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1. Introduction

In the 19th century, Charles Hermite and Jacques Hadamard demonstrated in ref-
erences [1, 2] the classical Hermite-Hadamard-type integral inequality of convex
functions, which describes an estimate of the integral mean of convex functions:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
,

wheref : I ⊆ R → R, a, b ∈ I, a < b.
In 1938, Ostrowski gave another inequalities that are estimated for the difference

between the value of a function and the mean of the integrals in [3], which is called
Ostrowski-type integral inequality. Letf : I → R be a differentiable function in
I1(the interior of I) and let a, b ∈ I, a < b. If |f ′(x)| ≤ L, for all x ∈ [a, b], then:∣∣∣∣∣f(x)− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ L

b− a

[
(x− a)2 − (b− x)2

2

]
,

where L is the Liphitz constant.
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Inequalities are known to be an important tool for solving many mathematical
problems. These two types of inequalities above provide an estimate of the mean of
the integrals of a function. They have a very wide range of applications in the field of
mathematical and engineering calculations. For further research, most scholars have
achieved some innovative results by considering the different convexity of functions,
which can be referred to [4–8].

On the other hand, fractional calculus is an important branch of calculus theory.
In 1993, Miller et al. established the theory of fractional differential equations on
the basis of the fractional calculus operator of Riemann-Liouville. In 2006, Kilbas et
al. gave the definitions of Riemann-Liouville left definite integral and right definite
integral in [9]:

RLIαa+ [f(x)] =
1

Γ(α)

∫ x

a

(x− ξ)α−1f(ξ)dξ, x ≥ a,

RLIαb− [f(x)] =
1

Γ(α)

∫ b

x

(ξ − x)α−1f(ξ)dξ, x ≤ b.

Subsequently, many scholars have improved and generalized the definition of frac-
tional calculus operators. For example, Hadamard fractional integral operator,
katugampola fractional integral operator, integrated fractional integral operator,
ψ-Caputo fractional integral operator, etc.

The phenomenon of fractal is almost everywhere in nature, and the fractal prob-
lem is a non-differentiable function problem in mathematics, which is also known
as the ”mathematical pathological problem” in the world. Fractional calculus can
deal with continuous classical power law phenomena, but it cannot solve discontinu-
ities. Therefore, focusing on the mathematical-pathological problems that Newton-
Leibniz calculus cannot handle, Yang proposed local fractional derivatives and local
fractional integrals of non-differentiable functions in references [10, 11], which is
also known as Yang’s fractal theory. At present, Yang’s fractal theory has been
widely used in the field of engineering mechanics and differential equation calcula-
tion, which can be referred to in [12–17]. Based on the theory of local fractional
calculus, the study of integral inequality has also achieved new results. For ex-
ample, according to Yang’s fractal theory, Sun proposed a local fractional integral
operator with Mittag-Leffler kernel in [18], and obtained some inequalities about
the h-preconvex function. Subsequently, Sun and Xu et al. used them to study
the Hermite-Hadamard local fractional integral inequality [19, 20] . In 2024, Sun
studied the local fractional integral inequalities of the Hermite-Hadamard type and
Ostrowski type of the generalized h-preconvex function in [21].Wei gave a new frac-
tal modeling for the nerve impulses based on local fractional derivative in [22].More
recent results can be found in References [23–25].

Therefore, inspired by the existing results, this paper will construct some lo-
cal fractional Hermite-Hadamard-type and Ostrowski-type inequalities for expo-
nentially s-preconvex functions with generalized Mittag-Leffler kernel on the Yang’s
fractal sets. By taking some specific values for the parameters in the main results,
it is possible to obtain some known results or new conclusions in the references.
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2. Preliminarise

Firstly, using Yang’s idea [10, 11], let’s review Yang’s fractal sets Es, s ∈ (0, 1],
where the set E is the base set of fractional set.

The s-type integers set is

Zs = {0s,±1s,±2s,±3s, . . .} .

The s-type rational numbers set is

Qs =
{
qs =

( c
d

)s
: c, d ∈ Z, d ̸= 0

}
.

The s-type irrational numbers set is

∂s =
{
ϱs ̸=

( c
d

)s
: c, d ∈ Z, d ̸= 0

}
.

The s-type real line numbers set is

Rs = Qs ∪ ∂s.

Remark 2.1. If s=1, then the above sets respectively are integer sets, rational
number sets, irrational number sets and real number sets.

The following are opration propertise on Rs. Note that s represents the fractal
dimension, not an exponential symbol.

