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Dynamics of a Diffusive Model with Spatial
Memory and Nonlinear Boundary Condition*
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Abstract In this paper, we investigate the existence and stability of steady-
state and periodic solutions for a heterogeneous diffusive model with spatial
memory and nonlinear boundary conditions, employing Lyapunov-Schmidt re-
duction and eigenvalue theory. Our findings reveal that when the interior re-
action term is weaker than the boundary reaction term, no Hopf bifurcation
occurs regardless of time delay. Conversely, when the interior reaction term is
stronger than the boundary reaction term, the presence of Hopf bifurcation is
determined by the spatial memory delay.
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1. Inroduction

Reaction-diffusion systems play a crucial role in both natural sciences and engineer-
ing, utilized in biological population dynamics, chemical reactor design, physical
studies of material defects, medical disease modeling, and environmental pollu-
tant diffusion. These models enhance our understanding of complex system be-
haviors and provide a foundation for improving technologies and devising effec-
tive strategies. In recent years, extensive research has been conducted on de-
layed reaction-diffusion equations, particularly focusing on the existence, unique-
ness, monotonicity, stability, and bifurcation of steady-state solutions (for exam-
ple, [2], [5], [8], [9], [11]). Reaction-diffusion models with spatial memory, matura-
tion time, and linear boundary conditions have been extensively explored by Ji and
Wu [20], Wang, Fan and Wang [26] and so on. However, research on models con-
taining nonlinear boundary conditions remains limited. Our research includes the
impact of external factors such as environmental conditions and resource distribu-
tion, which change the dynamical behavior of populations. These factors are crucial
in designing more realistic and applicable models, thereby reflecting the complexity
of ecological systems. The introduction of nonlinear boundary conditions reflects
the complexity of real-world boundary interactions, allowing for a more accurate
depiction of system boundary effects and revealing their impact on stability and
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bifurcation phenomena. In this study, we investigate how memory and matura-
tion delays influence the dynamical behavior of nonlinear boundary problems. For
convenience, we explore the following system with the memory delay equal to the
mature delay:

%tt = Au+dV- (uVu,) +  u(m(z) —u,), z€€Q,

(1.1)
Oou
= Ah(z,u), x € 08,

for t > 0, where 7 > 0, A is the Laplace operator, €2 is a connected bounded open
domain in RY (N > 1) with smooth boundary 92, n is the unit outer normal to
00, u = u(x,t) € R, h € C1T¢(00 x R,R) for some 0 < € < 1, h(z,-) € C3(R,R)
and h(z,0) = 0 for all x € 90, u, = u(x,t — 7), in the equation (1.1), the current
rate of change of the population % depends on the population quantity at the past
time point ¢ — 7. In system (1.1), a single bifurcation parameter, A, controls both
the internal and boundary reactions. When A = 0, the equation becomes a flux-free
diffusion equation with spatial memory.

In biology, the time delay 7 > 0 describes the averaged memory period, u(x,t)
represents the population density of a species at time ¢ and location x, m(x) is the
intrinsic growth rate or the carrying capacity which can represent the situation of
resource at x, in dV- (uVu,) delay 7 represents the averaged memory period, while
in Au(m(x) —u,) delay 7 corresponds to the maturation time. In this paper, we
focus on the case where memory and maturation delays are identical. The boundary
conditions indicate that individuals reaching boundary 902 are removed from the
habitat at a rate determined by the current population density at that location.

Some scholars have studied the dynamical behaviors near the steady-state solu-
tions of diffusion systems with Dirichlet boundary condition or Neumann boundary
condition (for example, 7], [12], [18], [22]). However, many phenomena and pro-
cesses exhibit nonlinear characteristics, such as the turbulence in fluids, nonlinear
elasticity in materials, and variable rates in chemical reactions. Therefore, we incor-
porate more general nonlinear boundaries into the typical memory-inclusive diffu-
sion systems. A lot of literature employs the center manifold method to investigate
Hopf bifurcation (for example, [23], [24], [10]). However, the reduced equations
through this method often remain high-dimensional, posing significant challenges
for studying high-dimensional or even infinite-dimensional equations. In this paper,
we utilize the Lyapunov-Schmidt procedure, aiming for a more precise and efficient
characterization of system (1.1). Although studies such as An, Wang and Wang [1],
Chen, Lou and Wei [6], and Ji and Wu [19] have investigated the impact of spatial
memory on population dynamics, and Cantrell and Cosner [3], Cantrell, Cosner and
Martinez [4], and Guo [14,15] have explored the effects of nonlinear boundary con-
ditions, few studies are devoted to their combined influences. Model (1.1) enables a
thorough analysis, providing deeper insights into the dynamical behavior of models
with both nonlinear boundaries and spatial memory.

The objective of this paper is to determine the set A for which steady-state
solutions exist, and to ascertain the uniqueness, stability, and Hopf bifurcation of
these positive steady-state solutions based on the values of 7. Ji and Wu [20] ex-
plored the stability of steady-state solutions and Hopf bifurcations in model (1.1)
with Neumann boundary condition. By incorporating nonlinear boundary condi-
tion, this paper facilitates a deeper understanding of the intrinsic mechanisms of
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complex systems, thereby offering more precise theoretical support for practical
applications. Additionally, we adopt a multifaceted theoretical frameworks and ap-
proaches to address the complexities of our research subject. Initially, we employ
eigenvalue theory and bifurcation theory to establish the existence and stability
of steady-state solutions. Following this, we use the Lyapunov-Schmidt reduction,
which enables us to investigate the balance between the influences of the interior
and boundary reaction terms on the occurrence of bifurcations, particularly the
Hopf bifurcation.

The paper is organized as follows: In Section 2, we establish the existence and
bifurcation of nontrivial steady-state solutions by treating A as a bifurcation pa-
rameter and employing the Lyapunov-Schmidt reduction. For the linearized system
at u} in Section 3, we analyze the eigenvalue distribution of its infinitesimal gener-
ator A- . The findings show that if the internal reaction term is weaker than the
boundary reaction term, then regardless of variations in time delay 7, system (1.1)
will not experience a Hopf bifurcation. If the internal reaction term is stronger than
the boundary reaction term, the occurrence of a Hopf bifurcation in system (1.1)
is governed by the internal reaction delay 7. In Section 4, the Lyapunov-Schmidt
reduction is employed to elucidate the one-to-one correspondence between periodic
solutions near u} and v} in system (1.1) and zeros of the simplified bifurcation map.
This method enables the establishment of criteria for the existence and direction
of periodic solution bifurcation branches, bypassing the center manifold reduction
method.

For convenience, we introduce the following notations. Denote by LP(Q) (p € N)
the Lebesgue space of integrable functions defined on €, and let W*?(Q) (k > 0)
be the Sobolev space of the LP-functions f(z) defined on Q whose derivatives d‘%
(n = 1,...,k) also belong to LP(Q). Denote the spaces X = W2P(Q) and Y =
LP(Q) x WP=D/PP(90). For a space Z, we also define the complexification of Z
to be Zc := Z ®iZ = {x1 + izy : 1,79 € Z}. Denote by Ck = C*([-7,0],Xc)
the Banach space of k-times continuously differentiable mappings from [—7,0] into
Xc equipped with the supremum norm ||¢|| = sup{|[¢)(8)|x. : 6 € [-7,0], 5 =
0,1,...,k} for ¢ € C*. For a linear operator L: Z; — Z, we denote the domain of
L by Dom(L) and the range of L by RangelL.

