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Vector Fixed Point Theorem with Application to
Systems of Nonlinear Elastic Beams Equations
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Abstract In this work, we establish a new existence and uniqueness of vector
fixed point for a class of sum-type vector operators with some mixed monotone
property in partially ordered product Banach spaces. The technique used is
Thompson’s part metric, and our goal is to extend and improve existing works
in the scalar case vector case. As an application, we study the existence and
uniqueness of solutions for systems of nonlinear singular fourth-order elastic
beam equations with nonlinear boundary conditions.
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1. Introduction

The theory of fixed points represents a growing field of research and development,
intelligently combining different disciplines of knowledge such as geometry, topology
and analysis. It is among the most powerful and fruitful tools of modern mathe-
matics and can be considered a central subject of nonlinear analysis. In particular,
when it comes to the solvability of a functional equation (whether it is a differential
equation, a fractional differential equation, or an integral equation...), the problem
is formulated in terms of finding a fixed point of a certain mapping. This theory
has numerous applications, notably in biology, chemistry, economics and physics.
For example, in [20], the authors demonstrated some fixed point theorems and used
them to prove the solvability of certain fractional differential equations. It is note-
worthy that these types of differential equations are frequently used in engineering
sciences. See also [21], where the authors confirmed the effectiveness of fixed points
theory in physics by applying it to the equation of motion.

Recently, in the context of the development of fixed point theory, the mixed
monotone operators, which were first introduced in 1987 by Guo and Lakshmikan-
tham [9], have provided some existence theorems for coupled fixed points for both
continuous and discontinuous operators with coupled upper-lower solutions. They
then proposed some applications to initial value problems of ordinary differential
equations with discontinuous right-hand sides. As an extension of [9], an existence
and uniqueness theorem was established in 1988 by Dajun Guo [8] for an operator
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A : P x P — P under the following condition: there exists 0 < « < 1 such that

[e]
A(tx,tty) = t*A(z,y) for each 2,y € P and 0 < t < 1. These results have been
developed and generalized in [22], where the authors prove new fixed point theorems
for mixed monotone operators A : P x P — P under the following conditions:

i) There exists h € P with h # 0 such that A(h,h) € Py;
i1) For any z,y € P and ¢ € (0,1), there exists ¢(t) € (¢,1] such that
Alta, t™y) = o(t) Az, y).

Using the main results obtained, they give the local existence and uniqueness of
positive solutions for the following nonlinear boundary value problems:

—u"(t) + m?u(t) = M (t,u(t),u(t)), 0<t<l1,
u'(0) = /(1) = 0.

The powerful role of the theory of fixed points has driven its extension in various di-
rections. For example, one new direction involves extending the Banach contraction
principle to metric spaces endowed with a partial order. See [5], where the authors
established a fixed point theorem for a new class of mixed monotone operators,
which are nearly asymptotically nonexpansive.

In this context, H. Wang et al. [18] obtained the existence and uniqueness of
fixed point of the nonlinear sum operators Az + Bx + C(z,z), where A is an in-
creasing a-concave (or sub-homogeneous) operator, B is a decreasing operator and
C' is a mixed monotone operator and they applied their results to a fractional dif-
ferential equation. Thereafter, the authors [19] studied another abstract related
to sum-type operator equation A(z,z) + B(z,z) + Cx = x, where A and B are
two mixed monotone operators and C' is an increasing operator, then the authors
applied the result to a nonlinear fractional differential equation with multi-point
fractional boundary conditions. In [14], Y. Sang et al. established the existence
and uniqueness of solution for the operator equation A(z,x)+ B(x,z)+Cx+e = x.
The authors generalized the results obtained in [24] on the cone mappings to non-
cone case. However, as far as we know, the fixed point results concerning vec-
tor operators with mixed monotone properties are still very limited. In [11], the
authors established the existence and uniqueness a fixed point for the abstract
vector operator equation ®(x,y,x,y) = (Ai(x,z,y), As(x,y,y)) = (x,y), where
®: P, x P, x P, X P, = P, x P, has some mixed monotone properties with respect
to the operators Ay : P, X P, X P, — Pp, and As : P, X P, X P, — P.. Then
they applied their results to obtain the positive solution for a system of nonlinear
Neumman boundary value problems.

Being motivated by [11,15,23] and other works, we intend to study the existence
and uniqueness of fixed point for the following system of operators, which we are
going to consider it as an adequate vector operator with certain mixed monotone
properties

A1(1'7£L',y) + Bl(xvxa y) +e =z,
Az(z,y,y) + Ba(z,y,y) + €2 = y.
Then, we apply our result to show the existence and uniqueness of solutions to the
system (4.2). The main result can be considered, to some extent, as a generaliza-

tion of most of the results obtained in the cited references, in addition to being a
transition from the scalar case to the vector case.

