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Abstract We study a quasistatic contact problem from both variational and
numerical perspectives, focusing on a thermo-piezoelectric body interacting
with an electrically and thermally rigid foundation. The contact is modeled
with a normal damped response and unilateral constraint for the velocity field,
associated with a total slip-dependent version of Coulomb’s law of dry friction.
The electrical and thermal conditions on the contact surface are described
by Clarke’s subdifferential boundary conditions. We formulate the problem’s
weak form as a system combining a variational-hemivariational inequality with
two hemivariational inequalities. Utilizing recent results in the theory of hemi-
variational inequalities, along with the fixed point method, we demonstrate
the existence and uniqueness of the weak solution. Furthermore, we examine
a fully discrete scheme for the problem employing the finite element method,
and we establish error estimates for the approximate solutions.
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1. Introduction

Recently, the study of contact problems between thermo-piezoelectric bodies, has
garnered significant attention in both industrial and real-world scenarios, and re-
mains an active area of research. These problems arise from the coupling of me-
chanical, electrical and thermal properties, In the literature, several mathematical
results address thermo-piezoelectric contact problems. Some findings on mathemat-
ical modeling and variational analysis can be found in [1,2,8,9,13,14]. Addition-
ally, numerical schemes and their error estimates are discussed in [2,7,8,13]. We
extend these results to a quasistatic case by incorporating nonmonotone bound-
ary conditions defined by Clarke’s subdifferential and employing the principles of
hemivariational inequalities.
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The theory of hemivariational inequalities was introduced in the early 1980s by
Panagiotopoulos in [28,29]. This theory is grounded in the properties of Clarke’s
subdifferential for locally Lipschitz functions, which may be nonconvex. These
inequalities have been instrumental in describing and analyzing various problems in
Mechanics, Physics, and Engineering Sciences, particularly in Contact Mechanics
[10,20].

The present paper introduces a new mathematical model for a quasistatic fric-
tional contact between a thermo-piezoelectric body and an electrically and thermally
conducting rigid foundation. The novelty of this model lies in the application of
the normal damped response and unilateral constraint for the velocity field. The
damper coefficient depends on the normal displacement, associated with a version
of Coulomb’s law of dry friction, in such a way that the friction bound depends on
the total slip, and in modeling the electrical and thermal conditions on the contact
surface using subdifferential boundary conditions involving nonconvex functionals.
From a mathematical perspective, we demonstrate the well-posedness of the result-
ing model. To approximate the solution, we propose a fully discrete scheme and
estimate the error between the numerical solution and the exact solution, achiev-
ing optimal order accuracy for the linear finite element method under additional
regularity assumptions.

The rest of the paper is organized as follows. In Section 2, we present the model
of a thermo-piezoelectric body in a quasistatic frictional contact with a conductive
rigid foundation. In Section 3, we introduce the notation and assumptions for the
problem’s data and derive the variational formulation of the problem. Section 4
contains the existence and uniqueness proof for a weak solution to the problem.
Finally, in Section 5, we propose a fully discrete scheme for the numerical solution,
along with related error estimates and convergence results.

2. Problem statement

In the current section we present a classic formulation of the contact problem of a
thermo-piezoelectric body with a thermally and electrically conducting rigid foun-
dation in a quasistatic process.

We consider a thermo-piezoelectric body which initially occupies a bounded
domain © C R? (d = 2,3) with a smooth boundary I' = 9Q. The body is acted
upon by body forces of density fo, volume electric charges of density qg, and volume
heat source term ¢;;, on €. It is also subject to mechanical, electrical and thermal
constraints at its boundary. To formulate these constraints we divide I' into three
measurable and disjoint parts 'y, T's and T's on one hand, such that |T'y| > 0,
and we also consider a partition of I'y U T’y into two measurable and disjoint parts
T, and T, on the other hand, such that || > 0. We assume that the body is
clamped on I'y, the electrical potential vanishes on I', and the temperature is zero
on I'y UT,. We also assume that surface tractions of density fo act on I'; and a
surface electrical charge of density g is prescribed on I'y,. Over the contact surface
T's, the body may come frictional contact with a conductive obstacle, the so called
foundation, whose potential and temperature are assumed to be maintained at g
and O, respectively.

We denote by [0, T] the time interval of interest, where T > 0, and by € QUT
and t € [0, 7] the spatial and the time variable, respectively. Sometimes, we omit
the explicit dependence of various functions on x and ¢. Moreover, we use Div and
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div to represent the divergence operators for tensor and vector fields, respectively,
that is

Divr = (7i;), VreS%

dive =v;4, Vv eR,

where the index that follows a comma indicates a partial derivative with respect to
the corresponding component of the spatial variable. We denote the space of second
order symmetric tensors on R? by S?. Additionally, we define the inner product
and its associated norm on R? and S¢ by

w-v=uw;, |v]=+vv-v, VYu,veR?
o-1T=0yTj;, |Tl=VT-T, Yo,7€ s,

We denote by v the unit outward normal on boundary I' and we shall adopt the
usual notation for normal and tangential components of vectors and tensors

U= UyV + Ur, u,=u-v and ov=o,V+0,, a,,:(au)~u.

We will use the standard notation for Lebesgue and Sobolev spaces associated with
2 and T'. For a real Banach space (B, ||| 3), we denote by B* the dual space of B
and we use the notation (-, ) g~ xp to represent the duality pairing between B* and
B. For 1 < p < oo, we use the usual notation for the space L?(0,T; B). We denote
by C(0,T; B) the space of continuous functions from [0, 7] to B.

Let A : B — R be a locally Lipschitz function. The (Clarke) generalized di-
rectional derivative of A at € B in the direction v € B, denoted by \°(z;v), is
defined by

A\(z;v) = limsup Aly +wv) = )\(y)’
y—z,wl0 w

and the (Clarke) generalized gradient of A at x, denoted by OA(x), is a subset of B*
given by
ONz) = {¢ € B* | \°(x;v) > (¢,v)p-xp for all v € B}.

A locally Lipschitz function A is called (Clarke) regular at = € B if for all v € B
the one-sided directional derivative \°(x;v) exists and satisfies A°(x;v) = N (2;v)
for all v € B.