2. Existence of steady-state solutions

In this section, the existence of steady-state solutions is studied by the following
equation:

0=Au+dV-(uVu) + Il (m(z) —u), =z€€Q,
ou (2.1)

i Q).
n Ah(x,u), x €0

Solving (2.1) can be reduced to seek nontrivial zero points of the following operator:

Flu ) = Fi(u, )\ _ [Au+dV- (uVu) + M (m(z) - u)
’ FQ(’LL, )\) % _ )\h(fr,u)
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2.1. Bifurcation from (0,\) for some A € R

First of all, it is easy to see that, for every fixed parameter value A € R, F(u,A) =0
always has a trivial solution u = 0. Namely, F'(u, A) = 0 for all values of the param-
eter \. If we want to prove the uniqueness of these solutions by the implicit function
theorem, we need to compute the derivative of F' with respect to u evaluated at
(0, A), which is given by

Au+ Im(z)u

For the sake of completeness, we review some results for the existence of principal
eigenvalues from Umezu [25].

Lemma 2.1 (Umezu [25]). Consider the eigenvalue problem

0=Au+ Am(x)u, x€§,

ou (2.2)
I Ay, (0, w)u, =€ 0.

Assume that
either m(z) £ 0 in Q or hy(0,u)u £ 0 on ON. (2.3)

The problem (2.2) has a unique positive principal eigenvalue A1 if and only if

/Qm(x)d:v + /{m hy(0,u)do < 0 (2.4)

and it is characterized by the formula
A1 :inf{Qu:u€W12 /m x)dz + hu(O,u)uQ(x)d0>O}7
o
where

fQ \Vu(z)|*da

Qu = Jom z)dr + [ hu(0,u)u?(z)do

for u e WH3(Q).

As long as (2.3) and (2.4) hold, A; is a unique principal eigenvalue of eigen-
value problem (2.2), with an associated eigenfunction ¢y satisfying [, 3 (z)dz = 1.
Therefore, KerLy, = span{¢1}. It is easy to see that (y1,y2) € Rangel,, if and

only if
/Q<P1($)y1($)dx = /asz p1(x)y2(x)do.

Thus, £y, is a Fredholm operator of index zero. Denote the spaces X = W?2P ()
and Y = LP(Q) x WP=D/PP(9Q). Then we decompose the spaces X and Y as

X =Kerl,, & Xy, Y = Rangely, @ Y,

Next, we apply the Lyapunov-Schmidt reduction. Define projection @: Y — Y,
and the equation F'(u, A) = 0 is equivalent to

QEE+n,A) =0, (I-QF(E+nA) =0, (2.5)
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where & € Kerly, and n € X;. Note that
(I=Q)F(0,A) =0, (I-Q)F(0,A1)=Ly,.

So we can apply the implicit function theorem and obtain a continuously differen-
tiable map h: U — X; such that (0, \) = 0 and

(I = QF(E+n(&A),A) =0, (2.6)

where U is an open neighborhood of (0, A1) in KerLy, x R. Thus, the first equation
in (2.5) can be written as

F(E,N) 2 QF (€4 h(€E,N),\) =0. (2.7)

In view of F(0,A;) = 0 and F¢(0, A1) = 0, each solution to F({,A) = 0 in U
one-to-one corresponds to some solution to F(u, \) = 0.

In order to obtain the coefficients of the terms in the Taylor expansion of the
reduced equation, because of dimY; = 1, we can find ¢ € Y satisfying ||¢]ly = 1
such that Y; = span{¢}. From the Hahn-Banach theorem, there exists a vector ¢
in the dual space Y* of Y such that (¢,¢) =1 and ((,y) = 0 for all y € Rangel,,,
where (-;-) : Y* x Y — R denotes the duality betweenY* and Y and is defined as

(v, u) :/Qv(a:)ul(x)dx—/ v(x)ug(z)do

o0

for all v € Y* and u = (u1,u2) € Y. Obviously, there exists 1) € Y* such that

o = [ ern@is = [ (),

and hence Kery) = RangeL,,. Thus, the projection @ is given by Qy = (¢, y) ¢ for
y € Y. In view of dimKerLy, = 1 and equation (2.7), for all vy, € Kerly, with
v € R, we can define G : R? — R and

G(v,A) = (¢, F(vp1,A)) = (b, F(vpr + h(vpr, A), A)) -

It is easy to verify G(0, A1) = 0 and

Gv,\)=w ,Q()\—)\l)—l—gv—l—ng—i—o(vQ) ,

where
0= (¥, Fxu[p1]),

R = (1% Fuu [9017 L)01]> 5
9= <w7 Fuuu [8017 L1, Sol]> +3 <’(/}7Fuu [(pla h§§ [9017 801]]> .

Here, the bilinear form F, [, -] and tri-linear form F,,., [, -, ] denote the second-
and third-order Fréchet derivatives of F' with respect to u, evaluated at (u,\) =
(0, A1), respectively. Let he and hee be the first- and second-order Fréchet deriva-
tives of h with respect to &, evaluated at (£, ) = (0, A1), respectively.

The following analysis will examine x # 0 and x = 0 individually. We start
with the case where xk # 0. Notice that G(0,A1) = 0 and G,(0, A1) = & # 0, then
by applying the implicit function theorem we know that there exists a constant
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0 > 0 and a continuously differentiable mapping v : (\y — 8, A1 + ) — R such that
G(va, A) = v [o(A = A1) + Zv+o(v)] =0 and vy, = v for A € (A\; — 6, A +6), that
is to say,

20(A\1 — A
Ux :¥+O(|>\f)\l|).

Thus, for all A € (A — &, A1 + 6), (2.1) has a nontrivial solution uy = wvap; +
h(vaepr, A), and limy_, 5, uy = 0.
Next consider the case where kK = 0 and ¥ # 0. Then we get G(vx,\) =
x [o =) + gUZ + 0(v?)] =0, so

60(A1 — \)

1 9 +O(|)‘_)‘1|)

v
We can see that equation (2.1) has a nontrivial solution vy when (A — A;) > 0.

It follows from (2.6) that L, hee (@1, 1] + (I — Q)Fuu [1, ¢1] = 0 and hence
the three quantities p, x, and ¥ can be obtained as follows:

= 2(z)ym(z)dz — 2(2)hy(z,0)do,
—/Qm) (2)d /mm Vhu(,0)d

K :/ v1(x) [2dV- (p1(2)Ver(z)) — 2)\1g01 dx —|—/ Algol how(z,0)do,
Q Ele)

=3 / 1(2) [4 (Go(2) Vg1 (2)) + AV (1 (1) Vo)) — 22 Go () o1 (1)) da

+/ AICO(CU)‘P%(x)huu(%O)""/ )‘lwéll(x)huuuwao)dov
o o0

(2.8)
where (o(x) = hee [¢1,¢1]. To conclude, the following result is established.

Theorem 2.1. (i) Under the assumptions (2.8) and (2.4), if & # 0, there exists
a constant § > 0 and a continuously differentiable mapping v : A — vy from
(A — 0, A1 + ) to R such that (2.1) has a nontrivial solution uy = vyp1 +
h(vap1, A), which satisfies )\h_)HAll uy = 0.

(ii) Under the assumptions (2.3) and (2.4), if =0 and p0 < 0 (respectively,> 0)
then there exist a constant \* > A\ (respectwely, A" < A1) and two con-
tinuously differentiable mappings A — v)\ from (A, A\*) to R (respectwely,
from (A*,\1) to R) such that (2.1) has two nontrivial solutions ui = v ey +
h(v g1, \), which satisfies Ali}n/%l ui =0.