(1.1)
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This article is organized as follows. In the first section, we recall some basic
facts to be used throughout this work. In the second section, we will prove our
results concerning the existence and uniqueness of fixed point for sum of two mixed
monotone vector operators of Meir-Keeler type. In the third section, we demonstrate
the applicability of our abstract theorem by giving an application to systems of
nonlinear elastic beams equations.

2. Preliminaries and some results

Let (E,].]|) be a real Banach space and P be a cone in E. Recall that a non-empty
closed and convex set P C E is a cone if it satisfies (i) v € P,A > 0 = Az € P,
(ii) x € P,—x € P = x = 6, where 0 is the zero element in E. A cone P induces
a partial ordering < in E by x < y if and only if y —x € P. A cone P is called
normal if there exists a constant N > 0 such that § < z < y implies ||z|| < N||y||;
in this case NN is called the normality constant of P. A cone P is said to be solid if

it’s interior P is non-empty.
Letting h > 0 (i.e. h = 6 and h # ), we denote P}, by

P, ={z € E: there exist A > 0, > 0 such that \h <z < ph}.

It is easy to see that P, C P is convex and AP, = P, for all A > 0. If P # & and
h € P, then P, = P.
For an element h € P with h # 6 and e € P with § < e < h, we denote
Poe={zx€FE :x+e€ Py}

For every x,y € Pp e, let
Me(g) =inf{A>0, z+e=2Ay+e)},

and define e-Thompson’s metric d. by

de(z,y) = In <max{Me(g),Me(E)}).

x
Let us give some remarks.

Remark 2.1. (i) It is clear that P}, 9 = P, for each h > 6.

(ii) Pp, and Py . are of different nature. In fact, one can observe that P, C P\ {6}
for any h > 6, while P, . need not be even a subset of the cone P for some
h =0, e>6 with h = e.

ili) If v € Ppe, then x + ¢ € Py,
iv) For any z,y € Py, we have d.(z,y) = dg(x + e,y + €).
Definition 2.1. [4] Let (X, d) be a metric space and € > 0 be fixed. We say that

(X, d) is e-chainable if for any =,y € X, there exist g = x, 21, ..., Tp_1,Tn = Y
( n may depend on both x and y) such that d(x;,z;41) < e foralli € {0,1,...,n—1}.

Lemma 2.1. [16] Let P be a normal cone in E. Let h € P, with h = 6. Then,
P, is complete with 0-Thompson’s metric.
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Lemma 2.2. [3] Let P be a normal cone in E. Let h € P, with h = 6. Let e > 0.
Then (P, dp) is e-chainable.

Lemma 2.3. Let P be a normal cone in E. Let h,e € P, with h = 6, h = e. Let
€ > 0. Then (Pye,de) is e-chainable.

Proof. Letz,y € P,.. Thenxz+e,y+e € P,. From Lemma 2.4, there exist g =
z+e,x1,22,....,T, =y +e € Py such that dg(z;,x;41) <eforanyi=1,2,...,n—1.
Therefore, xg — e = z,2; —e,x2 —e,...,T, —e =y € P . and by Remark 2.1, we
have

de(z; —e,xi41 —€) <eé,

which gives the result. O

Lemma 2.4. Let P be a normal cone in E. Let h,e € P, with h = 0, h = e. Let
€ > 0. Then (P, de) is a complete metric space.

Proof. Let {z,} be a Cauchy sequence in (P} ¢,de). Then {x, + e} is a Cauchy
sequence in (P, dp). It follows from Lemma 2.3 that there exists x € P, satisfying
lim dy(z, + e,2) = 0 and from Remark 2.1, lim dc(x,,z —e) = 0. Thus, (z,)
n—o00 n—0o0

converges to (z —e) in (P, de). O

Lemma 2.5. [15] If v € Py, then Az + (A —1)e € Py for all A > 0.
If 2,y € Py, then there existsr € (0,1), such that ry+(r—1)e 2 o < y+(I-1)e.

To prove our result, we apply the following fixed point theorem.

Theorem 2.1. [23] Let (E,d) be a complete e-chainable metric space and let T :
E — E be an operator. Suppose that for every a € (0,¢) , there exists b € (a,¢)
such that

z,y€ E, a<d(z,y) <b=d(T(z),T(y)) < a.

Then T has a unique fixed point x* € E with {T™x} converges to x* for any x € E.

