerical simulations. Therefore, access to HAART
should be increased in order to slow HIV spread in endemic areas, especially in
sub-Saharan Africa. Also, awareness programs on the dangers and modes of spread
of HIV should be prioritized in addition to improved testing of the new arrivals
into the society to prevent upsurge in the population of unaware HIV infectives.
Furthermore, while it is one thing to have access to HAART, it is another thing to
adhere to the recommended practices of the medicine. Therefore, individuals who
do not adhere to HAART procedure may be made to face punishment under the
law to promote strict adherence to the recommended practices of HAART.

Lastly, since its appearance in 1981, HIV/AIDS and the opportunistic infections
linked to the disease have been a threat to public health worldwide. This study’s
primary objective is to investigate how treatment compliance and accessibility affect
the spread of HIV/AIDS. The model formulated is not country-specific and can be
used in a variety of contexts, particularly in ones where a very high proportion of
people lack access to HAART and where there is a lack of compliance with HAART"s
suggested procedures. In light of this, the study is set in this context and may be the
first of its type to evaluate the effects of noncompliance with HAART guidelines. It
is crucial to remember that being aware of one’s HIV status on its own is insufficient.
When utilized in conjunction with therapy and when treatment recommendations
are rigorously followed, the benefits of being aware of one’s HIV positive status are
significantly greater. But if treatment is lacking and the recommended practices of
the treatments are not adhered to then the HIV/AIDS escalation would be difficult
to overcome in the population.
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