2.2. Bifurcation from (ug,0) for some uy € R

In this section, we consider bifurcation from (ug,0) for some ug € R. Note that
F,(-,0) satisfies

A0 = |1 *Z“O)A . (2.9)
on
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Then we have KerF,(-,0) = span{1}. Subsequently, we consider the range space
of Fy(-,0). Let (y1,y2) € RangeF,(-,0) and w(z) € X satisfy

(1+dug)Aw =y, xz€Q,

ow

on = Y2,

It is easy to see that (y1,y2) € RangeF,(-,0) if and only if

x € 0N

/le(x)dx = /(m(l + dug)y2(x)do.

Therefore, we can infer that codimRangeF,(-,0) = 1 and F,(-,0) is a Fredholm
operator of index zero. We decompose the spaces X and Y as

X = KerF,(-,0) & Xy, Y = RangeF,(-,0) & Y,

where X is the complement space of KerF, (-, 0) in X, Y5 is the complement space
of RangeF,(-,0) in Y. Using a similar argument from the previous subsection, we
can argue that original bifurcation problem can be reduced to the problem of finding
zeros of a map G : R2 — R given by

é(v,A):/QFl(uo—l—v+E(v,/\))dx—/89(1+du0)F2(u0+v+E(v,/\))da,

where i : R — X, is a continuously differentiable map satisfying h(0,0) = 0 and
(I = Q)F(uo + v+ h(v,\),\) =0,

and Q denotes the projection operator from Y onto Yy along RangeF, (-, 0). Notice
that G(0,0) =0, G,(0,0) =0 and

Gir(0,0) = / wo(m(x) — uo)dz + / (1+ duo)h(x, uo)do-
Q oQ
Due to the implicit function theorem, if CNJ,\(O,O) # 0, then (up,0) is not a
bifurcating point of the map F. So we arrive at the following result.

Theorem 2.2. If G (0,0) # 0, then no steady-state bifurcation occurs in the vicin-
ity of (u, \) = (uo,0), that is to say, the steady-state solution set of (1.1) near (ug,0)
consists precisely of the trivial curve {(u,0) : u € R}.

In the following, we shall focus on the specific case where G 2(0,0) =0, i.e.,

/ uo(m(z) — ug)dzx + / (14 dug)h(z,up)do = 0. (2.10)
Q 0

Given that VG (0,0) = 0, we proceed to compute the Hessian matrix of G evaluated
at (0,0), which is given by
Gou(0,0) G, (0,0)

HessCNY' =
(@) G (0,0) Gax(0,0)

In view of Lemma 2.5 of Liu, Shi and Wang [21], we have the following results:



Dynamics of a Diffusive Model 687

(i) If detHess(G) > 0, then (0,0) is the unique zero of G near (0,0);

(ii) If detHess(G) < 0, for s € (—0,0), there exist two C*¥~1 curves (v1(s), A1(s))
and (va(s), A2(s)) satistying (v1(0), A1(0)) = (0,0) = (v2(0), A2(0)), such that
the solution set of G(v, \) = 0 consists of exactly these two curves near (0,0).
Moreover, s can be rescaled so that (v1(0),;(0)) and (v5(0), A5(0)) are the
two linear independent solutions of

G (0,0)22 + 2G4 (0,0)zy + Gax(0,0)y% = 0.

Note that évU(O,O) = éM(O, 0) =0 and

Gux(0,0) = /Q(m(a:) — 2ug)dz + /39(1 + dug) hy (2, ug)do.

Thus, if

[1]

2 /(m(x) ~ ug)da +/ (1 + duu)h (, ug)dor 4 0, (2.11)
Q

[219]

then detHess(G) = —ég/\(0,0) < 0 and there exist two C*¥~! curves (v1(s), A1 (s))
and (va(s), A2(s)) for s € (—o,0) satisfying (v1(0), A1(0)) = (0,0) = (v2(0), A2(0)),
such that the solution set of é(v, A) = 0 consists of exactly these two curves near
(0,0) and that (v1(0),A;(0)) = (0,1) and (v5(0),A5(0)) = (1,0). In particular,
the solution curve (v2(s), Aa(s)) = (1,0)s + o(s) is identical to the trivial branch
{(u,0) : w > 0}. Consequently, we establish the following theorem regarding the
existence of two solution curves that are tangent to each other at the bifurcation
point.

Theorem 2.3. Assume that there exists ug € R such that both (2.10) and (2.11)
hold. Then the set of solutions of (2.1) near (u, A) = (ug, 0) consists precisely of the
trivial curve {(u,0) : u € R} and the curve {(ul, A(s)) : s € (—0o,0) for some o>0},
where uy (s) takes the form

ua(s) = uo +v1(s) + h(va(s), M (s))

with (v1(0), A1(0)) = (0,0) and (v1(0), A1(0)) = (0,1).

3. Stability of steady-state solutions

In this section, we investigate the eigenvalue problem of model (1.1) at the nontrivial
steady-state solution. Then we carry out a stability analysis and determine the
conditions under which a Hopf bifurcation occurs at this nontrivial steady-state
solution, guided by the distribution of eigenvalues.

3.1. Steady-state solutions established in Theorem 2.1

Theorem 2.1 guarantees the existence of an open set A C R containing A\; on
its boundary, for which system (1.1) has a spatially nonhomogeneous steady-state
solution u} when A € A. Furthermore, the form of uj is given by u} = vyp1 +
h(vaep1, A), with vy satisfying G(vy, A) = 0 as defined in Section 2.1. To explore the
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local dynamical behavior near the steady-state solution u = u} of system (1.1), we
linearize system (1.1) at that point:

% = Av +dV- (vVuy) +dV- (ui Vo) + w(m(z) — uy) — Ao, x€€Q,

v .

s Ay (2, uy ), x € 0N
(3.1)

The characteristic equation for this linear system is obtained by considering solu-
tions of the form v(x,t) = u(x)exp {pt} with v € X. Such solutions are nontrivial
if and only if m(\, g, 7)u = 0 has a nontrivial solution u, where for (A, u,7) €
AxCxRT, m(\u,7): X =Y and m(\, p, 7)u is defined as
Au+dV- (uVul) + dV- (uiVu)e ™ + du(m(z) — u}) — dujue 7 — pu
% — Ay (2, u})u
Denote by A; x the infinitesimal generator of the semigroup generated by the lin-
earized system (3.1). In fact, for all ¢ € C} satisfying 6%1?(0) = Ay (z, u})¥(0),
we have (A, \¢)(0) = ¢/ () for all § € [—7,0), and
Ara(0) =A4(0) + dV- (4(0)Vuy) + dV- (ux Vi (—7))
+ 2(0)(m(z) —uy) — Auxp(=T).
Thus, the spectrum of A; y is
o(A-)) ={peC:m\u7)u=0 for some u e Xc \ {0}}.

In order to define the adjoint operator A7 , of A; x, we need to define the bilinear
form and consider the formal adjoint equation of system (3.1):

% = —Au — duluy — Au(m(z) — uy) + ju(t+7), x€Q,

(3.2)
ou X
n = —Ahy(z,u})u, x € 0f.