Finally, to present our problem, we denote by u : 2 x (0,7) — R? the displace-
ment field, 0 : Q x (0,7) — R the temperature field, ¢ : © x (0,7) — R the electric
potential, o : Q x (0,7) — S?% the stress tensor, ¢ : Q x (0,7) — R? the heat
flux vector and D : Q x (0,T) — R? the electric displacement field. Moreover, let
e(u) = (Vu + (Vu)T)/2 denote the linearized strain tensor, where (Vu)T denotes
the transpose of Vu.

Now, we present the classical model for the quasistatic Coulomb’s frictional
contact problem for thermo-piezoelectric materials.

Problem 2.1. Find a displacement field u : Q x (0,T) — R%, an electric potential
v : Qx(0,T) = R and a temperature field 0 : Q x (0,T) — R such that for all
te(0,7)

o(t) = As(u(t)) + Fe(u(t)) — EVE(p(t)) — 0(t) M in Q, (2.1)
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D(t) = BE(¢(t)) + E(u(t)) — 0(t)P in Q, (2.2)
q(t) = —KVo(¢) in Q, (2.3)
— Divo(t) = fo(t) in Q, (2.4)
divD(t) = qo(t) in Q, (2.5)
0(t) + divg(t) = N(a(t)) + qn(t) in Q, (2.6)
u(t) =0 on Ty, (2.7)
o(t)v = fa(t) on Ty, (2.8)
6(t)=0 on (T1UTy), (2.9)
o(t) =0 on Ty, (2.10)
D(t)-v=qglt) on Ty, (2.11)

ou(t) +<(t) <0, u,(t)—g<0,
(o, (t) + () (0, (t) — g) =0, on I3, (2.12)

s(t) € hy(t,uy ()05, (1, (1)),

o0 < B (1. [ (o] ds) ,
) ) on I's, (2.13)
“or(0)= i (1 [ lur(ollds ) iy (0 20
D(t) v € 0je(e(t) — ¢F) on I's, (2.14)
q(t) - v € 05.(0(t) — O0p) on I's, (2.15)
u(0) = ug, 6(0) = 6y in Q. (2.16)

We provide a brief commentary on the equations and boundary conditions (2.1)
to (2.16). Equations (2.1)-(2.3) represent the thermo-electro-viscoelastic constitu-
tive law in which A is the viscosity tensor, F is the elasticity tensor, £ is the
piezoelectric tensor, M is the thermal expansion tensor, B is the electric permittiv-
ity tensor, P is the thermal expansion tensor, K is the thermal conductivity tensor,
and E(p) = —V is the electric field. Equations (2.4)-(2.6) denote the equilibrium
conditions for the stress, electric displacement, and heat flux fields, respectively.
Here, the function A" describes the impact of the velocity field on temperature.
In [3], the function N was specified as a linear function N'(¢) = —M - ¢(¢). Con-
ditions (2.7)-(2.8), (2.9) and (2.10)-(2.11) represent the mechanical, thermal and
electrical boundary conditions, respectively, whose physical interpretation was dis-
cussed earlier in the second paragraph of this section. Condition (2.12) represents
the normal damped response condition in such a way that the normal velocity is
limited, in which g > 0 represents a given bound. j, is a prescribed function and
the condition (t) € h, (¢, u,(t))04, (i, (t)) on I's represents a generalization of the
normal damped response condition where h,, is a given damper coefficient depend-
ing on the normal displacement [23]. An example of the function j, is presented
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in [18]

0 if r <0,

. a’_b2 .
gu(r) = P +br if0<r<a,

a(b—a) .
CL’I’+TlfT>a,

with 0 < a < b. We refer to [22,26] for more examples. (2.13) represents a version
of the Coulomb law of dry friction, where F} denotes the friction bound. Details
on such a frictional contact condition is found in [26] and some references therein.
Condition (2.14) represents the electrical conductivity requirement over I's where
Jje is a prescribed function. We can take for example

Je(r) = ke/ p(s)ds for all r € R,
0

where p is a prescribed real-valued function and k. is the electric conductivity
coefficient. For the choice p(r) = r, the condition (2.14) rewrites to the following
form

D(t) v =rFko(o(t) — oFr) on T'.

For more examples of subdifferential boundary conditions similar to (2.14), we re-
fer to [24,25]. Relation (2.15) describes the heat exchange between T's and the
foundation, where j. is a prescribed function given by

1
Je(r) = gkcrz, Vr € R,

such that k. is the heat exchange coefficient between the body and the foundation,
the condition (2.15) reduces to the equation

q(t) v =ke(0(t) — OF) on T.

For more details, see [27]. Finally, (2.16) specifies the initial conditions of the
problem, where ug and 6y are given functions representing the initial displacement
and initial temperature, respectively.

3. Variational formulation

In this section, we derive a weak formulation of Problem 2.1. To achieve this,
we first need to introduce some notations. Let H, H'(Q) and H be the following
spaces

H=[L*Q), B(Q)=[H'Q) H={o=(0y);05 =05 € L*(Q)}.

The spaces H, # and H'(Q) are real Hilbert spaces endowed with the following
inner products

(u,v)g = / uvidz, Yu,v € H,
Q
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(O’, 7')7.[ = / UijTijdﬂ'}, VO’,T c H,
Q
(ua U)HI(Q) = (U7U)H + (E(u),&‘(?}))y, VU,, vE Hl(Q)a

and let |||z, [|-|l;; and ||-[|gg1 (@) be their associated norms, respectively. Keeping in
mind (2.7), we introduce the closed subspace of H' ()

V={veH(Q)|v=0 onTy},
and the set of admissible velocity fields K defined by

K={veV|v,—g<0onTs}
We define over the space V' the inner product

(u,0)v = (e(u),e(V))n, Yu,v eV,

and its associated norm
[olly = lle()ll3 - (3.1)
Since |T'1| > 0, the following Korn’s inequality [12] holds: there exists ¢ > 0 such
that
le@)lly = kvl ), Vv eV (3:2)

It follows from (3.1) and (3.2) that |||, is equivalent on V to the usual norm
Il i1 (), therefore (V,[|-|[y,) is a real Hilbert space. For simplicity, for an element

w € H'(Q), we still denote by w its trace y(w) on T'. By trace theorem, there exists
a constant ¢y > 0 such that

vllip2rgye < collvlly, YveV.
For the electric potential, we introduce the closed function subspace of H*(2)
W={cH(Q)|£=0 on T,}.
Over W, we consider the following inner product

(%f)w = (VQO, Vg)Hv V@ag € Wa (33)

and the associated norm
€l = IVEl g - (3.4)