If θs, ϑs, ιs ∈ Rs, then:
(1) θs + ϑs ∈ Rs, θsϑs ∈ Rs.
(2) θs + ϑs = ϑs + θs = (θ + ϑ)s = (ϑ+ θ)s.
(3) θs + (ϑs + ιs) = (θ + ϑ)s + ιs.
(4) θsϑs = ϑsθs = (θϑ)s = (ϑθ)s.
(5) θs (ϑsιs) = (θsϑs) ιs.
(6) θs (ϑs + ιs) = θsϑs + θsιs.
(7) θs + 0s = 0s + θs = θs, θs1s = 1sθs = θs.
(8) (θ − ϑ)s = θs − ϑs.
(9)For each θs ∈ Rs, its inverse element (−θ)s may be written as −θs; for each

ϑs ∈ Rs | 0s, its inverse element
(
1
ϑ

)s
may be written as 1s/ϑs but not as 1/ϑs.

Here are some definitions and lemmas that will be used in this article.

Definition 2.1. [10] Mittag-Leffler function on Yang’s fractal sets is defined by:

Es (ξ
s) =

∞∑
λ=0

ξλs

Γ(1 + λs)
, ξ ∈ R.

Definition 2.2. [18] Let G : [a1, a2] → Rs be a function on Yang’s fractal sets
and G(ξ) be a local fractional integrable function. The left-side integral operator
Is
a+
1

G and the right-side integral operator Is
a−
2

G of order s ∈ (0, 1) are, respectively,

described as:

Is
a+
1
G(ξ) =

1

ssΓ(1 + s)

∫ ξ

a1

Es

(
(−1− s

s
(ξ − τ))s

)
G(τ)(dτ)s, ξ > a1,

and

Is
a−
2
G(ξ) =

1

ssΓ(1 + s)

∫ a2

ξ

Es

(
(−1− s

s
(τ − ξ))s

)
G(τ)(dτ)s, ξ < a2.
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Remark 2.2. If s=1, then:

lim
s→1

Is
a+
1
G(ξ) =

∫ ξ

a1

G(τ)dτ,

lim
s→1

Is
a−
2
G(ξ) =

∫ a2

ξ

G(τ)dτ.

Definition 2.3. [10, 11] A non-differentiable function G : R → Rs, ξ → G(ξ) is
called local fractional continuous at ξ0, if for any ε > 0, |ξ − ξ0| < ε, there exists
ε > 0, such that

|G(ξ)−G (ξ0)| < εs,

If G(ξ) is local fractional continuous on(a1, a2), then it is denoted by G(ξ) ∈
Cs (a1, a2).

Remark 2.3. If the function G is local fractional continuous at the endpoint value
a1 and a2, then we denote G(ξ) ∈ Cs [a1, a2].

Definition 2.4. [10,11] The local fractional derivative of G(ξ) of order s at ξ = ξ0
is defined by:

G(s) (ξ0) =
dsG(ξ)

dξs

∣∣∣∣
ξ=ξ0

= lim
ξ→ξ0

Γ(s+ 1) (G(ξ)−G (ξ0))

(ξ − ξ0)
s .

Ds (a1, a2) represents the s-local fractional derivative set.

Definition 2.5. [10, 11] Let G(ξ) ∈ Cs [a1, a2]. The local fractional integral of
G(ξ) of order s is defined by:

a1
I(s)a2

G(ξ) =
1

Γ(s+ 1)

∫ a2

a1

G(χ)(dχ)s =
1

Γ(s+ 1)
lim

∆χ→0

N−1∑
j=0

G (χj) (∆χj)
s
,

where a1 = χ0 < χ1 < · · · < χN−1 < χN = a2, [χj , χj+1] is a partition of the
[a1, a2], ∆χj = χj+1 − χj ,∆χ = max {∆χ0,∆χ1, . . . ,∆χN−1}.

We denote G(ξ) ∈ I
(s)
ξ [a1, a2] if there exits a1I

(s)
ξ G(ξ) for any ξ ∈ [a1, a2].

Definition 2.6. [26] Let Ω ⊆ R. If the set Ω satisfies:

ξ1, ξ2 ∈ Ω, 0 ≤ ι ≤ 1 ⇒ ξ2 + ιη (ξ1, ξ2) ∈ Ω,

then Ω is called the invex set regarding η : R× R → R.

Definition 2.7. [27] Let S ⊆ Rn be an invex set with respect to η : S × S → Rn.
A function ψ : S → R0 = [0,∞) is said to be s-preinvex with respect to η and
s ∈ (0, 1] if for every m1,m2 ∈ S and τ ∈ [0, 1]

ψ (m1 + τη (m2,m1)) ≤ τsψ (m2) + (1− τ)sψ (m1) .