3. Fixed point theorem

In this section, we present the main fixed point result of this paper. If (E, <) is
an ordered Banach space, we define a partial order in E? = E x E, denoted =, as
follows

(z,9), (u,v) € EXE, (z,y) 3 (u,v) & z<uandy < v.

Definition 3.1. [1] Let (X, <) be a partially ordered set and T': X x X — X be
an operator. We say that T has the mixed monotone property if T'(z, y) is monotone
non-decreasing in z and is monotone non-increasing in y, that is, for any z,y € X,

x1,T2 € X7 T j To = T(l’l,y) j T($27y)7
y,y2 € X, y1 2y = T(x,y2) X T(x,y1).

Theorem 3.1. Let P be a normal cone in a Banach space E. Let e;,eq € P
and h,k € P, with h = 0,k = 0, h = e1,k = ea. Assume that A1,B1 : Ppe, X
Phey X Pye, — E and A3,By @ Pp ¢y X Py e, X Py, — E are operators such that
Ai(h,h, k), B1(h,h, k) € Py, and As(h,k, k), Ba(h,k, k) € Py e,. Suppose that the
following assumptions are verified.
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(H1) A1(.yu,y), B1(.,u,y) are non-decreasing and A (z, .,y), A1 (x,u,.), B1(z,.,y),
Bi(x,u,.) are non-increasing;
As(.yu,y), Aa(x, ., y), Ba(.,u,y), Ba(z, ., y) are non-increasing and As(z,u,.),

Bs(x,u,.) are non-decreasing.

(Hs) There exist constants n > 1,1 > 0, A > 1 and functions ¢; : (n,1) — (0,1)
satisfying p;(t) > 5 (i =1,2) such that

Aq(tx + (t — 1)eq, %x + (% — ey, %y + (% —1)ez)
= p1(t)Ar(z, z,y) + (p1(t) — Dex,
Az(%m + (% —1)ey, %y + (% — 1ea, ty + (t — 1)es)
= pa(t)Az(z, Y, y) + (p2(t) — 1)ez,

for every (z,y) € Phey X Pre,-
(Hs) For anyt € (n,1) and for every (z,y) € Phey X P,

By (tx+ (t — ey, ~z + (

= tnBl(ir?xuy) + (tn - 1)617
1 1 1 1

Bg( T+ (f — ey, ty + (E — Deg, ty + (t — 1)62)

- tnBQ(Iaya y) + (tn - 1)62

(Hy) There exists a constant § > X such that

for all (x,y) € Pre, X Pre,.
Then, there exists a unique couple (z*,y*) € P e, X Pre, such that
Ay (2", 2%, y*) + Bi(z*, 2%, y") + e1 = 27,
Ao(z" Y%, y") + Ba(z",y"y") ea =y
Proof. Define the operator T : (P e, X Pk,e2)2 — Phe, X Pie, by

T((z,y), (u,0)) = (T1((2,9), (u,0)), To((2,y), (u,v))), (3.1)
where
Tl((gjay), (u,v)) = Al('raua U) + Bl(xa uav) + e1,
TQ((xvy)a (U,’U)) = AQ(“a”ﬁZ/) + BQ(uv v, y) + ez,
for every x,u € Py, and v,y € Py e,.

Let (xOvyO)a (xlayl)v (u,v) € Ph761 X Pk,ez such that (xovyo) j (xlayl) i'e'v Zo =
21 and yg < y1. Then by (H;), we have

Al(x()vuav) = Al(xlvuav) ) Bl(anua U) = Bl(x17u7v)7
A2(U,Uay0) = AQ(U,U,yl) 5 BQ(’U/,’U,yo) = BQ(’U/,’U,y1),
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which implies that T'((xo,y0), (u,v)) 3

T 1 ) .
Similarly, we get T'((u,v), (z1,11)) 2 T((u,v), (z0,y0)). Hence, T is a mixed
monotone vector operator.

Now, we prove that T((J:, Y), (x,y)) € Ppey X Pye,, forall (z,y) € Phe, X Pre,-
Using Lemma 2.5 and (Hs), we have

e1(1)A; (135 (G = Vet 4 (= Dew, ty + (- 1>e2> T (e1(t) ~ Dex
= A (t(ix + (% —1)er) + (t — 1ey, %(tﬂc +(t—1)e)+ (% —1ey,

%(ty + (t—1ea) + (% — 1)62).