Since |T'y| > 0, Friedrichs-Poincaré inequality holds, i.e. there exists a constant
cp1 > 0 such that
IV€llr = et llEll sy VE € W. (3.5)

It follows from (3.4)-(3.5) that [|-[|y; is equivalent on W with ||-|[ 1) and then

(W, |Ily) is a real Hilbert space. Moreover, by trace theorem, there exists a con-
stants ¢; > 0 such that

||fHL2(F3) <c lélly, VEeEW. (3.6)
For the temperature field, we introduce the closed function subspace of H!(Q)

Q:{?’]GHl(Q)|n:0 on F1UF2}.
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Over @, we consider the following inner product

(03 77)@ = (Vea VU)H, vaa ne Qa (37)

and the associated norm
g =1IVallg - (3-8)

Since |I'1| > 0, Friedrichs-Poincaré inequality holds, i.e. there exists a constant
cp2 > 0 such that

IVl = epzlInll oy s Vn € Q. (3.9)

It follows from (3.8)-(3.9) that |-[|o is equivalent on @ with ||| ) and then
(@, [I'llg) is a real Hilbert space. Moreover, by trace theorem, there exists a con-
stants ¢ > 0 such that

11l 2ryy < c2llnllq,  Yne@. (3.10)

To study Problem 2.1 we need the following assumptions on its data.
(H,) The viscosity tensor A : Q x (0,T) x S¢ — S? satisfies

1. A(-,t,¢) is continuous for all ¢ € (0,7) and ¢ € S9.

2. A(x,-,-) is continuous for a.e. z € Q.

3. There exists m4 > 0such that (A(z, t, () —A(z, t, () (G —C2) = ma |G — G
for all ¢1, ¢ € S? and a.e. (z,t) € Q x (0,T).

4. There exists L4 > 0 such that || A(xz,t, (1) — A(z,t, )| < Lal|¢ — ¢ for
all ¢1,¢ € S? and a.e. (z,t) € 2 x (0,7).

5. There exist ag € C(0,T; L*(Q))+ and @, > 0such that ||A(z, ¢, ()| < ao(z,t)+
ay ||¢|| for all ¢ € S? and a.e. (x,t) € Q x (0,7T).

6. A(z,t,0) =0 for a.e. (z,t) € Qx (0,7T).
(H3) The elasticity tensor F : Q x S — S? satisfies

1. F(-,¢) is measurable on Q for all ¢ € S%.

2. There exists mz > 0 such that (F(2¢1) — F(2,6)) (¢ — &) > mr||¢— G
for all (1,¢; € S? and a.e. = € Q.

3. There exists Ly > 0 such that [|F(z,(1) — F(z, ()| < Lr||¢1 — (|| for all
(1,6 €S% and ae. x € Q.

4. F(z,t,0) =0 for a.e. (x,t) € 2 x (0,T).
(H3) The thermal conductivity tensor K : Q x R? — R? satisfies

1. K(-,¢) is measurable on Q for all ¢ € R%.
2. K(z,-) is continuous on R? for a.e. = € Q.

3. There exists mi > 0 such that (K(z, (1) — K(z, () (G — C) > m ||¢— G
for all (1,¢2 € RY, ae. € Q.

4. There exist ko € L2(Q)4 and k; > 0 such that ||K(z, )| < ko(z) + k1 ||C]| for
all ( € R% ae. €.

5. K(z,0) =0 for a.e. € Q.
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(Hy) The electric permittivity tensor B : Q x R? — R¢ satisfies
1. There exists mp > 0 such that (B(z,¢;) — Bz, () (¢ — C) = mg |G — G
for all ¢;,¢ € R? and a.e. z € Q.
2. B(z,0) =0 for a.e. z €.

(Hs) The piezoelectric tensor & : Q2 x S — RY satisfies

1. There exists Le > 0 such that ||E(x, () — E(x, ()| < Le || — G| for all
(1,6 €S% and ae. x € Q.

2. &(x,0) =0 for a.e. z € Q.
(Hg) The thermal expansion tensor M : Q x R — S? satisfies

1. M(-,¢) is measurable on Q) for all { € R.

2. There exists Laq > 0 such that || M(z, (1) — M(z, )| < La || — 2| for all
(1,(o € R and a.e. z € Q.

3. M(z,0) =0 for a.e. z € Q.
(H7) The pyroelectric tensor P : Q x R — R satisfies

1. There exists Lp > 0 such that [|P(z,¢(1) — Pz, ()| < Lp ||G — 2| for all
(1,(2 € Rand ae. x € Q.

2. P(z,0) =0 for a.e. z € Q.
(Hg) The function NV : R? — R satisfies

1. N(¢) € L?(Q) for all ¢ € S%.
2. There exists Ly > 0 such that [[N(¢1) =N ()l 120y < L (|G — G|y for all
(1,¢2 € R
(Hy) The friction bound function Fj, : I's x (0,7) x R — R, satisfies

1. Fy(-,t,r) is measurable for all t € (0,T) and r € R.
2. Fyp(x,-,r) is continuous for all » € R and a.e. x € T'3.

3. There exists Ly > 0 such that ||Fy(z,t,71) — Fy(x,t,7r2)| < Lp ||r1 — re|| for
all 1,70 € R, t € (0,T) and a.e. x € I's.

4. x — Fy(z,t,0) belongs to L?*(T'3) for all t € (0,7).
(H10) The functional j, : R — R satisfies
1. j, is locally Lipschitz.
2. There exists ¢g, > 0 such that |07, (r)|| < cop for all r € R.

3. There exists o, > 0 such that j9(r1;72 — 1) + 50(re; 71 — 12) < @ |Ir1 — 72|
for all 1,79 € R.

4. Either j, or —j, is regular.
(H11) For m = e, ¢, the functional j, : I's x R — R satisfies

1. jx(-,7) is measurable on I's for all r € R.
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2. jr(0) € L'(Ty).

3. jx(z,-) is locally Lipschitz on R for a.e. x € I's.

4. There exists cor > 0 such that ||0jr(z,7)|| < cor for all 7 € R and a.e. x € I's.
)

. There exists m, > 0 such that (G — (2)(&1 — &) > —ma &1 — §2||2 for all
Ci & €R, ¢ € 0jr(x, &), i=1,2, for a.e x € T'3.
6. There exists a; > 0such that 50 (2, 71;79—71)+50 (2, 72571 —72) < @p |71 — 7”2||2
for all 1,72 € R and a.e. x € I'3.