Remark 2.4. If s = 1, then the s-preconvex derives preconvex.
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Definition 2.8. [28] Let s ∈ (0, 1] and a real-valued mapping ψ on the invex set
Ω is said to be exponentially s-preinvex with respect to η(., .), if the inequality

ψ (m1 + τη (m2,m1)) ≤ (1− τ)s
ψ (m1)

eαm1
+ τs

ψ (m2)

eαm2

holds for all m1,m1 + η (m2,m1) ∈ Ω, τ ∈ [0, 1], and α ∈ R.

Remark 2.5. If α = 0, then the exponentially s-preconvex derives the s-preconvex.

Condition C: Let A ⊆ Rn be an open invex subset with respect to η : A×A→ R.
We say that the function η satisfies the condition C if for any m1,m2 ∈ A and
t ∈ [0, 1],

η (m2,m2 + tη (m1,m2)) = −tη (m1,m2) ,

η (m1,m2 + tη (m1,m2)) = (1− t)η (m1,m2) ,

and from condition C:

η (m2 + t2η (m1,m2) ,m2 + t1η (m1,m2)) = (t2 − t1) η (m1,m2) .

Lemma 2.1 (Hölder-Yang’s inequality, [10]). If f, g ∈ Cs [a1, a2] , p, q > 1, and
1
p + 1

q = 1, then

1

Γ(s+ 1)

∫ a2

a1

|f(τ)g(τ)|(dτ)s

≤
(

1

Γ(s+ 1)

∫ a2

a1

|f(τ)|p(dτ)s
) 1

p
(

1

Γ(s+ 1)

∫ a2

a1

|g(τ)|q(dτ)s
) 1

q

.

Lemma 2.2 (lemma 3.1, [21]). Let Ω ⊆ R be an open invex set regarding η : Ω ×
Ω → R and G : Ω → Rs(0 < s < 1) be a function with η (a2, a1) > 0, a1, a2 ∈ Ω and

a1 < a2. If G(s)(x) ∈ I
(s)
x [a1, a1 + η (a2, a1)], then for all x ∈ [a1, a1 + η (a2, a1)],

the following local fractional integral identity holds

(1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)

=
ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(Es ((−ρτ)s)− 1s)G(s) (a1 + τη (a2, a1)) (dτ)
s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es(−ρ(1− τ))s)G(s) (a1 + τη (a2, a1)) (dτ)
s

]
.

Remark 2.6. For s→ 1,

lim
s→1

(1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
) =

1

η(a2, a1)
,
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lim
s→1

Es ((−ρτ)s)− 1s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
) = −τ,

lim
s→1

1s − Es ((−ρ(1− τ))s)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
) = 1− τ.

Thus, for s→ 1, identity in Lemma 2.2 becomes

1

η(a2, a1)

∫ a1+η(a2,a1)

a1

G(u)du−G(x)

=η(a2, a1)

[∫ 1

x−a1
η(a2,a1)

(1− τ)G′(a1 + η(a2, a1))dτ −
∫ x−a1

η(a2,a1)

0

τG′(a1 + η(a2, a1))dτ

]
.

3. Main results

Firstly, we will give the local fractional Hermite-Hadamard-type integral inequal-
ity with respect to the exponentially s-preconvex function G(x). In the following
assumptions, ρ = 1−s

s η(a2, a1).

Theorem 3.1. Let Ω ⊆ R be an open invex set regarding η : Ω× Ω → R, and G :
Ω → Rs(0 < s < 1) be an exponentially s-preinvex function on Ω with η (a2, a1) >

0, a1, a2 ∈ Ω for G(x) ∈ I
(s)
x [a1, a1 + η (a2, a1)]. If η(·, ·) satisfies Condition C, then

the following local fractional integral inequalities hold

G

(
a1 +

1

2
η (a2, a1)

)
≤

(1− s)s( 12 )
s

1s − Es

(
(−ρ

2 )
s
) [Is(

a1+
η(a2,a1)

2

)−
G (a1)

eαa1
+ Is(

a1+
η(a2,a1)

2

)+

G (a1 + η (a2, a1))

eα(a1+η(a2,a1))

]

≤
ρs( 12 )

s

1s − Es

(
(−ρ

2 )
s
) [G (a2)

eαa2
+
G (a1)

eαa1

]
1

Γ(1 + s)

∫ 1
2

0

[τs+(1−τ)s]Es ((−ρτ)s) (dτ)s.