Assuming that v and u are solutions to equations (3.1) and (3.2), respectively, we
obtain

p wode = [ dul(v(t—7)Au—vAu(t+7))dz+ | dVu)(uVo(t—7)—u(t+7)Vv)de,
Q Q Q

which implies that

/qud:v + /t_T /Q dui (v(0)Au(r + 0)) + dVu (u(r + 6)Vu(0))dzdl

is a constant for all ¢t > —7. Thus, one can set t = 0 in the above function to define
the bilinear form

0 — —
Woeh = [ [ a0l ) AT 75 0) + Va3 (D5 0) Vi, )] dads

+/Qw(x,0)<p(x,0)dx.
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Then one has (A% 4, 0)1 = (¥, A;ap), for all ¢ € C! and ¥ € C'([0,7],X3),
where A7 | denotes the adjoint operator of A, x, that is, for all ¢ € c ([0, 7], X%)
satisfying %w(O) = M (z,u3)¥(0), we have (AF ,1)(0) = —'(0) for 6 € (0,7],

nd
) (A7 \)(0) =AY(0) 4+ dV- (¥(0)Vuy) + dV- (uz Vi(T))

+2P(0)(m(z) — u3) — Auxe().
Thus, o € o(A; ) if and only if there exists v € X¢ \ {0} such that m*(\, u, 7)v =0,
where m*(\, p, 7): X* — Y* and m*(\, u, 7)u is defined as
Au+dV- (uVul) + dV- (ui Vu)e ™ + du(m(z) — u}) — Auue ™™ — pu
% — Ay (2, ul)u
Thus, we conclude that ¢ € o(A, ) if and only if there exists u € X¢ \ {0} such
that m(A, g, 7)u = 0, which is also equivalent to that there exists v € X§ \ {0} such

that m* (X, g, 7)u = 0.
We now consider the existence of zero eigenvalues of A; .

Lemma 3.1. (i) For each (1,\) € R* x A, if 0 € 0(A, ), then k = 0.
(ii) For each (1,\) € RT x A, if K =0 and Fyuy [p1,01] # 0, then 0 € o( A ).

Proof. If 0 € o(A; ), then there exists u € X¢ \ {0} such that m(X,0,7)u = 0.
Note that m(A1,0,7)u = L, and KerLy, = {¢1}, then u takes the form

u = axp1 + vaby,
where a) € R, by € X; and ai + b%\ # 0, then we have
axm(X,0,7)p1 + vam(A,0,7)by = 0.
It is easy to see that

~ . A0 T)gﬁl ) P )\1
&y MA0Tr 7 |
TN wulo1 1] + Fau ] Jim ===,

then
K

<¢,§51> = <¢7Fuu [801;901]> + <’¢,F)\u [(pl] (—29)> = g

Thus, we have ay, @1 + Lx,bx, = 0. If & # 0, then @; ¢ Rangel,,, then ay, = 0.
This, together with the fact that by, € X; and L, is invertible if it is restricted in
X1, implies that by, = 0, which contradicts a3 + b3 # 0. Therefore, r = 0.

If K =0 and Fyy [p1,01] # 0, let u = @1 + vp\b, where b € X;. Substituting u
into m(A, 0, 7)u = 0, we have

)\, 0, T)Lpl

R +m(\0,7)b =0

U
and
lim H(b,A) = Fuu[¢1, 1] + LA, b
A=A
It follows from xk = 0 that Fy, [@1,¢1] € Rangel),,, and hence there exists b* €
Xc \ {0} such that F, [@1,¢1] + L£a,0* = 0, that is to say, H(b*,\;) = 0. Note
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that Fy, [p1,01] # 0 and Hy(b*, A1) = L),. Then applying the implicit function
theorem, there exists a continuously differentiable mapping A — by from A to X;
such that by, = b* and H(bx,\) = 0, i.e., m(A\,0,7)u = 0 has nontrivial solution
u = 1 + vabx. Therefore 0 € o(A- ). The proof is completed. O
Considering Lemma 3.1 and Theorem 2.1, the following results are obtained.

Theorem 3.1. (i) Under the assumptions (2.3) and (2.4), if k # 0, then there
exists 6 > 0 such that for each A € A = (A1 — ) U (A +9), system (1.1) has
exactly one spatially nonhomogeneous steady state solution, whose associated
infinitesimal generator A: x has no zero eigenvalue.

(ii) Under the assumptions (2.3) and (2.4), if & = 0 and Fy, [p1,¢1] # 0 and
o9 < 0 (respectively, > 0), then there exists a constant 6 > 0 such that for
each X\ € A = (A1, A1 +9) (respectively, A € A = (A — 0, \1)), system (1.1)
has exactly two spatially nonhomogeneous steady state solutions, each of whose
associated infinitesimal generator has a zero eigenvalue.

In what follows, we investigate the existence of purely imaginary eigenvalues of
A;a. For each (1,)) € RT X A, iw € o(A, ) if and only if there exists u € X¢ \ {0}
such that

m(A,iw, T)u = 0. (3.3)
Lemma 3.2. If (w,7,u) € RT x RT x X¢ \ {0} solves (5.3), then w can be regarded
as the function of X and Q) s bounded.

Ux

Proof. From (3.3), it is deduced that
0 = (@, m(\, iw, 7)u)

= /BQ Ny (2, u3) |u|?do + /Qﬂ[Au +dV- (uVu}) + dV- (uiVu)e “Tdx
+ /Q Mu2(m(z) — u}) — Mg |ul?e™™7 —iw|u|? — |Vu|*dz.
Separating the real and imaginary parts, we deduce that
R(w, \) = w/Q|u\2da: + dsin(wT) /QU (uyVu)dz — sin(wr)/\/Quj\uFdx.

Note that A(0,A1) = 0 and A, (0,\1) = |u|?*|Q| # 0. Then applying the implicit
function theorem, there exists w(A) such that w(A;) =0 and A(w(N), ) =0, i.e.,

w()) /Q luf2dz + dsin(w(\)7) /Q 7 (W Vu)dz — sin(w(\)T)A /Q  Jul2de.

Furthermore, the boundedness of @ is readily apparent, thereby completing the
A
proof. O
We can reformulate the target equation m(A, iw, 7)u = 0 as equation m(A, v, §)u =
0, where m(\,7,0) : X¢ = Y¢ and m(\, v, 0)u is given by

Au+dV- (uVuy) + dV- (u5Vau)e ™ + Mu(m(z) — u}) — Aujue ™ — ivyyu

% — Ay (2, u})u
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where w = vyy and wr = 0 + 2j7 (j € N). Note that m(A,7,0) = Ly, and
Kerly, = span{¢1}. Let u = ¢1+uzb, where b € X;¢. Consequently, H(b,~, 0, \) =
0 holds, with H : X;¢ X R x [0,27) x A — Y defined by

H(b,7y,0,A) = T2, )1 + m(A, 7, 0)b.