7. Either j.(z,-) or —j(x,-) is regular for a.e. z € T's.
(H12) The function h, : T's x (0,T) x R — R, satisfies

1. hy(-,t,7) is continuous for all t € (0,7) and r € R.

2. There exists M, > 0 such that 0 < h,(x,t,7) < M, for all r € R, t € (0,7)
and a.e. x € I's.

3. There exists Ly > 0 such that ||h,(z,t,71) — hy(z,t,72)|| < Ly ||r1 — r2|| for
all 71,72 € R, t € (0,T) and a.e. x € T's.

(H13) The forces, traction, bound ¢, volume and surface charge densities, heat
source strength, electric potential of the foundation, temperature of the foundation,
and initial conditions are assumed to exhibit the following regularity.

1. foe L*(0,T;H), fo € L2(0,T;[L3(T9)]Y), g€ L*(T3), up € V.

2. qo € L*(0,T; L*(Q)), a € L?(0,T; L3(T'y)), r € L?(T3).

3. qn € L*(0,T; L%(Q)), 0r € L*(T'3), 0y € L*(Q).

(H14) The following smallness conditions are satisfied

Lg + L
—
Le+ Lp
—

1. myg > Mhoz,,c% +

2. mp > aec% +

3. mi > a.c.

Next, we define the elements f(t) € V*, ¢.(t) € W* and ¢.(t) € Q* by

(F(8),0)yexy = / foft) vz -+ [ fa(0)- v, (3.11)
(QC(t)aE)W*XW = /QQO(t)fdl‘ - /I‘b Qb(t)fdra (3.12)
(4:(t), M- x@ = / gon (i, (3.13)

foralweV,&e W and n € Q.
Finally, from [16, Theorem 15] we show that there exists a unique element ¢ €
W such that for all £ € W

(BVpo, V&) u — (Ee(uo), V) u + (0P, VE)

3.14
4‘/F 32 (po — o3 €)dT > (ge(0), &) wexw - (3.14)
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This equation ensures compatibility between the initial displacement and initial
temperature fields.

Now, by applying Green’s formula and the definition of the Clarke subdiffer-
ential, we derive the following variational formulation of Problem 2.1, which is
expressed in terms of the displacement field, electric potential and temperature
field.

Problem 3.1. Find a displacement field v : (0,T) — V, an electric potential
©:(0,T) = W and a temperature field 6 : (0,T) = Q a.e. t € (0,T) such that for
alwe K, €W andne @

(Ae(i(t)), e(w —u(t))n + (Fe(u(t)), e(w — u(t)))x
+(ETV(t), e(w — a(t)p — (O()M, e(w — a(t)))n

+ [ 8 (o[ urtoas) (ol = s olhar -
+ [ bt )5 0, — i ()T

>(f(t),w —i(t))vexv,

(BVp(t), V&) u — (Ee(u(t)), VE)u + (0()P, V&) u

3.16
+/F 32(0(t) — @3 €)dT > (qe(t), ) wxw (3.16)
(6(8), m) (e + (CVO(), Vi)t — (N (alt)) 7)o
“ (3.17)
4 / JOO) — Ops L > (qe(), M- o
u(0) =ug,  6(0) = by. (3.18)

4. An existence and uniqueness result

Our main existence and uniqueness of the solutions of Problem 3.1 is the following.

Theorem 4.1. Assume the hypotheses (Hy) — (H14). Then Problem 3.1 has a
unique solution (u,p,0) which satisfies the following regularity conditions

ue C0,T;V), ue€L*0,T;V) and u(t) € K for a.e. t € (0,T), (4.1)
p € L*(0,T; W), (4.2)
0 e L*0,T;Q), 6eL*0,T;Q%). (4.3)

The proof of Theorem 4.1 will be conducted in several steps, utilizing argu-
ments based on fixed point theory as well as hemivariational inequalities.
Step 1. Let z € L?(0,T;V*). We consider the following intermediate problem.
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Problem 4.1. Find a displacement field u,(t) € V for a.e t € (0,T) such that

(Ae(i= (1)), e(w — 0= (t))) 2 + (Fe(uz(t)), e(w — i=(t)))n

+ /m R, (t,/ot [z (s)]] dS) (we || = [z, (B)[[)dT

(4.4)
+ ] B (t, s, (£)) 50 (10, (8); w0, — 1, (£))dD + (2(8), w — 0. (1)) v v
> (f(t)7w - uz'(t))v*xv, Yw € K,
u(0) = uo. (4.5)

Lemma 4.1. Assume the hypotheses (Hy), (Hs), (Ho), (H12), (H1o), (H13)(1) and
(H14)(1). Then, Problem 4.1 has a unique solution u, € C(0,T;V) with 4, €
L*(0,T;V) and u,(t) € K for a.e. t € (0,T). Moreover, for z1,29 € L*(0,T; V*),
let us denote by u,, and u,, the solutions of Problem 4.1 corresponding to z1 and
za, respectively. Then there exists a constant ¢ > 0 such that for all t € (0,T)

2. ds. (4.6)

lasy (8) — sy (D% + / sy (5) — ey (5)]2 dis < c / 21 (s) — 22(5)]

Proof. We will apply Theorem 5. in [23] with the following functional framework:
E=H,X=Y =7=L*T53).

We introduce the operators A : (0,T7) x E x V. — V* [ : L*0,T;V) —
L?(0,T;V), Ry : L?(0,T;V) — L?(0,T; E), Ry = 0, R3 : L?(0,T;V) — L?(0,T;Y),
Ry : L?(0,T;V) — L?(0,T;Z) and M : V — X given by

(A(t, A\ v),y) = (A(t,e(v)) + X\ e(y))n, forallt € (0,T),A € E and v,y € V,
(Iv)(t) = uo + /tv(s)ds, for all v € L?(0,T;V) and t € (0,T),
0
(Ryv)(t) = Fe((Iv)(t)), for all v € L*(0,T;V) and t € (0,T),
(R3v)(t) = /o /0 vy (1)dr + ug,

(R4v)(t) = [(Tv)(t)],, for all v € L*(0,T;V) and t € (0,T),
Muv =wv, forallv e V.