(3.1)

Proof. Since Ω ⊆ R is an open set regarding η and a1, a2 ∈ Ω, then a1+η (a2, a1) ∈
Ω. Owing to the exponentially s-preinvexity of G on Ω, then for v, ω ∈ Ω, setting
τ = 1

2 in Definition 2.8, we obtain

G

(
v +

1

2
η(ω, v)

)
≤
(
1

2

)s [
G(v)

eαv
+
G(ω)

eαω

]
.

Using the variable substitutions with ω = a1 + τη (a2, a1) and v = a1 + (1 −
τ)η (a2, a1), we have

G

(
a1 + (1− τ)η (a2, a1) +

1

2
η (a1 + τη (a2, a1) , a1 + (1− τ)η (a2, a1))

)
≤
(
1

2

)s [
1

eα(a1+τη(a2,a1))
G (a1 + τη (a2, a1))

+
1

eα(a1+(1−τ)η(a2,a1))
G (a1 + (1− τ)η (a2, a1))

]
.

(3.2)
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Form Condition C, we have

η (a1 + τη (a2, a1) , a1 + (1− τ)η (a2, a1)) = (2τ − 1)η (a2, a1) .

Bring the above equation into equation (3.2):

G

(
a1 +

1

2
η (a2, a1)

)
≤
(
1

2

)s [
1

eα(a1+τη(a2,a1))
G (a1 + τη (a2, a1))

+
1

eα(a1+(1−τ)η(a2,a1))
G (a1 + (1− τ)η (a2, a1))

]
.

(3.3)

Multiplying both sides of the equation (3.3) by Es((−ρτ)s), and local fractional
integrating the resulting inequality regarding τ over

[
0, 12

]
, we obtain

G
(
a1 +

1
2η (a2, a1)

)(
1
2

)s 1

Γ(1 + s)

∫ 1
2

0

Es((−ρτ)s)(dτ)s

≤ 1

Γ(1 + s)

∫ 1
2

0

Es((−ρτ)s)
1

eα(a1+τη(a2,a1))
G (a1 + τη (a2, a1)) (dτ)

s

+
1

Γ(1 + s)

∫ 1
2

0

Es((−ρτ)s)
1

eα(a1+(1−τ)η(a2,a1))
G (a1 + (1− τ)η (a2, a1)) (dτ)

s.

In the above equation, we set ω = a1 + τη (a2, a1), then τ = ω−a1

η(a2,a1)
. Similarly,

in the second integral, seting v = a1 + (1− τ)η (a2, a1), then τ = η(a2,a1)+a1−v
η(a2,a1)

, we

obtain

G
(
a1 +

1
2η (a2, a1)

)(
1
2

)s 1s − Es

(
(−ρ

2 )
s
)

ρs

≤ ss

ηs (a2, a1)

[
1

ssΓ(1 + s)

∫ a1+
η(a2,a1)

2

a1

Es

(
(−1− s

s
(ω − a1))

s

)
G(ω)

eαω
(dω)s

+
1

ssΓ(1 + s)

∫ a1+η(a2,a1)

a1+
η(a2,a1)

2

Es

(
(−1− s

s
(a1 + η (a2, a1)− v))s

)
G(v)

eαv
(dv)s

]

=
ss

ηs (a2, a1)

[
Is(

a1+
η(a2,a1)

2

)−
G (a1)

eαa1
+ Is(

a1+
η(a2,a1)

2

)+

G (a1 + η (a2, a1))

eα(a1+η(a2,a1))

]
.

(3.4)
Thus, the left-side inequality of (3.1) holds.
For the right-side inequality, using the exponentially s-preinvexity of G, we have

G (a1 + τη (a2, a1)) ≤ τs
G (a2)

eαa2
+ (1− τ)s

G (a1)

eαa1

and

G (a1 + (1− τ)η (a2, a1)) ≤ (1− τ)s
G (a2)

eαa2
+ τs

G (a1)

eαa1
.

Adding the aforementioned two inequalities, we obtain

G (a1 + τη (a2, a1))+G (a1 + (1− τ)η (a2, a1)) ≤ [τs + (1− τ)s]

[
G (a2)

eαa2
+
G (a1)

eαa1

]
.
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Multiplying both sides of the above equation by Es((−ρτ)s), and local fractional
integrating the resulting inequality regarding τ over

[
0, 12

]
, we deduce that

1

Γ(1 + s)

∫ 1
2

0

Es ((−ρτ)s)G (a1 + τη (a2, a1)) (dτ)
s

+
1

Γ(1 + s)

∫ 1
2

0

Es ((−ρτ)s)G (a1 + (1− τ)η (a2, a1)) (dτ)
s

≤
[
G (a2)

eαa2
+
G (a1)

eαa1

]
1

Γ(1 + s)

∫ 1
2

0

[τs + (1− τ)s]Es ((−ρτ)s) (dτ)s.