Thus,

1 1
A1 (t:c + (E — l)el,ta? + (t — 1)61,ty + (t — 1)62)

1
<X —A(z,z,y) — ——(p1(t) — 1)eg
A ey - S ® -
1 1
= 7141 r,T,Y +(7—1)€1
AT (O
By the same reasoning we get,
1 1 1 1
31(;33 + (; — ey, tx+ (t— L)er, ty + (t — 1)ez) = tanl(l‘,ﬂ?,y) + (tTL — ey

On the other hand, since A;(h,h, k), Bi(h,h,k) € P} ¢,, there exist constants a, b
n (0,1) such that

1 1

ah+ (a—1)e; X Ay(h,h, k) < ah + (E — ey,
1 1

bh + (b— 1)61 = Bl(h,h, ]43) = Eh—f— (g — 1)61

Let z,u € Py, and v € Py ,. Then there exist constants c, d, f in (0, 1), such that

1 1
ch+(c—1)e; 2z =< Eh+(2_1)61’
dh+ (d—1)e; S u = éth(éfl)el,

1 1
fk+(f*1)€2505?k+(?*1)62-

We choose ¢ = min{c, d, f}, then

Al(a;,u,v)5A1(€h+(€—1)el,%h+(€ Vet~ k+(€ 1)es)
= p1(D) A1 (h, b k) + (p1(1) — D)ex

()
= 1) (ah + (a—1)e1) + (p1(l) — Des
= p1(l)ah + (e1(l)a — 1)ex



726 H. El Bazi & A. Sadrati

and
Aq(z,u,v) < Al(%h—k (% — ey, lh+ (I = 1)ey, lk+ (I — 1)es)
1 1
=p@ e g e
1 1 1 1
f @Gt G TN+ G e
= L 1h+( Ll Je1,

which implies that A;(x,u,v) € Pj ., and similarly we obtain By (x,u,v) € Pje, .
Analogously, we prove that As(u,v,y) € Py, and Ba(u,v,y) € Py, for every
T € Phe, and v,y € Py e,. Hence, T((m,y), (u,v)) € Pre, X Pre,, Y(z,y), (u,v) €
Ph,61 X Pk,e2~
Next, we set ¥(t) = min{(&”é(?f'tn), (6“025(2;“")} and we prove that for any
€ (n,1) and for all (x,y) € Phe, X Pre,

T (1) + (¢ = Dler,e2), 3 (09) + (7~ Dlersea)
2 eOT (@), (@.9)) + (1) = 1) (er, e2).
Let (z,y) € Ppe, X Pge,. By (Hy), we have

Ay, 2,y) + 0A1(w,2,y) = OBi(w,2,y) + (5 — 1er + 641 (2,2, y)
= 6Ty ((x,9), (x,y)) — e1,
which implies that

€1

d+1

Al(l‘ xT y) Tl((xay)a (I,y)) -

It follows from (Hs), (H3) and (3.2) that

T 6+1

Ti (1) + (¢ = Derse2), 7 (2:0) + (5 = Dlen,e2)) = T3 (2,0, (29))
:Al(tx—l—(t—l)el,%x—i—(% )el,iy—l—(%—l)eg)

1 1 1 1
+ B (ta: + (t— ey, ;x + (; — ey, ;y + (; — 1)62)
+ €1 — tn (A1($7$,y) + Bl(x7xuy) + 61)
= @1(t)A1($,$7y) + (Sol(t) - 1)61 + tnBl($,$,y) + (tn - 1)61
+e —t"Ai(x,z,y) —t"Bi(z,x,y) — t"ey
= (1(t) = t") Ar(z, 2, y) + (p1(t) — 1)ey

= (1) = ) (5T (@) ) = 525 ) + (a) = e

Ty ((zvy)v (m,y)) + <W - 1) el.

= (a0 =)

0+1
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Then,

Tyt 9) + (= Dlerse2), 7(0,0) + (5 = Dier,e2)

= (o) =) T (. ) + (T = 1)+ 0T (0, ()

- (W)Tl((m,y), (z,y)) + (W - 1) €1,

Analogously, we show that

Tyt 9) + (6= Dlerse2), 7(0,0) + (5~ Dier,e2)

- (W)Ta((x,yh (z,y)) + (W - 1) es

Hence the result.