V)
Obviously, we have H(b,v,0, A1) = ®(v,0) + LA, b, where

A=A
@(’y’ 9) :Fku(wla QOI) !

dV- (p1Ve1) +dV- (1Vp1)e™ — At — Miple™ — gy
Ay (2, O)cp%

For convenience, let

K1 = / 1 [dv' (p1Vep1) — )\1<pﬂ dx, ko= A Ao (2, 0) @3 do. (3.4)
Q a0
Then we have kK = 2k2 + k1. Define R : R x [0,27) — R as R(v,60) = (¢, D(v,0)) .
Consequently, it follows that

. K
R(7,0) = me™ + 2 — iy,

2
where
4K2 — K2 —ky — 2vi
70271 2, 90:A7’972 7 .
2 2/%1
Therefore
k#0, 4r? > K2 (3.5)

is sufficient for R(v,0) = 0 to hold. It follows that ®(v,0) € Rangely,, which
implies that there exists b* € Xjc \ {0} such that ®(v,0) + L5, 0* = 0, ie.,
H(b*,~v,0,\1) = 0. This, combined with the implicit function theorem and the
isomorphic property of Hy . ,0)(b,7,6, A1), implies there exists a continuously dif-
ferentiable mapping A — (b(\),v(X),0(X)) from A to Xjc X R X [0,27) such that
b(A1) = b*, v(A1) = 70, (A1) = 6y and H(b(N),v(A),0(N),A) = 0 for all A € A.
Thus, m(A,v(A),0(N\))u = 0 has a nontrivial solution v = uy € X¢, where uy =
@1 +wvab(A). This implies that the eigenfunction of iwy € o(A;, , x) is ux, where

O(N) + 27

e (j € N). (3.6)

wy = UW()\)7 Tix =

In conclusion, the following result is obtained.

Lemma 3.3. Under the condition (3.5), for each A € A, w(X) and 7; 5 defined as in
(8.6), A; x has a pair of simple purely imaginary eigenvalues at T = 7; . Moreover,
(i) These purely imaginary eigenvalues are +iwy.

(ii) The eigenspace associated with eigenvalue iwy is only spanned by (o, where
Co(z,t) = ur(x) exp {iwxt}.
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(iii) There exist § > 0 and continuously differentiable mapping: p: (tj, — 6,7 A +
d) = C such that p(1j,)) = iwx and (1) € Arx for all T € (T — 9,75, +9).
Furthermore, - Re {u(1)}|r=-, ,> 0 for X close enough to A;.

(iv) There exists ox = @1 + vad(A) € Y&\ {0} such that m*(\, —iwx,Ta)or =0 .
Moreover,

,\lgr,\ll Mia =1,

where I1; \ = <g>\ew9, Co(x,t)>1, that is,

I\ = / onurdx + dre” T /UK(UAAE) + Vui(oxVuy)de.
Q
Q

Proof. From the preceding analysis, it is evident that assumptions (i), (ii) and
(iv) are satisfied. Consequently, it remains to confirm (iii) and demonstrate that
iwy is a simple eigenvalue of A, . Conversely, assume that iw) is not simple. Then
there exists 1 € C1([—7,0],X¢) such that (A, x — iwy )y = ue™>() that is to say,

U'(0) = — iwap(0) + ue
$'(0) =AP(0) + dV- ($(0)Vu3) + dV- (uz Vi (=7)) (3.7)
+ A (0)(m(z) — u}) — Auyih(=7).

From the first equation of (3.7), we deduce that ¥(0) = (6u + p)e*>? with p and
u satisfying
ou dp

8711 = )\hu(x,’LL)\)U7 ain =

Substituting 1 (0) = (fu + p)e**? into the second equation of (3.7) results in

Ay (z,uy)u  on O

u=Ap+dV- (pVu}) + dV- (uiVp)e ™7 + Ap(m(z) — u}) — Mujpe” “*7 — iwyp.

Thus, we have

U U
5 = = m(A\, iwx, Tr)p-
a—fl — Ay (z, u})p 0

Computing the inner product of the aforementioned equation with oy gives —II; \ =
0, leading to a contradiction. Therefore, iw) is simple.

Note that uy ¢ Rangem(\, iwy,7y) and m(A,iwy, 7a)uyr = 0. Then 0 is a sim-
ple eigenvalue of m(\, iwy, 7). Furthermore, it is evident that m(\ iwy, 7)) is a
Fredholm operator with index zero. Therefore, we have the following direct sum
decomposition:

Ye = Kerm(A, iwy, 7)) ® Rangem™ (A, —iwx, Tr),
which induces a decomposition
Kerm(\, iwy, mx) @ Xoc,

with Xoc = X¢NRangem™ (A, —iwy, 7). Define a mapping P : C x RT x Xo¢c — Y¢
by
P(/’[‘v T, u) = m()‘v Hy T)(U)\ + u)



Dynamics of a Diffusive Model 693

Clearly, P(iwx,Tjx,0) = 0 and P, ,)(iwx, 7;x,0) is an isomorphism. By means
of the implicit function theorem, there exists a constant § > 0 and a continuously
differentiable mapping 7 — (p,u) from (755 — 6,7;,x + J) to C x X¢ such that
(i n) =iwy and u(7;x) = uy and that

P(u(r), 7,u(r)) =0 for all 7 € (150 — 9, 7jA+0).

Calculating the inner product of the above equation with oy yields

W) = —wye N / [dV - (uxVuy) + uiuy] oxde,
Q

then we have

/
. I BT o (Tj)\) o
S

and ,

lim Lé“) = —ine "Ny = (ysinO(N) + iy cos O(\) ) ky.

A=A U)\
So

/(7 in? O(\ V- (91V1) — M p?] dz]”
sgnRe{ lim K7 (Tg”\)}:sgnRe sin” 6(\) UQ 1 [ (il #1) IL'OJ x] =1
D Jolul?dzx

and hence Re {¢/(7;,2)} > 0 for A close enough to A;. O

Remark 3.1. Lemma 3.3 indicates that for the steady-state solution u} specified in
Theorem 2.1, the corresponding infinitesimal generator A, y meets the transversal-
ity condition at 7 = 75 for A € A when A is sufficiently close to A;. Consequently,
a Hopf bifurcation occurs at 7 = 75 5, resulting in the emergence of a branch of pe-
riodic orbits of (1.1) from (7,u) = (75, u}). Condition (3.5) means that regardless
of changes in the time delay 7, Hopf bifurcation cannot occur in system (1.1) when
the interior reaction term is weaker than the boundary reaction term.

We next consider the existence of purely imaginary eigenvalues of Ag ».

Lemma 3.4. Assume that k # 0. Then for each A € A satisfying o(A — A1) > 0,
Ao has only eigenvalues of negative real parts. Conversely, when o(A — A1) < 0,
Ao.x possesses at least one eigenvalue with a positive real part.

Proof. We first demonstrate that Ay » has no purely imaginary eigenvalue when
K # 0. Assuming that Ay » possesses purely imaginary eigenvalues, and applying the
reasoning from Lemma 3.3, we find R(7y,0) = k1 + %% —iv, leading to a contradiction.
Thus, A » indeed has no purely imaginary eigenvalue.

Let {A\;},o, € A satisfy lerr;O Af = Ay such that ug, € 0(Ap ). Then there exists

{ur}re, € X satisfying klingo uy, = 1 such that for each k € N, m(X}, pux, 0)ug, = 0,

ie.,

Auy, + dV- (upVuy) + dV- (uyVug) + Apug(m(x) — uy) — Ajulur — prug

Gu — Npha(z, ul)uk

Note that

Uy« V3« —20p1
lim —*— = ¢; lim b — .
oo AL — A1 T kbes AL — Ap K
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It follows from (1, m(A}, ek, 0)ux) = 0 that

. _ . mE
k:linolo He =0, khﬁrgo 2(\1 — AY) e

This implies that for sufficiently large k, Re {px} has the same sign as o(A — A}).
This completes the proof. O

Remark 3.2. Lemma 3.4 indicates that when o(A — A1) > 0, all eigenvalues of
Ao, have negative real parts, implying the stability of the steady-state solution u}
of (1.1) for 7 = 0. However, Lemma 3.3 suggests that large delays 7 might induce
nonlinear oscillations, affecting computational performance significantly. Therefore,
the time delay 7 can be viewed as a source of instability and oscillatory behavior
in system (1.1).