(3.5)

According to equations (3.4) and (3.5), we have

ss

ηs (a2, a1)

[
Is(

a1+
η(a2,a1)

2

)−
G (a1)

eαa1
+ Is(

a1+
η(a2,a1)

2

)+

G (a1 + η (a2, a1))

eα(a1+η(a2,a1))

]

≤
[
G (a2)

eαa2
+
G (a1)

eαa1

]
1

Γ(1 + s)

∫ 1
2

0

[τs + (1− τ)s]Es ((−ρτ)s) (dτ)s.

(3.6)

By equations (3.4) and (3.6), we obtain

G
(
a1 +

1
2η (a2, a1)

)(
1
2

)s 1s − Es

(
(−ρ

2 )
s
)

ρs

≤ ss

ηs (a2, a1)

[
Is(

a1+
η(a2,a1)

2

)−
G (a1)

eαa1
+ Is(

a1+
η(a2,a1)

2

)+

G (a1 + η (a2, a1))

eα(a1+η(a2,a1))

]

≤
[
G (a2)

eαa2
+
G (a1)

eαa1

]
1

Γ(1 + s)

∫ 1
2

0

[τs + (1− τ)s]Es ((−ρτ)s) (dτ)s.

This completes the proof.

Remark 3.1. For s→ 1, we have

lim
s→1

(1− s)s

1s − Es

(
(−ρ

2 )
s
) =

2

η (a2, a1)
, lim

s→1

ρs

1s − Es

(
(−ρ

2 )
s
) = 2.

Thus, let s→ 1 under the condition of Theorem 3.1, equation (3.1) becomes:

G

(
a1 +

1

2
η (a2, a1)

)
≤ 1

η (a2, a1)

∫ a1+η(a2,a1)

a1

G(x)

eαx
dx ≤ 1

2

[
G (a2)

eαa2
+
G (a1)

eαa1

]
.

Corollary 3.1. If we set α = 0 in Theorem 3.1, then we obtain the following
Hermite-Hadamard-type local fractional inequality for s-preconvex functions:

G

(
a1 +

1

2
η (a2, a1)

)
≤

(1− s)s( 12 )
s

1s − Es

(
(−ρ

2 )
s
) [Is(

a1+
η(a2,a1)

2

)−G (a1) + Is(
a1+

η(a2,a1)
2

)+G (a1 + η (a2, a1))

]

≤
ρs( 12 )

s

1s − Es

(
(−ρ

2 )
s
) [G (a2) +G (a1)]

1

Γ(1 + s)

∫ 1
2

0

[τs + (1− τ)s]Es ((−ρτ)s) (dτ)s.
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Corollary 3.2. If we set η(a2, a1) = a2−a1 in Theorem 3.1 with a2 > a1, then we
obtain the following Hermite-Hadamard-type local fractional inequality:

G

(
a2 + a1

2

)
≤

(1− s)s( 12 )
s

1s − Es

(
(−ρ

2 )
s
) [Is

( a2+a1
2 )

−
G (a1)

eαa1
+ Is

( a2+a1
2 )

+

G (a2)

eαa2

]
≤

ρs( 12 )
s

1s − Es

(
(−ρ

2 )
s
) [G (a2)

eαa2
+
G (a1)

eαa1

]
1

Γ(1 + s)

∫ 1
2

0

[τs + (1− τ)s]Es ((−ρτ)s) (dτ)s.

The Ostrowski-type integral inequalities for the local fractional integral of the
exponentially s-preconvex functions are given below.

Theorem 3.2. Let Ω ⊆ R be an open invex set regarding η : Ω × Ω → R and
G : Ω → Rs(0 < s < 1) be a funtion with η (a2, a1) > 0, a1, a2 ∈ Ω, and G(s)(x) ∈
I
(s)
x [a1, a1 + η (a2, a1)]. If

∣∣G(s)
∣∣ is an exponentially s-preinvex function on Ω, then

the following inequality holds

∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) τs(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) τs(dτ)s

)
|G(s) (a2) |

eαa2

+

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) (1− τ)s(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) (1− τ)s(dτ)s

)
|G(s) (a1) |

eαa1

]
.