ds, for all v € L*(0,T;V) and t € (0,T),

Let the functions ¢ : (0,7)xY xV xV — Rand j:(0,T) x Z x X — R be defines
by

Y(t,u,w,v) = / Fy(t,u) ||v.||dL, for allt € (0,T),u € Y and w,v €V,

I's

j(t,¢,v) = / ho(t,C)jy (0)dT, for all t € (0,T),¢ € Z and v € X.
I's

We define the element f,(t) € V* by

(f.(t),w)vexv = (f(t) — 2(t),w)y«xy, forallweV andte (0,T).
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Now, we put v,(t) = 1u,(t) for all t € (0,T). Then, with the above notations, the
inequality (4.4) can be written as follows

(A(t7 (Rlvz)<t)7 Uz (t)) - fz(t)v w — Uz(t))V*xV + '(/)(tv (RBUZ)(t)v Uz (t)’ w)

4.7
+ b (t, (Rav,) (1), 02 (1), v (t)) + 5O(t, (Ryv. ) (t), Mv,(t); Mw — Muv,(t)) > 0, (1)

for all w € K. It follows from the hypotheses (Hy), (H2), (Hg), (Hi2), (Hio),
(H13)(1) and (Hq4)(1) that we are able to apply Theorem 5 in [23], from which
we infer that problem (4.7) combined with the initial condition (4.5) has a unique
solution u, € C(0,T;V) with @1, € L*(0,T;V) and 1,(t) € K for a.e. t € (0,T).
We turn now to show the estimate (4.6). Let z1,2o € L2(0,T;V*). We write
the variational-hemivariational inequality (4.4) successively for z; and 2o taking
w = U, (t) in the first inequality and w = u,, (¢) in the second one, and add the
resulting inequalities to obtain that for all ¢ € (0,T)

(‘Ag(um (t> - uzz (t))7 E(um (t) - uzz (t)))H
+ (Fe(uz, (8) = uzy (1), (e, (1) — 2,y (1))

S/rg {n(a/ot iz, (s)||ds> Fb(t,/ot e, (s)||ds>} (e, (]|~ s, (©)]) T

+ / [ (ty s, (8)1%tter, (£); 1y, (£) — i (1))
I's

R (b, sy, (8)) Gy (b2, () Uz, (8) = iz, ()] dT
+ (21(t) — 22(t), U2y (t) — Uz, (8))vexv-

From assumptions (H;) and (Hz), it is easy to see that
¢
/0 (Ae (i, (8) = 1z, (5)),€ (U2, (5) = iz, (5))) mds

t
> ma / i (5) — tizy ()11 ds,

/O (Fe(uz, (8) = vz, (8)),(thz, (8) = tizy (5)))3 = % oz (8) = uzy D5, (410)

for all t € (0,T). Moreover, by (Hy) we find that

/1“3 [Fb (t, /Ot . <S)Hds)—Fb (t,/ot u-s, (s)Hdsﬂ (Jitza, (]| ~fzn, (®)]yer

<L s, (£) — sy (8)y / lttzs (8) — iy (3)]ly ds.
(4.11)

We integrate (4.8) over (0,t), keeping in mind (4.9)-(4.11) and the assumptions
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(Hyp) to find that for all ¢ € (0,7)

mr

t
B s (6) = s (1 + = M) [ s (o) = a1

S/O 121(s) = z2(s)llyw [[z, (8) — iz, ()] ds (4.12)

t s
#20 [ fla() = s@ly [ Tua () = w0l ] .
Remember the following modified Cauchy—Schwarz inequality
1
zy < ex? + 4—3127 Vz,y € Rye > 0. (4.13)
€

Then, we deduce from (4.12) that there exists ¢ > 0 such that for all ¢t € (0,7T)

t
mxr 2 . . 2
——n%xw—u@amv+«mA—A@aw3—mﬁA\mm@>—uwwmvw

2
g(/ot 121(5) — 2a(s)]

Finally, we choose € to be small enough, keeping in mind the smallness condition
(H14)(1), we then apply Gronwall’s lemma to get the estimate (4.6). O

Step 2. we use the displacement field u, obtained in Lemma 4.1 to construct
the following auxiliary problem in terms of temperature field.

(4.14)

t
Vst [ (o) = w0l ds).

Problem 4.2. Find a temperature field 6,(t) € Q for a.e. t € (0,T") such that
(0:=(8),m) 20 + (KVO-(t), V) ir — (N (2(8)), m) 20

(4.15)
+Lﬁ@m—%mﬂz@mm@w,w6@

0-(0) =6o. (4.16)

Lemma 4.2. Assume the hypotheses (Hs), (Hg), (H13)(3), (H11) and (Hi4)(3).
Then, Problem 4.2 has a unique solution 0, € L*(0,T;Q) with 0, € L2(0,T;Q%).
Moreover, for z1,29 € L?(0,T;V*), let us denote by 0., and 0, the solutions of
Problem 4.2 corresponding to z1 and zo, respectively. Then there exists a constant
¢ > 0 such that for all t € (0,T)

16:16) = 0O 30 + [ 18:4(5) = 6-s(5) [ ds
0 (4.17)

2
v ds.

Scﬁna@—@wn

Proof. We use the Riesz’s representation theorem to define the element g.(t) € Q*
by
(@), M+ xq@ = (ac(t), Ma-xq + N(e(u(t))), n)r2(0)-
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Then, we rewrite the inequality (4.15) as

(0.(t), N2 +KVO.(t), V) g

4.18
“F/F ]g(gz(t) - HF;n)dF > (E]\c(t)7n)Q*><Q7 ( )

for all n € Q. Under hypotheses (Hs), (Hg), (H13)(3) and (Hy1) and (Hi4)(3)
it follows by [27, Lemma 11] that the problem (4.18) combined with the initial
condition (4.16) has a unique solution #, € L%(0,T;Q) with 6, € L?(0,T;Q*).On
the other hand, let 21, 20 € L?(0,T; V*). We write the inequality (4.15) successively
for z1 and z9, taking n = 6., (t) — 6., (t) in the first inequality and n = 0, (t) — 0., (¢)
in the second one, and add the resulting inequalities to find that for all ¢ € (0,T)

(éz1 (t> - 922 (t), 9z1 (t> - 922 (t))L2(Q)
+ (K:v(am (t) - 922 (t))’ V(em (t) - sz (t)))H

< [ 0010 = 0r30.0) = 02, (0) + 3200.4(0) = 0p:0-, (1) = 0-,(8) T

+ (N (1, (1) = Nz, (1)), 02, (1) = 02, () 120

We integrate this inequality over (0,¢) and keep (Hjs), (Hi1) and the inequality
(4.13) to obtain that there exists ¢ > 0 such that for all ¢t € (0,T)

(4.19)

1 t
3 1821 (0) = 0,030+ (i = cch = ©) [ 102,(5) = 02, (9] s
0 (4.20)

t
<e / lites (5) — sy ()13 s,

where € is a positive real parameter. Finally, we combine (4.20) with the estimate
(4.6) and keep in mind the smallness condition (H14)(3) and we chose € to be small
enough to get the estimation (4.17). O

Step 3. We use the displacement field u, and the temperature field 6, obtained
in Lemma 4.1 and Lemma 4.2 respectively, to construct the following auxiliary
problem in terms of electric potential.