Let e = —Inn. Then, by Lemma 2.3, (P;w1 X Pkm,d(ehez)) is e-chainable (with
(e, e) 15 the (e1, e2)-Thompson’s metric). Choose a € (0,¢) and a = exp(—a).
Then a € (n,1) and for every v € (0, @), we have

5((a — )+ (a*“/)*)\(afv)"> + (o — )"

Y(a—7) > 5

Now, for all @ € (1, 1), define the real valued function f, on (0, «) by

5<(a — )+ (afv)}(afv)") +(a—A)"

foc(r}/) = 1+06 -, V’Y € (Oaa)' (33>

Then,

5((a —0) + 7(“’0)}(”0)”) +(a—0)"

fa(o) = 149 -«
5(/\a++—a") +a" - (1+8)a
B 140
_d(Aata—a™)+ A" = A1 +0)a
B A(1+9)
0+ da —da” + Aa” — da — M
B A1+ 9)
(- N(a—a")
=T aa+s Y

It’s clear that f, is a continuous function. Thus, there exists a constant £ > 0 such
that f(v) > 0, for all v € (0,£). Since Y(a—7) —a > fo(7), then p(a—7)—a > 0,
for every v € (0,&), that is, ¥(a —v) > a.
ForO0<vy<a—nand b=—1In(a—7), wehave a <b<e. Let 2,y € Pp ., X Py,
with

a=—Ina <dge, e)((zy),(u,v) <b=—In(a—7). (3.4)
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If M(elaez)(g:g;) > M(el’ez)(égzzg)’ then d, c,) ((x’ y), (u, v)) =In [Mm@(éiﬁ%)]-
Therefore, by (3.4) we get

1 , 1

— < ]\4(61 62) (.’L' y) <

« ’ (u,v) a—7
Let My = Mie, c,) ({24) and My = M, ¢,)((22). Then

which implies that

T((2.). (2,9)) + (ex,e2) 5 (e — ) (T(<u7v>, (u,0)) + (61762))-

Consequently,

T((u,v), (u,v))

41
Me, e0) (T((x,y),(x,y))) <YPla—7v)" < 5 (3.5)

Similarly, we have

T((u,v)7 (u,v))

z T<M1_1(x,y) + (M7 —1)(e1, e2), Mo (2,y) + (M — 1)(61,62)>

= T(Ml_l(m,y) + (Ml_l —1)(e1, e2), My (z,y) + (My — 1)(61,62))

=7 (0= + (0= 2) = Dlenen). o= (o) + (= - 1)<e1,e2>)

t ¢(04 - V)T((l'vy)a (Z’y)) + (Q/J(O‘ - ’7) - 1) (61’62)'
Consequently,
( z,y), (z . 1
M(€1,€2) <W> < ¢(04 — '7) < a (36)
Next, from (3.5) and (3.6), we have

dier e (T((,9), (2.9)), T (0, 0), (w,0)) )

(s (HED ) y(Hh ey
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< —In(a) = a.

In the same manner, if M(@l@)(%iii%) < M(el’@)((u’v)), we show that

(z,y)

d(el,eg) (T((Z‘, y)a (Jf, y))vT((u’ U)a (U, U))) <a.
Finally, by applying Theorem 2.1, T has a unique fixed point (z*,y*) in Pp ¢, X P c,,
that is, T'((«*, y*), (2", ")) = (a*, y"). =

Example 3.1. Take the ordered Banach space R with the normal cone P = R,.
Define the operators Ay, Ay, By and By for every x,y,z € R% = (0,00) by

Ai(z,y,2) =6, As(z,y,2) =4, Bi(x,y,2) = 2,and Ba(z,y,2) = 1.
It’s clear that all the hypotheses of Theorem 3.1 are verified with, h =k =1, e; =
e2=0,n=1,n= %, A=2, § =3 and ¢(t) = t. Moreover,
Aq1(8,8,5) + B1(8,8,5) = 8,
A2(8,5,5) + B(8,5,5) = 5.

4. Applications

In the past few years, there has been significant focus on elastic beam equations.
A variety of tools and methods have been utilized to investigate the existence,
uniqueness and multiplicity of solutions for this type of equation. In [15] by applying
the main result regarding fixed point theorem, the authors studied the existence and
uniqueness of solutions to the following boundary value problem:

2@ (t) = f(t,a(t), (Hz)(t)) — b, t € (0,1),
z(0) = 2/(0) = 2" (1) = 0, (4.1)
2"(1) = g(z(1))-

In this section, we extend and generalize the results obtained in [15], demonstrat-
ing the existence and uniqueness of solutions for the following system of fourth-order
nonlinear boundary value problems:

8
—
~+
~—
—~
~
~—
~—
+
Q2

—
—~
vk‘%
8
—~
~
~
~—
[
(=
[y
o
AN
~+
N
—_

(4.2)
2(0) = y(0) = 2'(0) = y/(0) = 2" (1) = y"(1) = 0,

2" (1) = g1(2(1),y(1) , ¥ (1) = g2(x(1),y(1)),

where by, by are positive constants and f1, f2, g1, g2, @1, @ are appropriate functions
specified later.

Consider the Banach space C([0,1]) of all continuous functions from [0,1] to R
equipped with the sup norm and set

P={zeC([0,1]), z(t) >0, t €[0,1]}.