Proof. Since Ω ⊆ R is an open set regarding η and a1, a2 ∈ Ω, then a1+η (a2, a1) ∈
Ω. Owing to the exponentially s-preinvexity of

∣∣G(s)
∣∣ on Ω, then

|G(s) (a1 + τη (a2, a1)) | ≤ τs
|G(s) (a2) |

eαa2
+ (1− τ)s

|G(s) (a1) |
eαa1

.
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By Lemma 2.2, we have

∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s
+

1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s]

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))

×
(
τs

|G(s) (a2) |
eαa2

+ (1− τ)s
|G(s) (a1) |

eαa1

)
(dτ)s

+
1

Γ(1 + s)

∫ 1

x
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))

×
(
τs

|G(s) (a2) |
eαa2

+ (1− τ)s
|G(s) (a1) |

eαa1

)
(dτ)δ

]
=

ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) τs(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) τs(dτ)s

)
|G(s) (a2) |

eαa2
,

+

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) (1− τ)s(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) (1− τ)s(dτ)s

)
|G(s) (a1) |

eαa1

]
.

This completes the proof.
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Remark 3.2. For s→ 1, we have∣∣∣∣∣ 1

η(a2, a1)

∫ a1+η(a2,a1)

a1

G(u)du−G(x)

∣∣∣∣∣
≤η(a2, a1)

[(∫ x−a1
η(a2,a1)

0

τ2dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)τdτ

)
|G′(a2)|
eαa2

+

(∫ x−a1
η(a2,a1)

0

τ(1− τ)dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)2dτ

)
|G′(a1)|
eαa1

]
.

Corollary 3.3. If we set α = 0 in Theorem 3.2, then we obtain the following
Ostrowski-type local fractional inequality for s-preconvex functions:∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) τs(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) τs(dτ)s

)
|G(s) (a2) | ,

+

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) (1− τ)s(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) (1− τ)s(dτ)s

)
|G(s) (a1) |

]
.

Corollary 3.4. If we set η(a2, a1) = a2−a1 in Theorem 3.2 with a2 > a1, then we
obtain the following Ostrowski-type local fractional inequality:∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a2 − x))s
)

× (Isx−G (a1) + Isx+G (a2))−G(x)|

≤ (a2 − a1)
s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a2 − x))s
)

×

[(
1

Γ(1 + s)

∫ x−a1
a2−a1

0

(1s − Es ((−ρτ)s)) τs(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
a2−a1

(1s − Es ((−ρ(1− τ))s)) τs(dτ)s

)
|G(s) (a2) |

eαa2
,
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+

(
1

Γ(1 + s)

∫ x−a1
a2−a1

0

(1s − Es ((−ρτ)s)) (1− τ)s(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
a2−a1

(1s − Es ((−ρ(1− τ))s)) (1− τ)s(dτ)s

)
|G(s) (a1) |

eαa1

]
.

Theorem 3.3. Let Ω ⊆ R be an open invex set regarding η : Ω × Ω → R and
G : Ω → Rs(0 < s < 1) be a function with η (a2, a1) > 0, a1, a2 ∈ Ω, and

G(s)(x) ∈ I
(s)
x [a1, a1 + η (a2, a1)]. If

∣∣G(s)
∣∣q is an exponentially s-preinvex func-

tion on Ω with 1
p + 1

q = 1, then the following inequality holds∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×


(

x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

((
−pρ x−a1

η(a2,a1)

)s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

×


(
1− x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

((
−pρ

(
1− x−a1

η(a2,a1)

))s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

.

Proof. Since Ω ⊆ R is an open invex set regarding η and a2, a1 ∈ Ω, then a1 +
η(a2, a1) ∈ Ω. Using Lemma 2.2, by the properties of modules, it follows that∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×

[
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s
+

1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s] .
(3.7)
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Using the fact that (m− n)p ≤ mp − np for m > n ≥ 0, p ≥ 1, we have

1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))p ( dτ)s

≤ 1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1ps − Es ((−pρτ)s)) (dτ)s

=
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

1ps(dτ)s − 1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

Es ((−pρτ)s) (dτ)s

=

(
x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ x−a1

η(a2,a1)
)s
)
− 1s

(pρ)s
,

Similarly, we have

1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))
p
( dτ)s

≤ 1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1ps − Es ((−pρ(1− τ))s)) (dτ)s

=
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

1ps(dτ)s − 1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

Es ((−pρ(1− τ))s) (dτ)s

=

(
1− x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ

(
1− x−a1

η(a2,a1)

)
)s
)
− 1s

(pρ)s
.