Problem 4.3. Find an electric potential v, (t) € W for a.e. t € (0,T) such that

(BV@:(t), V& — (Ee(us(1), VE)u + (0=()P, VE) u

4.21
+/P Je(p=(t) = or; €)dl 2 (¢e(t), w-xw, VEEW. 20

Lemma 4.3. Assume the hypotheses (Hy), (Hs), (Hz), (H13)(2), (H11) and (H14)(2).
Then Problem 4.8 has a unique solution @, € L*(0,T;W). Moreover, for z1, 2o €
L2(0,T;V*), let us denote by ¢., and @, the solutions of Problem 4.3 corre-

sponding to z1 and zs, respectively. Then there exists a constant ¢ > 0 such that for
allt € (0,T)

2. ds. (4.22)

21 () = 02 ()l < 0/0 [[21(s) — 22(s)|
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Proof. By using the Riesz’s representation theorem we define the element g.(t) €
W* by
(@ (1), wexw = (qe(t), wexw + (€e(u:(1), V&) u — (0:(1)P, V&) n,
for all £ € W and ¢ € (0,T). Then, the inequality (4.21) can be written as
(BV.(0). V€ + [ 32elt) = or T 2 @0, Oweaw, VEEW. (423)
s

Under hypotheses (Hy), (Hs), (Hr), (H13)(2), (H11) and (H14)(2) it follows from
[24, Lemma 9] that there exists a unique solution to problem (4.23). Let 21,22 €
L2(0,T;V*). We write the hemivariational inequality (4.21) successively for z; and
29, taking & = @,,(t) — ., (t) in the first inequality and & = ., (t) — ., (t) in the
second one, and add the resulting inequalities to find that for all ¢ € (0,T)

(BV(¢2, () = 92 (1)), V(g (1) = @2, (1)) 1
<(Ee(uz, (1) = uzy (1)), V(ee () = 02 (D)) o
F((0:1() = 0=, ()P, V(ezy (1) = 02, (D)) 1

+ / 70021 (1) — 3 () — 91 (1)

(4.24)

+jg($022 (t) — PF; Pz (t) — P2y (t))] dr.

We use the assumptions (Hy), (Hs) and (Hy), (Hi1) and the inequality (4.13)
several times to obtain that there exists ¢ > 0 such that for all ¢t € (0,T)

(mis — crect = 26) [z, (1) = 02 (1) [y
< ¢ (Jhuz, () = usa (O, + 11024 (1) = 022 () 320y ) -

Finally, for e sufficiently small, by combining (4.25) with the estimates (4.6), (4.17)

and the smallness condition (Hy4)(2), (4.22) holds. O
Step 4. For z € L?(0,T;V*) we denote by 6, and ¢, the solutions of Problem

4.2 and Problem 4.3, respectively, and we consider the operator

A L?(0,T;V*) — L*(0,T;V*) defined by

(4.25)

(Az(t), w)v-xv = (ETV.(t) = 0.(M, e(w))n, (4.26)
for all w € V and a.e. t € (0,T).
Lemma 4.4. There exists a unique 2 € L*(0,T;V*) such that Az = z.

Proof. Let 21,20 € L?(0,T;V*). From (4.26) and after some algebra we find that
there exists ¢ > 0 such that for all t € (0,7

121 (8) = Az < € (1024 (8) = 0 (O a0 + 02 (6) = 0O, ) - (4:27)

We combine this inequality with (4.17) and (4.22) to conclude that there exists
¢ > 0 such that

[Az1(t) — Azo(t)] 2. ds, (4.28)

2. < C/O [21(s) — 22(s)]
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for all t € (0,T). It follows from [21, Lemma 7] that A has a unique fixed point
z € L?(0,T; V™). O

Finally, we turn to prove Theorem 4.1. We denote by uz, 65 and ¢; the
solutions of Problem 4.1, Problem 4.2 and Problem 4.3 corresponding to Z,
respectively, where z € L2(0,T;V*) is the unique fixed point of the operator A.
Since (z,w)y«xv = (ETVpz(t) — 0:(t) M, e(w))y for all w € V, we conclude that
the triplet (uz, ¢z, 0z) is a solution to Problem 3.1. The uniqueness part of the
solution follows from uniqueness of the fixed point of operator A.

5. Fully discrete approximation: error estimates

In this section, we present a fully discrete approximation for Problem 3.1 and
establish an error estimate for the approximate solution.

Let ©Q be a polygonal domain. We consider a finite element triangulation 7" =
{7} of Q that is compatible with the boundary partitions, where h denotes the
spatial discretization parameter. Let P!(7,) represent the space of polynomials of
degree at most 1 on 7,.. We then define the following finite-dimensional spaces to
approximate V', W and @, respectively:

Vi ={uw" e [C@) | w} € PYT)] w"=00nT1}CV, (5.1)
Wh={"ec@)| ¢, ePY(T), " =00nT,} CW, (5.2)
Q"={n"eC®@ |n} ePT), n"=00nT1UT:}CQ. (5.3)

We also define a related finite element subset K" of the space V" to approximate
K

Kh={wheV" | wh—g<0onT;}C K. (5.4)

We consider a uniform partition tg = 0 < t; < ... < ty = T of [0,7]. We denote
by k the time step size given by k = % Moreover, for a continuous function f
we denote f(t,) = fn, and for a sequence {z,}}_, we denote 6z, = “*—==*. Let
ul and 6% be the appropriate approximations of the initial conditions ug and 6y,
respectively.

Using the backward Euler scheme, the fully discrete approximation of Problem
3.1 is formulated as follows.