Recall that P is a normal cone in C'([0,1]) of which the normality constant is 1.
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Lemma 4.1. [2] Suppose that h € C([0,1]). Then the boundary value problem

@ () =h(t), 0 <t <1,
2(0) = 2/(0) = 2" (1) = 2"(1) = 0,

has a unique solution x(t) = fol G(t, s)h(s)ds, where G is the Green function given
by

1] s%(3t—
Gl = 6 t2(3s —

IN
VA
IN

s), 0 1,
t), 0 1.

<t
t<s

IA
IA

Remark 4.1. It’s easy to show that
1 1
§t232 < G(t,s) < §t2s, vt,s € [0,1].

Now, we are ready to present and prove the main result of this section.
Theorem 4.1. Suppose that

(Cl) (1) fl : [07 1] X [—%,-i—OO) X [—%,+OO) X [_%7"_00) — Rv
f2:10,1] x [—%,—i—oo) X [—%,—}—oo) X [—%,—I—oo) — R,
(2) ¢1,92 : [*%,4’00) X [7%,4’00) — (—00,0],
(3) aq:[0,1] x [—?,—&—oo) — [0, +00),
as 1 [0,1] x [—ﬂ +00) — [0
are continuous functions.
(C2) (1) fi(s,.,u,y) is non-decreasing and f1(s,x,.,y), f1(s,z,u,.) are non-incre-
asing for all s € [0,1], z,u € [—%, +oo) and y € [—%,—Foo) ;
(2) fa(s, ., v,v), fo(s,x,.,y) are non-increasing and f2(s,x,v,.) is non-decre-
asing for all s € [0,1], z € [—%,—l—oo) and v,y € [—%,—I—oo) ;
(3) g1(.,y) , g1(x,.) are non-decreasing, g2(.,y) is non-decreasing and g>(z, .)
s mon-increasing for every x € [—%, +oo) and y € [—%, +oo) ;
(4) a1(s,.) is non-decreasing and as(s,.) is non-increasing for all s € [0,1].
(Cs) There exist constants n > 1, A > 1, € (0,1) and functions 1,2 : (n,1) —
(0,1) satisfying

n

pi(t) >t+ , YVt € (n,1) and (i = 1,2),
such that for all (z,y) € [—f,—f—oo) X [—%d—oo) ,
by 11 by 1 1 b
1) —= = Z_1)—=. = 1= >
Plstet -2 Lot (1) Ly (1)) > i) (s, .),
1 1 by 1 1 b by
- S A Z_ 12 —1)==) >
fals,qo+ (3 —D)oqy+ (3 - Dty + (0= 1)) = e fals, 2, 9),
1 by 1 1
g ;e + (-1 y‘i‘(t—l)z) <t"gi(z,y),

1 1 b
aq (s, tx + (t — 1)§1) > t"ay(s,x) and as(s, 7Y + (Z - 1)%) > t"as(s,y).
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(Cy) (1) fol s%f1(s,0, bzl,%z)ds >0 and fol s%f2(s, b21, b;,O)ds > 0;
(2) g1(%,2) <0 and go (-4, -2) <0;
(8) There exists a constant § > X, such that, for all x,z, € [—%,—I—oo) and
for each y,y; € [—%d—oo),
%fol s2f1(s, —%,m,y)ds > 5fol son (s, x)ds — 691 (z1, 1),

1 1
% fo 52f2(57$ay5 7%)d5 > 5]() 80&2(57y)d5 - 592 ($17y1)-
Then system (4.2) has a unique solution in Pp ¢, X Py e,.
h,k,e1 and ey will be determined later.

Proof. Firstly, from Lemma 4.1, the integral formulation of the system (4.2) is

given by
= 13 610:5) (o050, 9(6) + n (s0(5) — b ) s
~a(e0) (4 - ).

10) = Gl0,5) (o 619,005 + (5, 9(0) = b ) s
~e).0) (4 - ).