By Lemma 2.1 and the exponentially s-preinvexity of
∣∣G(s)

∣∣q, we obtain

1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s
≤

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s))p ( dτ)s
) 1

p

×

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

∣∣∣G(s) (a1 + τη (a2, a1))
∣∣∣q ( dτ)s)

1
q

≤


(

x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ x−a1

η(a2,a1)
)s
)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

,

(3.8)
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and

1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))
∣∣∣G(s) (a1 + τη (a2, a1))

∣∣∣ (dτ)s
≤

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s))
p
( dτ)s

) 1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

∣∣∣G(s) (a1 + τη (a2, a1))
∣∣∣q ( dτ)s) 1

q

≤


(
1− x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ

(
1− x−a1

η(a2,a1)

)
)s
)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

.

(3.9)

Substituting equations (3.8) and (3.9) into equation (3.7), we achieve the desired
result. This completes the proof.

Corollary 3.5. If we set α = 0 in Theorem 3.3, then we obtain the following
Ostrowski-type local fractional inequality for s-preconvex functions:

∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−G (a1) + Isx+G (a1 + η (a2, a1)))−G(x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×


(

x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ x−a1

η(a2,a1)
)s
)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(
τs
∣∣∣G(s) (a2)

∣∣∣q + (1− τ)s
∣∣∣G(s) (a1)

∣∣∣q) (dτ)s)
1
q

×


(
1− x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

((
−pρ

(
1− x−a1

η(a2,a1)

))s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(
τs
∣∣∣G(s) (a2)

∣∣∣q + (1− τ)s
∣∣∣G(s) (a1)

∣∣∣q) (dτ)s) 1
q

.

Corollary 3.6. If we set η(a2, a1) = a2−a1 in Theorem 3.3 with a2 > a1, then we
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obtain the following Ostrowski-type local fractional inequality:∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a2 − x))s
)

× (Isx−G (a1) + Isx+G (a2))−G(x)|

≤ (a2 − a1)
s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a2 − x))s
)

×


(

x−a1

a2−a1

)s
Γ(1 + s)

+

(
Es

((
−pρ x−a1

a2−a1

))s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ x−a1
a2−a1

0

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

×


(

a2−x
a2−a1

)s
Γ(1 + s)

+
Es

((
−pρ

(
a2−x
a2−a1

))s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
a2−a1

(
τs
∣∣G(s) (a2)

∣∣q
eαa2

+ (1− τ)s
∣∣G(s) (a1)

∣∣q
eαa1

)
(dτ)s

) 1
q

.

4. Applications

In numerical analysis and algorithm optimization,the Hermite-Hadamard and Os-
trowski inequality inequalities are of great importance.The Hermite-Hadamard in-
equality can be used to estimate the upper and lower bounds of the integral value.And
Ostrowski inequality can be used to estimate the error between the value of a func-
tion and its mean.The results we have obtained in this article are important for
this.Next,several examples are given to illustrate the main results.

Example 4.1. By Remark 3.1, we obtain

G

(
a1 +

1

2
η (a2, a1)

)
≤ 1

η (a2, a1)

∫ a1+η(a2,a1)

a1

G(x)

eαx
dx ≤ 1

2

[
G (a2)

eαa2
+
G (a1)

eαa1

]
.

Let G : (0,∞) → R, G(u) = lnu be an exponentially s-preinvex function for all
α ≤ −1 and u ∈ [a1, a1 + η (a2, a1)] with a2 > a1. Then we choose η (a2, a1) =
a2 − a1,and take a1 = 1 and a2 = 3. We have

G

(
a1 +

1

2
η (a2, a1)

)
= G(2) = ln2 = 0.6931,

1

η (a2, a1)

∫ a1+η(a2,a1)

a1

G(x)

eαx
dx =

1

2

∫ 3

1

G(x)exdx = 2.1142,

1

2

[
G (a2)

eαa2
+
G (a1)

eαa1

]
=

1

2
× ln3× e3 = 11.0330.

Obviously, 0.6931 < 2.1142 < 11.0330, i.e., then Remark 3.1 holds in this case.
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Example 4.2. By Remark 3.2, we obtain∣∣∣∣∣ 1

η(a2, a1)

∫ a1+η(a2,a1)

a1

G(u)du−G(x)

∣∣∣∣∣
≤η(a2, a1)

[(∫ x−a1
η(a2,a1)

0

τ2dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)τdτ

)
|G′(a2)|
eαa2

+

(∫ x−a1
η(a2,a1)

0

τ(1− τ)dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)2dτ

)
|G′(a1)|
eαa1

]
.