Problem 5.1. Find a discrete velocity field vh* = {oP*}N_ - VI a discrete

electric potential "* = {PM*}N . C Wh and a discrete temperature field 9"* =
{OMAN_ - Q" such that forn =1,2,...,N,

(As(v®), e(w" = vpF))a + (Fe(up®), e(w” — vp*))a

+(ETVERE e(w" —vi*))a — (O M, e(w —vpF))y
n—1
(e ) et -
s i=0

b [ Bl )Rl — BN > (o = o)y, Yl € K,

Is
(5.5)
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(BVrk VEM g — (Ec(ulh), VEM u + (02FP, Ve

(5.6)
+ / 3" — i €M)dD > (ge, €M wexw, VE" € WP,
s
0075, 0" L2y + (KVORE V™) g — (N (), n") r2(q)
) (5.7)
+/ G2OF — 0 n™)dT > (ge, ) o<, W0 € QM
I
ult =l ek =oh. (5.8)

Here the discrete velocity field {v"*}N_ is related with the discrete displacement

{ul*}N_field by the following equalities
ol* = sul* and  ulF =l + Zkv?k, n=1,..,N. (5.9)
i=1

Using the same arguments presented in the previous section, it can be shown that
Problem 5.1 has a unique solution (u*, "% 6"%). Our objective here is to es-
timate the following numerical errors H“n = quHV, an = vﬁkHV, Hgon = goﬁkHW,
||0n — HZkHLQ(Q) and HGn — GﬁkHQ. Throughout this section, we will denote by ¢

the various positive constants that may depend on the solution and the problem’s
data, but are independent of the discretization parameters A and k. The value of ¢
may change from line to line.

Theorem 5.1. Let assumptions of Theorem 4.1 still hold, and let the following
condition

Ly +Lp <2 (5.10)

be satisfied. Let (u,p,0) and (u"*, o"* 0"*) denote the solutions to Problem 3.1
and Problem 5.1, respectively. Then, the following error estimates hold for all
{wihly c K" {gh L, ¢ W and {nf}YL, € Q"

s, {llon =5+ o =5+ o — 15,

N
2 2 2
6 = O oy kD N = 841 < e ffuo — il
i=1

0, — 50,

N
2 2
+ |60 — ggHLZ(Q) + |6 - 77{1||L2(Q) +k) (’
i=1

2
L2(Q)

2 2 5.11
T N T Y o
2 2 2

R L [ A P A

o = 0o + n = €8l ey + 12}

1 N-1
+E Z ||0'L - 77’51 - (ei+1 - 77?+1)HL2(Q)] )
=1
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where the integration error I,, is given by

n tn
I, = kaj —/ v(s)ds|| . (5.12)
j=1 0

14

Proof. By rearranging the terms, we rewrite (5.5) in the following form
(Ae(on®), e(vn — vp*)) 2 + (Fe(up®), e(vn — v3*))n
+(ETVERF, e(vn = vi*))a — (3" M, (v — v3F))

+/F3 o (”Z II%”“H) ([t ]| = [for]y dr

+/ h (tn’un ).71/( n U)]; - UZf)dF 2 (fn,wh - UZ}Lk)V*XV
s

+ (AW, e(v, — W) + (Fe(ul®), e(v, — w"))n
+ (5Tv(10n ,E(’Un - wh))H - (sz/\/l75(yn — wh))H,

for all w" € K". Adding it to the inequality (3.15) at time ¢t = ¢, with taking

w = v and using the boundedness of the functions Fj, and h,,, we find easily that

for all w" e K"
(Ae(vn — 05, (00 — v*))30 < (Ae(vn — o), e(w — v,))n
 (Felun —ul®), e = v,))n + (ETV(pn — ©1F), (0l = 0))n
(0 — 019) M, (0l — va))ae + (Fe(un — ul?), e(w” —v,))n
+ (ETV (0 — @hF) e — o)) + (00 — OIM,e(w” —v,))y O 1)

(5.13)

+Mh/ (500 ;01 — v, ) + JOWRRs wl — ot F)
I's

—Jy(vn,;w) = vn,)] AT + R(w", vn),
where the residual R(w,v) is defined by
R(w, v) =(Ae(iin), e(w = 0))3 + (Fe(un), e(w — v))u
+(ETVen,e(w = v))3) = (O M, (w = v))py

t'Vl
/ Fb(t e ||ds) (lw- ] - flor ) dT (5.15)
3

+/ hl’(unu)jg(vny§wu - ’U,,)dP - (fnyw - U)V*XV'
s

By using the subadditivity of the function j,(z,7;-) for all r € R a.e. = € '3, and
assumption (Hig), we can easily find that

/ [0 (0my ;0% — v,) + JORE: W — o) — O(v, ;wh — v,,,)] dT
" (5.16)
<o [ flon oI ar+ [ RRSst - 0n) ~ ot - v, )]
I's 3
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From the definition of the generalized gradient we get

Jo(vnsswy —vn,) = max {¢ - (wy —vn,) | ¢ €8ju(vys)}

’ (5.17)
< [lwp = vn, || 195 (v -
Keeping in mind hypothesis (Hyp), we obtain that
jB(vZ’:;w,}j —vp,) < cou le}f — Vp, (5.18)
Thus, we deduce from (5.16) that
[ 800t = o)+ 380088l = o) = (ol = v, )] T
T's (5.19)
2
< g [[on = vn®[y + 2¢00 v/ ITs[ 0" = vall pa o
Proceeding as in [19], we find that there exists cg > 0 such that
HR(wh,vn)H <cp Hwh — vnH[LQ(Fg)]d . (5.20)

Then, by using the Cauchy-Shwarz inequality and the inequality (4.13) several
times, we deduce from (5.14) that there exists ¢ > 0 such that for all w" € K"

o =1+ (= Mg = ZEEE 0] - ot

SC [||Un - uzka/ + ||/Un - wth/ + an - wh|’[L2(F3)]d:| (521)

L 2 L 2
O S N s [ Py

where € is a positive real parameter.