Considering Lemmas 3.3 and 3.4, the following conclusions about the stability
of the steady-state solution u}, as established in Theorem 2.1, are derived.

Theorem 3.2. (i) Assume that k # 0. Then for each (1,\) € RT x A satisfying
oA = A1) < 0 and |A— M| < 1, A;x has at least one eigenvalue with a
positive real part. Consequently, the steady-state solution u% of system (1.1),
as defined in Theorem 2.1, is unstable.

ii) Assume that k # 0 and 4x? < k2. Then for each (T,\) € Rt x A satisfying
1 2
oA — A1) > 0 and A — M| < 1, all eigenvalues of A; x have negative real
parts, so the steady-state solution u3 of system (1.1) is locally asymptotically
stable.

(iii) Under assumption (8.5), for each A € A satisfying o(A—X1) > 0 and |A—X 1| <
1, if 7 € [0,70,x), all eigenvalues of A, x have negative real parts. In contrast,
for (Tp x, Tnt1.0] with n € N, A\ has exactly 2(n+ 1) solutions with positive
real parts. Thus, the steady-state solution u} of system (1.1) remains locally
asymptotically stable for T € [0,70,x) and becomes unstable for T > 19, as
established in Theorem 2.1.

3.2. Steady-state solutions established in Theorem 2.3

Theorem 2.3 means that for any ug € R satisfying (2.10) and (2.11), in the vicinity
of (u,A) = (up,0), system (1.1) has two branches of steady-state solutions: one
is the trivial solution (u,0) with u > 0, and the other is the bifurcating solution
(uf, A\:), s € (—o,0), where 0 > 0, and u? is defined as

ul =g + v(s) + h(v(s), A(s))

with
(v(0),2(0)) = (0,0), (v(0),\'(0)) = (0,1)

and v(s), \(s) satisfying

/Q Fy (ug+v(s)+h(v(s), A(s)), A) dz = (1+dug) 89Fg(u0+v(s)+ﬁ(v(s),)\(s)),/\) do.
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In the subsequent analysis, we consider the linearization of system (1.1) at u = u?*
with A = A(s):

0
8%’ =Av +dV- (vVu?) + dV- (u:Vv,)
+ A(s)v(m(z) —ul) — A(s)usv,, x€Q, (3.8)
Ov .
™ =AMy (z,u})v, x € 0.

Similar to Section 3, let gﬂs denote the infinitesimal generator of the semigroup
generated by system (3.8). Then p € Cis in the spectral set of a(gﬂs) of ET’S if and
only if (s, g, 7)u = 0 for some u € X¢ \ {0}, which is also equivalent to that there
exists v € X& \ {0} such that m*(\, i, 7)v = 0. Here, (s, u, 7)u = m*(s, p, 7)u,
and 7h(s, u, T)u is given by

Au+dV- (uVui) +dV- (uiVu)e ™ + A(s)u(m(x) — u}) — M(s)usue ™ — pu

G = A(s)ha(@, ul)u

Lemma 3.5. Under the assumptions of Theorem 2.3, we obtain 0 & 0(2773).

Proof. Suppose that 0 € 0(A4, ). Consequently, there exists a u € X'\ {0} such
that m(0,u,7) = 0. Observations from m(0,0,7) = Fy,(up,0) and KerF,(ug,0) =
span{1} imply that u can be expressed as u = as + sbs, with as € R and b, € X
satisfying a2 + b2 # 0. Hence agm(s,0,7) + sm(s,0,7)bs = 0.

It is straightforward to see that

5 -1 m(x) — 2u
fi P50 7) L fml@) = 2u0)

°0 5 —hu(z, uo)

From condition (2.11), since Fy,(-,up) ¢ RangeF,, (ug,0), we conclude that ag = 0.
This together with the invertibility of F,(ug,0) restricted in Xy, indicates by = 0, a
contradiction. Therefore, 0 & 0(A- ). The proof is completed. O

Due to Lemma 3.2, the condition iw & (A, ;) for w # 0 indicates that w can
be regarded as the function of s and w(s)/s is bounded. Consequently, by setting
w(s) = sv, we rewrite (s, isy, T, p) as m(s,v,0,p), with m(s,v,0,p): Xc — Y¢
and (s, 7, 0)u is given by

Au+dV- (uVul) +dV- (uiVu)e ™ + A(s)u(m(z) — ul) — A(s)utue " —isyu

% — Ay (z,ul)u

where w = sy and wr = 0 + 2j7 (j € N). Deriving from m(0,0,7) = F,(uo,0)
and KerF),(ug,0) = span{1}, it is established that u has the form u = 1 4 sb for
some b € Xoc. Consequently, this results in 7—~[(b,'y, 0,s) =0, with H mapping from
Xic xR x [0,27) x (—0,0) to Y, defined by:

ﬁ(bxy, 0,s) = m(s+,9)l -+ m(s,, 6)b.
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At s =0, 7—~l(b,'y, 0,0) = &)(’y, 0) + Fy(ug,0)b, where

#2.0)— (" (2+< eiu o
— Ny (T, U

Define R : R x [0,27) — R as

ﬁ(y,@):/m(m)dm—f—(1+du0)/hu(x,u0)da—(1+e_i‘9)u0|Q|—i’y|Q|. (3.9)
Q o0

Throughout the remaining part of this section, we always assume that

/m(x)d:v + (1 4 duyg) / ho(z,ug)do — ug|Q| < |uo|€]. (3.10)
Q o0

Then there exists (0.,7x) € [0,27) x R such that E('y*, 0.) = 0, which implies that

D (74, 0.) € RangeF,(ug,0). Additionally, there exists b, € Xoc \ {0} for which
H (bs, Y+, 0+,0) = 0. Applying the implicit function theorem and the isomorphism
of D(b’%g)ﬁ(b, 7,0, 0), a continuously differentiable mapping s — (b(s),v(s), 8(s)) is
defined from (—o,0) to Xoc x R x [0, 27) such that b(0) = b., 7(0) = ., 8(0) = 6,
and H(b(s),~(s),0(s),s) = 0 for all s € A. Consequently, m(s,~v(s),0(s))u = 0
admits a nontrivial solution u = u, € X¢, where @ = 1+ sb(s). This configuration

confirms iws € o(A,, ) with the associated eigenfunction u, = 1 + sb(s), where

~ 0 27
Ws = S’Y(S)’ Tjs = (8) * j7r-

Ws

(3.11)

In summary, we have the following result.

Lemma 3.6. Under the condition (3.10) and the assumptions of Theorem 2.3, for
each s € (—o,0), define Wy and 7; 5 as in (8.11). Then for each s € (—0,0), A; s
has a pair of purely imaginary eigenvalues at T = 7; ;. Moreover,

(1) These purely imaginary eigenvalues are +iws.

(ii) The eigenspace associated with eigenvalue iws is only spanned by (o, where
Co(w,t) = U exp{iwgt}.

(iii) There exists § > 0 and C'-mapping p : (7js — 6,7js + 6) — C such that
w(7js) = iws and (1) € o(Ars) for all T € (Tj 55 —0,7js +0). Furthermore,
%Re {u(7)} lr=7,, > 0 for s close enough to 0.