Then, by a simple calculation we show that system (4.2) is equivalent to the follow-
ing

(4.3)

z(t) = fol G(t,s)f1 (s,x(s),x(s),y( )ds + fo (t,8)aq (s, x(s))ds — ey (t)
~01 (1) y(D) (&
(
)

y(t) = fol G(t,s)f2 s),y(s )ds—i—fo (t, s)aa(s,y(s))ds — ea(t)

with e;(t) = 2t4 — L3 + 2142 i € {1,2} and we have for each t € [0, 1],

b; b; bi 2 t 1\2
ilt) = gutt = gt - G =t (5 - g4 ) =0l (g - 5) =0

which implies that e, es € P. Moreover, for each ¢ € [0,1] and ¢ = 1,2,

bi 4 bi 5 bi o bi 4 b 2 bi 5 b bi
i (T —t - ¢ —t* < —t < L < 2t 4.4
elt) = gptt - g+t S ot + gt S+ gt <5t (44)
that is, e; < h and es < k, with h(t) = %¢% and k(t) = 2¢, t € 0, 1].
Define the operators A;,B1 : Pre; X Phey X Pre, — E and Ay, By 1 Pp e, X
Pyey X Py, — E by
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As(a,y.v /Gtszsx() y(s), v(s))ds — ea(t),
Bale0)0) = [ 6090z, - a0 (5 = 5 ) = et

From (C4) and the definition of G one can show that the operators A, Ao, By and
By are well defined.
It is a standard result that (z,y) is a solution of system (4.2) if and only if

A1($7 x, y) + Bl(x7 x, y) +e =ux,
Az(z,y,y) + Ba(z,y,y) + e2 = .
To prove the existence and uniqueness of solution of system (4.2), we will apply

Theorem 3.1 to the operators Ay, Ao, By and Bs.
1) By Remark 4.1 and from (C3), we have for every ¢ € [0, 1],

Av(h by k) (E) + en(t /Gtsflsh() h(s), k(s))ds

< / G(t,s)f1(s, 51, 0,0)ds
0
1 bl

and

Using (Cy), we get

1t by 2 [t by by
- A 0,0)ds > — [ 222y a8 >0,
b, sfi(s, 2,O,O) s> 3b1/0 s% f1(s,0, R 2) s>0

Therefore, Ay (h,h,k) € Py .,. Moreover, since g; is a function with non-positive
values, we have

Bu(h, b k)(2) + e (¢ / s)ar (s, h(s ))ds—gl(h(l),k(l))(Q _ 6)

/1 as—)ds— by b ——ﬁ
gt I\ 2 )\2 7%

IN
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([ e (33)
bll(/lsal(s b)ds—gl( =2, b;))h(t)

IN

IN

and
2 3
Bu(h, b, k)(t) + ex(2) / Gt )a (s, h(s))ds — g1 (h(1), k(1) (’; _ %)
by b\ [t*
—_91( 27 2 2_6)

()
M\ 2°72)3
by b 2
> —g| =, =) — .
> (—on( 2 ) 5 e

Again, from (C4), we have

1
bll(/ say(s, l;)dsgl( l;, b;)) > 312)191<Zl,b;) > 0.

Thus, By (h, h,k) € Py.e,.

Analogously, we demonstrate that, Aa(h, k, k), Ba(h, k, k) € Py e,.

2) Using (Cy), it’s easy to check that the hypothesis (H;) of Theorem 3.1 is
satisfied.

3) We show that hypotheses (H3) and (Hs) of Theorem 3.1 are satisfied. Let
X € Ppe, Y€ Prey, t €[0,1] and ¢ € (n,1). Then by (C4), we have

1

A (t'z+ (' = Dey, %x + (t—ll —1ey, 7Y + (% —1)eg)(t)
1
= [ Gt (s as) + (¢ = Derls) als) + (5 = Dea(o),
0
() + (5 = Dea(s))ds = a1
1
> [ Gt (s ale) + (¢ =15 Fols) + (G = D o) + (5~ DR )ds

— 61(t>

(/ G(t,s f1 s,z(s), z(s), y(s))ds—eﬂt)) + (gal(t’) — 1)el(t)
p1(t) A (2,2, y) () + (@1(t) — 1)er(t)

and

e
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/ G(t,s)ar(s,t'z(s) + (t' — 1)ex(s))ds
2 3

0 ( o)+ (3 = Dea(D: o) + = Vea®) ) (5 = ) = ea(

From (Cs), we have

1

L e, tl/y + (* —1)es)(t)

1
B (t’:c + (' —1ey, —x i

t/

> [ Gty an(s.atos - @' o0) (5 - 5 ) - eat)

~ ey | / Gt ) s.a(6)ds — n ol1),0) (5 = 5 ) )]

+ ()" = 1)es(t)
= ("B, (x,x,y)(t) + ((t’)" — l)el(t).
We follow the same reasoning for A, and Bs.