Let G : (0,∞) → R, G(u) = lnu be an exponentially s-preinvex function for all
α ≤ −1 and u ∈ [a1, a1 + η (a2, a1)] with a2 > a1. Then we choose η (a2, a1) =
a2 − a1,and take a1 = 1 and a2 = 3. We have∣∣∣∣∣ 1

η(a2, a1)

∫ a1+η(a2,a1)

a1

G(u)du−G(x)

∣∣∣∣∣ = |3ln3− 2− lnx|,

and

η(a2, a1)

[(∫ x−a1
η(a2,a1)

0

τ2dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)τdτ

)
|G′(a2)|
eαa2

+

(∫ x−a1
η(a2,a1)

0

τ(1− τ)dτ +

∫ 1

x−a1
η(a2,a1)

(1− τ)2dτ

)
|G′(a1)|
eαa1

]

=(
1

18
(x− 1)3 − 1

12
(x− 1)2 +

1

9
)e3 + (−1

6
(x− 1)3 +

3

4
(x− 1)2 − x+

5

3
)e.

We use MATLAB software to prove that the above inequality holds for x ∈ (a, b)
with 0 < a < 1 < b. This also shows that Remark 3.2 is true in this case.

Example 4.3. Let X be a continuous random variable with the generalized prob-
ability density function f : Ω → Rs, where Ω is an open invex set regarding
η : Ω × Ω → R and η (a2, a1) > 0, a1, a2 ∈ Ω. We define the generalized n-th
central moment about any u ∈ R of X,n ≥ 0 as:

Mn
s (u) =

1

Γ(1 + s)

∫ a1+η(a2,a1)

a1

(x− u)nsf(x)(dx)s, n = 1, 2, 3, . . .

Moreover, we have

(Mn
s (u))

(s)
= −Γ(1 + ns)Γ(1 + s)

Γ(1 + (n− 1)s)

1

Γ(1 + s)

∫ a1+η(a2a1)

a1

(x− u)(n−1)sf(x)(dx)s

= −Γ(1 + ns)Γ(1 + s)

Γ(1 + (n− 1)s)
Mn−1

s (u).

Based on the above example 4.3, we obtain the following two properties:

Proposition 4.1. Let G(u) =Mn
s (u). If the conditions of Corollary 3.3 are satis-

fied, then we obtain the midpointtype inequalities involving generalized moment as
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follows:∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−Mn
s (a1) + Isx+Mn

s (a1 + η (a2, a1)))−Mn
s (x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× Γ(1 + ns)Γ(1 + s)

Γ(1 + (n− 1)s)

[(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) τs(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) τs(dτ)s

)
|Mn−1

s (a2) | ,

+

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(1s − Es ((−ρτ)s)) (1− τ)s(dτ)s

+
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(1s − Es ((−ρ(1− τ))s)) (1− τ)s(dτ)s

)
|Mn−1

s (a1) |

]
.

Proposition 4.2. Let G(u) =Mn
s (u). If the conditions of Corollary 3.5 are satis-

fied, then we obtain the midpointtype inequalities involving generalized moment as
follows:∣∣∣∣∣ (1− s)s

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

× (Isx−Mn
s (a1) + Isx+Mn

s (a1 + η (a2, a1)))−Mn
s (x)|

≤ ηs (a2, a1)

2s − Es

(
(− 1−s

s (x− a1))s
)
− Es

(
(− 1−s

s (a1 + η (a2, a1)− x))s
)

×
(
Γ(1 + ns)Γ(1 + s)

Γ(1 + (n− 1)s)

)2

×


(

x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

(
(−pρ x−a1

η(a2,a1)
)s
)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ x−a1
η(a2,a1)

0

(
τs
∣∣Mn−1

s (a2)
∣∣q + (1− τ)s

∣∣Mn−1
s (a1)

∣∣q) (dτ)s) 1
q

×


(
1− x−a1

η(a2,a1)

)s
Γ(1 + s)

+
Es

((
−pρ

(
1− x−a1

η(a2,a1)

))s)
− 1s

(pρ)s


1
p

×

(
1

Γ(1 + s)

∫ 1

x−a1
η(a2,a1)

(
τs
∣∣Mn−1

s (a2)
∣∣q + (1− τ)s

∣∣Mn−1
s (a1)

∣∣q) (dτ)s) 1
q

.
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5. Conclusions

This paper is mainly based on the fractal theory of Yang. First of all, we generalize
the previous results and study the Hermite-Hadamard integral inequality and the
Ostrowski integral inequality of the local fractional integral of the exponentially s-
preconvex function. Then the corresponding inequality of the s-preconvex function
can be obtained by degeneration, and some new results can also be obtained by
taking some special values. Finally, the combination of some examples and applica-
tions illustrates the correctness and significance of the results we obtain.The results
obtained in this paper can provide some references for the study of inequalities and
the bounded estimation of mathematical problems involving the engineering field,
and can be further generalized by using the different convexity of functions to obtain
results with a wider range of applications.
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