(iv) There exists o, = 1 + sd(s) € Y¢ \ {0} such that m*(s, —iws,Tjs)0s = 0.
Moreover, B

ill)% s = ‘Q|’

where

m,, / Sotds + dre—tT / T (W,AF) + Vit (3.Viis)da.
Q
Q
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Omit the proof of Lemma 3.6 due to its similarity to Lemma 3.3. Lemma 3.6
implies that for the steady-state solution u}, the associated infinitesimal generator
fL,S satisfies the transversality condition at 7 = 7, 5 for s € (—o, ). Consequently,
a Hopf bifurcation is observed at 7 = 7; 5, resulting in the emergence of a branch of
periodic orbits of (1.1) starting from (7, s, u}).

According to condition (3.10), no matter how the time delay 7 changes, Hopf
bifurcation is precluded near the steady-state solution u* in system (1.1) if the
internal reaction is small enough, that is:

/m(x)dw—&-(l—i—du@/ hy(z, uo) do — up|Q| > |uo||€].
Q a0

Note that system (1.1) with 7 = 0 has no Hopf bifurcation near the steady-state
solution w}. Therefore, it is the interior reaction delay 7 that determines the ex-
istence of Hopf bifurcation in system (1.1) near the steady-state solution u* under
the condition (3.10).

In what follows, we consider the stability of the steady-state solution w;. For
this purpose, we start with the case where 7 = 0.

Note that system (1.1) with 7 = 0 has no Hopf bifurcation near the steady-
state solution u}. Consequently, it is the internal reaction delay 7 that primarily
influences the occurrence of Hopf bifurcation in system (1.1) around the steady-state
solution u¥, as specified under condition (3.10).

Lemma 3.7. Under the assumptions of Theorem 2.3, for each s € (—o,0) satisfy-
ing ZA(s) < 0 (respectively, > 0), Ay s has only eigenvalue with negative real part
(respectively, at least one eigenvalue with a positive real part).

Proof. Let {sx},—, C (—0,0) be a sequence convergent to 0 as k — oo such that

for each k € N. Ay 5 has only eigenvalue ji;,. There exists {uk},iil € X¢ convergent
to 1 as k — oo such that for each k € N, m(sg, pir, 0)ur, = 0, and hence

/ [dV- (Vb ) 4+ dV- (u}, Vug) + A(sg)ur(m(z) —ul ) — Mse)ul, up — prug] do
Q

+(1+ duo)/ A(sg) (2, uf, Jupdo = 0.
a0

This implies that
. _ . Uk =
e =0 19 3Gy %
This implies that for sufficiently large k, Re {u } has the same sign as EA(sg). O
Considering Lemmas 3.6 and 3.7, we establish the stability of the steady state

solution u}.

Theorem 3.3. Assume that there exists ug € R such that both (2.10) and (2.11)
hold, we have

(i) For each (1,s) € Ry x (—0,0) satisfying EX(sg) > 0, the steady-state solution

uy is unstable.

(ii) Assume that condition (3.10) does not hold. Then for each (7,s) € Ry x(—0,0)
satisfying EX(sg) < 0, the steady-state solution u’ is locally asymptotically
stable.
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(iii) Assume that condition (3.10) hold. Then for each (1,s) € Ry X (—0o,0) satis-
fying ZX(sk) < 0, the steady-state solution u’ is locally asymptotically stable
when T € [0,70,5), and is unstable when T € [T, s, Tn+1,5) , 7 € Np.

4. Hopf bifurcation

In this section, we study the Hopf bifurcation at the steady-state solution u} and
uy, as established in Theorems 2.1 and 2.3, respectively. This phenomenon occurs
when 7 passes through the critical thresholds 7; x and 7; ;. For convenience, we call
a Hopf bifurcation forward if there exist periodic solutions when parameter value
T > 715 (or 7> 7; ), and backward if T < 7,y (or 7 < 7;). We shall investigate
the bifurcation direction and monotonicity of the period of the bifurcating closed
invariant curve, and determine the conditions for the occurrence of Hopf bifurcation
and identify both supercritical and subcritical scenarios. Additionally, we shall
investigate the monotonicity of the period of the bifurcating closed invariant curve.

In the context of a Banach space W, define Cr(W) and CL(W) as the sets of
continuous and differentiable T-periodic mappings from R to W, respectively, where
T is defined as 27w /wy. Consider the norms:

lzllo.w = max {lu(®)llw}

for any uw € Cp(W), and

lullyw = max{{lullow, [« lo.w}

for u € CL(W). Equipped with these norms, Cp(W) and CH(W) are Banach
spaces. Moreover, Cr (W) represents a Banach representation of the group S! with
the operation defined by

0-u(t)=u(t+6) forall 6cS'.
The inner product for Cr(Y§) and Cr(Yc¢) is introduced as:

for u,v € CT(Y(E) X CT(Y((j)

We start with Hopf bifurcation near the steady-state solutions established in
Theorem 2.1 under the condition (3.5). According to Lemma 3.3, for each fixed
A€ A, A\ has a pair of simple purely imaginary eigenvalues tiwy. Moreover,
there exists uy € X¢ \ {0} such that

)\ ] y = 1 - = .
m( y WX, T]:)\)u)\ 01 )\LH/%I U\ 1
It follows that there exists gy € X¢ \ {0} such that
m* (A, —iwx, Tja)ox = 0, ,\ILH)}l 0jx =1, ILjx#0.

For any 8 € (—1,1), setting u(t) = u((1+6)t) and letting v(t, 5,7) = v(t—(1+8)7),
then equation (1.1) can be rewritten as

- —Ah(z,u)

n

1+8)g —A ot dV- [u(t)Vu(t, B,7)] + Av(t) [m(x) — v(t, B, 7)]
o)
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Let vy g(t) = v(t+(1+8)0) for 6 € [—7,0]. The operator F : CL(X) xR x(—1,1) —
Cr(Y) and F(v, 7, B) is defined as follows:

—(1+ B) 2 + Av(t) + V- [u(t) Vo s(8)] + o(t) [m(@) — ve,p(t)]
% — Mh(x,u)

By adjusting the parameter 8, we explore not only the solutions of (1.1) that ad-
here to the period T but also those that approximate it. Specifically, solutions to
F(v,7,B) = 0 represent %—periodic solutions of (1.1). This characterizes F as
S'-equivariant:
0-F,r,B)=F@O- -v,T,5)

for § € S'. Let L, , be the first derivative of F with respect to v at (v,7,3) =
(0,7j,x,0). Then the elements of KerL, , correspond to solutions of the linear
system L., u = 0 satisfying u(T) = u(t + T). This kernel is spanned by {Cox, Cox 1},
with (px in C7(X¢) characterized by (ox(t) = upe™r! for all t € R. With respect
Eo the inner product on C7(Yg) x Cr(Yc), the adjoint operator £7 | is defined as
ollows:

Uy Avt dvAuy + dv(m(z) —uy) — Auso(t + 7),

ov
on

(s o= | 2
— My (z,u})v

The kernel of L7 , KerL7 . is spanned by {¢5, Cor ks where ¢y in Op(XE) is

expressed as (},(t) = ore™?'. The spaces Cr(Y¢) and C7.(Xc) are respectively

decomposed into
Cr(Yc) = KerL7 | @ RangeLl,, ,, Cr(Xc) =KerL,, , & Rangel7 .