4) Finally, we prove that (Hy) of Theorem 3.1 is satisfied. We have for all
T € Ppe,y € Pre, and t €0,1],

+(5

Ar(z,z,y)( /Gtsflsa:() z(s),y(s))ds — e1(t)
>3 [ el o) - 0
> 5 / 250 (s, el ds — g1 (2(0), y(D) 52 — ex (1)

1 2 43
> 5/0 G(t,s)aq (s, z(s))ds — 6g1 (z(1),y(1)) (2 - 6>
- 561(t) + (5 - 1)61(t)
=0B1(z,z,y)(t) + (6 — Des(1).
Analogously, we prove that As(x,y,y)(t) > dBa(x,y,y)(t) + (6 — 1)ea(t). The proof
is complete. O]

Example 4.1. Consider the system of nonlinear elastic beams equations (4.2) with
by =4,bp = % and, for s € [0,1], z,u € [—%700)7 Yy, v € [—%,oo), we set

1/2 5 —1/2
fi(s,zuyy) = 25\/5(8 + sx) + <63+ 14 su+ sy) ,
1/3 5 -1/3
fg(s,x,v,y)—40( —i—sy) —i—(gs—l—l—i—sx—l—w) ,
1 1\2 -1 9
sslet+3), 5 <z<3, 52 -2
al(sax): 2 ( 2) 2 2 ) a2(87y) 7(?/"‘5) )
s, ©>73,
:z:+yif —5<x+y<—4,
gl(l'vy): { 4 0 4 ’ )
5 Hrtyz
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= i
1 =1 =1
—y-5 i <z 5 sy<O,
92(z,y) ) . .
r—yz i 5ses50sy,
1 : —1

Then, it is easy to check that the functions f1, f2, g1, g2, @1 and as satisfy assump-
tions (C1) and (C2) of Theorem 4.1.

Next, for all s € [0,1], ¢t € (0,1), z,u € [—%,oo), Y, v € [—%,oo), one can show
that

fi(s, tw+(t—1)§ ¥x+(1—1)§ }y—k(l—l) )>\[f1(s z,7,Y),

1

Fals, g2+ (5 = g+ (= D3ty + (6= 1)3) 2 Vifals, ,00).

Notice that there exists 7; € (0,1) such that v/t >t + %td
Also, if we put

x, i§x§17 _y_l,igygo’
m(@)=q % " 7 % adha@={ | ° 7
% T 5 -3, 420,
then we have gs(z,y) = hy(z) + ha(y), for all z € [—3,00) and y € [—1,00).

1
Let ¢t € (0,1) and € [—1,00). Then we dlbtlnglﬂbh two cases.
First case x> f%
Then tz + (1 —1)§ > —¢, therefore hy (12 + (+ — 1)3) < t3hy (2).
Second case. v < %

i) If to+ (1 -1)
<trezd-th)<-(1-1t)

r(1+1)(1+1%) < —

+ N — N —

It’s clear that there exists e; € (0,1), for all ¢ € (e1,1), (1
Since 0 < x < f% then, for all t € (e1,1), we have z(1 +t)(1 + %) < —1.
Furthermore

1 1 1 1 1
- S>>~ et -t > !
(PTGl z g ettt )52 7%
1 1 ¢t
str>——th— B —tho = — —
vzt =l 5= 3 732
t4 3

It’s easy to show that for all ¢ € (0,1), we have - — & > f%. Hence,
3z > —%, which implies that
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Again, by separating cases, we establish the existence of €5 € (0,1) such that, for
all t € (e9,1) and y € [—%, oo), the following inequality holds

halty + (= 1)3) < £*hay).

Let 12 = max{e1,e2}. Then we obtain

1 1 1 1
- D)o ty+ (-1 ) <8?
92<t17+(t )27 Y+ ( )3) < tPga(z,y),

for all t € (n9,1), € [f%,oo) and y € [f%,oo). Analogously we prove the

existence of 73 € (0, 1) satisfying

1 1 11 1 1
— - — — = - — — 1 < 3
gl(tﬂc—l-(t D37y + (5 1)3>_t 91(z,y),

1
aq (s, tx + (t — 1)5) > 30y (s, x),

1 1 1
(s, 7Y + (; - 1)3) > tPas(s,y),

for all t € (n3,1), = € [—%,oo) and y € [—%,oo). Thus, the hypothesis (C3) of
theorem 4.1 is satisfied for A = 5,n = 3, n = max{n1,n2,n3} and p1(t) = p2(t) =
V't. Moreover, by a simple calculation we show that the assumption (Cy) is satisfied
with 0 = 6.

Finally, all hypotheses of theorem 4.1 are verified. Consequently, system (4.2)
with the functions given above has a unique solution in P ., X Pj.,, where h,k
and e; (i =1,2) are given by (4.4).

Open question

Given that theorem 3.1 depends primarily on the fixed point theorem for operators
of Meir—Keeler type, how can we oversee (H;) hypothesis which is related to the
monotony?
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