Inspired by the works of Guo and Li [16], let P denote the projection operator from
Cr(Yc) to RangeL,, | along Ker(] , retaining Sl-equivariance. By employing the
Lyapunov-Schmidt reductlon we snnphfy the Hopf bifurcation problem to finding
zeros of the following S'-equivariant map

g(Zv T, 5) = (C()k)n]:(ZCO/\ + EZO)\ + W(ZCO)\ +EZOA77—7 ﬂ), 6))7

where W : Kerl,, , x Ry x (=1,1) — Rangel | is a continuously differentiable
S'-equivariant map such that W(0,7;x,0) =0 and PF(v+W(v,7,8),7,8) =0 for
all (v,7,8) € KerL,,, x Ry x (=1,1). It is easy to see that G.(0,7,0) = 0 and
G=(0,7,0) = 0. Using similar arguments as in Golubitsky and Schaeffer [13], we can
find two functions ® and $: R% x (—1,1) — R such that

G(z,7,8) = R(|2[*, 7, B)2 + S(|2[*, 7, B)iz,

and hence that seeking the zeros of G is equivalent to solving either » = 0 or
R(r?,7,8) =0 and 3(r?, 7, 8) = 0. It is easy to obtain that

Gr (2,72, 0) = 1/ (1)2 4+ O(|2]?),

Gs(2,Tja,0) = —iwxz + O(|z|2)
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Then
R:(0,751,0) Rp(0,7;,1,0)

C\\YT(O,T]‘A,O) %5(0,7']'7)\,0)

We can apply the implicit function theorem, and obtain a unique function 7 = 7(r?)
and B = B(r?) satisfying 7(0) = 7;.» and 3(0) = 0 such that

= wRe {1/ (7j2)} # 0.

R, 7(r?), (%) =0, (%, 7(r?),B(r*) =0 (4.1)

for all sufficiently small r. That is to say, G(z,7(r?), 3(r?)) = 0 for z sufficiently
near 0. Therefore, system (1.1) has a bifurcation of periodic solutions. Namely, we
have the following result.

Theorem 4.1. Assume that (3.5) holds. Then for each A € A satisfying |\ —
M| < 1, a Hopf bifurcation for (1.1) occurs at (u,7) = (u},7jx). Namely, in
every neighborhood of (u,T) = (u},Tj\) there is a branch of periodic solutions
uj - (x,t) = ul as T — T 5. The period T, of u; -(x,t) satisfies that T, — i—: as
T =7 Tj -

From Guo and Wu [17], Faria, Teresa and Huang [10], and Wu [27], the bifur-
cation direction is determined by sign 7/(0), and the monotonicity of the period of
bifurcating closed invariant curve depends on sign 5’(0). We know from (4.1) that

Re {Fjﬁk}
Re{u'(rjn)}

Im {4/ (7j0)Tj}
wrRe {p/(mj2)}

7(0) = p'(0) =

where
L
=(C5» F3(7j.0, ux) (Coxr Coxs Con) + Fa (T, ux ) (Con, Wao) + 2F2 (7.1, u} ) (ox, Wi))

and 1
Woo = — E;,)\P]:Q(Tj,)\aui)(co)u Cor),

Wi = — ,C;J_ELAP.FQ(T]',)\auj)(COAaZO)\)'

Theorem 4.2. The Hopf bifurcation at T = 7; 5 is supercritical (respectively, sub-
critical) if Re{T'; x} < O (respectively, > 0). The period is greater than (respectively,
smaller than) 3)—7; if Im{p/ (T \)Tjx} > 0 (respectively, < 0).

(4.2)

The remaining part of this section is devoted to the Hopf bifurcation at the
steady-state solution u} established in Theorem 2.3, occurring when 7 crosses the
critical value 7; 5. For T = 27 /ws, the inner product for C#(Yg) and Cx(Yc) is
introduced as:

1 T
(v0) = = /O (o(t), u(t) dt
for (u,v) € Cx(Y¢) x C7(Yc). Let vy g(t) =ou(t+ (14 B)f) for 8 € [—7,0]. The
operator F : C #(X) x Ry x (=1,1) = C#(Y) and F(v,7,8) is defined as follows:

—(1+ B + Av(t) + V- [(t) Ver5(8)] + M) [m() = vep(0)]
3% — M(z,u)
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Let L7, , be the first derivative of F with respect to v at (v, 7, 8) = (0, Tj.s,0). Then
the elements of KerLlz, correspond to solutions of the linear system L7 u = 0
satisfying u(T) = u(t + T). It follows that

Kerlz, = =span{nos, Mo, }, KerlZ = span{ng,, M},

where
~ st

Nos = Us€"™", 1o, = Esem'gt (n0s € Cf"(x)’nés € Cf(X*))

Using a similar argument to the previous, let () denote the projection operator
from C5(Yc) to RangeLls, | along Kerlz . It follows that

| Re {F..} o m{w@n)
N A 7 R R )

where

Tjs = (05s F3 (T, ) (105 0ss Tios)HF2(Tss wl) (Toss Weo) +2F2 (T, ) (1105, Wit))

and
Wag = —ﬁ;fjvlssz(?’j,s,U:)(ﬂ(]sﬂ?()s), Wi = _»C%?SQ-%2(FJ',57U:)(n()suﬁOs)' (4.3)

We can obtain the following result.

Theorem 4.3. Assume that there exists u, € R such that (2.10), (2.11) and (3.10)
hold. Then for each s € (o,0), a Hopf bifurcation for equation(1.1) occurs at
(u,7) = (uk,7;s). Namely, in every neighborhood of (u,7) = (u%,7;s) there is a
branch of periodic solutions u; . (x,t) satisfying u; -(x,t) = u} as 7 — 7;,. The
period T, of u;,(x,t) satisfies that T, — %—” as T — T;s. Moreover, the Hopf
bifurcation at T = T; 5 is supercritical (respectively, subcritical) if Re {fLS} <0
(respectively, > 0). The period is greater than (respectively, smaller than %—” if

Im{u’(?j,s)i} > 0 (respectively, < 0).

s

5. Conclusions

In this paper, we investigate the dynamics of a heterogeneous diffusive model with
spatial memory and nonlinear boundary conditions. Firstly, the existence of steady-
state solutions is investigated by using the Lyapunov-Schmidt reduction and regard-
ing A\ as a bifurcation parameter. Next, we discuss the eigenvalues of infinitesimal
generators of a linearized system semigroup at the steady-state solutions of equation
(1.1) by employing eigenvalue theory. Moreover, we determine the bifurcation direc-
tion for each branch of steady-state and periodic solutions using Lyapunov-Schmidt
reduction.

This study contributes to the theoretical understanding of reaction-diffusion
models with spatial memory and nonlinear boundary conditions by providing a
detailed analysis of the existence and stability of both steady-state and periodic
solutions. Using the Lyapunov-Schmidt reduction and eigenvalue theory, our results
offer new insights into how the balance between the interior and boundary reaction
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terms influences the occurrence of bifurcations, particularly the Hopf bifurcation.
These findings deepen our understanding of the interplay between internal dynamics
and boundary effects, enriching the theory of bifurcations in spatially heterogeneous
systems. Moreover, our results suggest potential avenues for further exploration
of memory-dependent phenomena in reaction-diffusion systems, which could have
broader applications to the study of biological, ecological, and physical systems
where spatial and temporal delays play a critical role.

Future investigations could significantly benefit from exploring several aspects
of reaction-diffusion systems. One promising area involves examining the effects of
more complex boundary conditions, such as those incorporating time delays, which
could profoundly affect dynamics. Another prospective could include distinguishing
between memory delay and maturation delay, to better understand their roles and
interactions in influencing system behavior.
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