Now, we write successively the hemivariational inequalities (3.16) at time t = ¢,,
and (5.6) with substitute ¢ by % — ¢h and ¢" by ¢" — ph* respectively, then we
add the two obtained inequalities to find that for all £ € W

(BV (on — 01F), V(pn — ol i < (BV (o0 — 03F), Vien = E))u
+ ((en - sz)Pv V(Sﬁ’ﬁk - gh))H + (&f(un - uzk)’ V(gh - ‘ng))H (5.22)

+ [ [5200n = ori b = 6+ S2HE — pri€h — gh)] T
3
We use the same idea used previously in the proof of (5.19), we also find that
3o — or; Pt — €M) 4 JOPMF — ppieh — oF) < audd [ — O1F |5,
+2¢00 /T H‘Pn - thLz(rg) :
Then, we deduce from (5.22) that there exists ¢ > 0 such that for all £* € W

L L
(e =t = 22 = 5e) low =l < (22 4) 100 = 02 e

2 2
¢ [[lun = w5+ llon = €13 + llon = €1l 2y |-

(5.23)

(5.24)
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Proceeding as in [5], we find that there exists ¢ > 0 such that

;
s = ¥l < e fluo = ugfy +k 30 oy — o}l + 22 ¢ (5.25)
j=1

Now, combining (5.21) and (5.24) and keeping in mind the previous inequality, we
find that there exists ¢ > 0 such that for all w" € K" and ¢" € W"

L L
O R R L

L L
2 g_gle

+ <m3—aecl— 5 > ||<Pn—SDZkH?/V SC{IZ—i—HuO—ugH‘Z/

n (5.26)
2 2 2
kYo = ol + flom = w® Iy + len = €1l + lon = "] zapyya
i=1

Ly + L 2
+|len - thL2(F3)} + (/\/1273 - 26) 16 — OZkHL?(Q) :

Next, we write successively the inequalities (3.17) at time ¢ = ¢, and (5.7) with
taking n = 0% —nh and n" = " — 07" respectively, and add the resulting inequalities

to find that for all n* € Q"

(5<9n - sz)v‘gn - sz)LQ(Q) + (KV(Qn - sz), V(@n - 92’“))}1
S(éen - éna en - egk)L2(Q) + (en - 69n; 971 - nh)LZ(Q)
+ (KV(HTL - azk)a V(Gn - Uh))H + (N(Un) - N(Uzk)a 77h - ezk)LQ(Q) (527)

+ / [10(6, — 0161 — ) + JO(67F — s — 7] dT
3
+ (6(8p — 01%), 6n — ") 12(q)-

Using a similar manner to (5.19), we can easily find that

/ [70(6 — 0167 — ") + J0(07% — O — 07)] aT
s

(5.28)
2
Saccg ||0n - QZkHQ + 2coc v |F3| Hen - 77h||L2(F3) .
On the other hand, we have (see [19,31])
(5(9n - 6Zk)7 On — 9ﬁk)L2(Q)
(5.29)

1 9 )
> o (160 = 0oy = Ioams = 825 o)

We substitute the two previous inequalities into (5.27) to deduce that there exists
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¢ > 0 such that for all n" € Q"

1 2 2
o7 (10 = 825 7o gy = 1101 = 025472 )

+ (mic = e} =€) [10 = 014]lg, < e [[Jon = R [+ 00 = 04|

(5.30)

2

+116,, — 56,,

2 2
L2() i Ha" B nhHL"‘(Q) T ”9" o ”hHQ + Hen - 77h||L2(F3)

+ (6(6n — O025), 00 — ") L2(0)-

We take n = ¢ in the previous inequality, and we sum the result inequality over ¢
from 1 to n and keep in mind the following inequality

n

2k (8(6; — 01%), 0 = nf") L2 () < €|[0n — 92k”iz(sz)

i=1

2 2 2
+ c{||9n - 77ZHLZ’(Q) + |60 - egHLZ(Q) +1]61 - n{LHLZ(Q)} (5.31)

n—1 n—1
2 1 9
+k ; 16: = 0% | ooy + 7 Z_; 16: = nl* = @1 = )|
to obtain that there exists ¢ > 0 such that for all {n;}?, C Q"

Y VR A O S o o
=1

2 2 2
=c {HGO - ggHLz(Q) +1]61 - 77?||L2(Q) +]0n — nZHLQ(Q)

53 (116: = 07y + llos = o3 ) (5.32)
=1
1 n—1 n . 2
+ o ; 16 = nf" = (Bis1 — 7]?+1)||L2(Q) + k; < 0; — 66; .

2 2
0= gy + 10— 110 = 0]y )] -

Finally, we combine (5.26) with (5.32),then we choose € to be small enough and
keep in mind the smallness conditions (Hy4) and (5.10) to obtain that there exists
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¢ > 0 such that
hk||2 hk||? hk||? hk||?
[Jn = wn®[[3, + [Jon = 02" ([ + lon — @n®[l5 + (100 = 00%[| 720
n
2 2 2
B (160 = 02517, < ¢ 160 = 81132 + o — bl
i=1
hl2 h|2 h||2
(101 =1 (|2 + lon = wrlly + [len — 2115

2
+]6n — ”ZHB(Q) +|vn — wZH[L?(rg)]d +[lon — £Z||L2(F3) (5.33)

. 2
0; — 46,

1n71 n
+I2 + T Z [|6: — = (B — 771}'1+1)HL2(Q) + ’“Z (
i=1 i=1
2 2
110 = 22y + 1160 = 1+ 105 =7 oge,)

- 2 2
2 (116: = 6411y + Il —v?’“Hv)] !
1=

for all {wl}r , c K" {¢Myn, ¢ Wh and {nf}", C Q" We apply the discrete
Gronwall’s inequality [30] to derive the desired estimate (5.11). O

L2(Q)

Corollary 5.1. Let the assumptions of Theorem 5.1 hold. Under the following
reqularity conditions

v e C(O,T; [H* Q)N H'(0,T;V), vy, € C(0,T;[H*(T3)]Y),  (5.34)
6 € C(0,T; H*(Q))NC(0,T;Q) N H'(0,T5Q) N H*(0,T; L*(1)), (5.36)
O, € C(0,T; H*(T's)), '
there exists ¢ > 0 independent of h and k such that
hk hk hk hk
max {lun =¥l + ow =025+ o = el + 100 =02 page |
(5.37)

N
+hY 0= 08F]|, < e(h+ k).
i=1

Proof. For n =1,...,N, we choose w! = H}(/vn, ¢h = H{ﬁvgan and nl = H’éf)n the
finite element interpolant of v,, ¢, and 6, respectively, where H% is the standard
finite element interpolation operator over B [11]. By using standard finite element
interpolation error estimates [6,11,17], we have the following approximation prop-
erties forn=1,..., N

[|om — wZH?/ < ch? ||U\|2C(0,T;[H2(Q)]d) ; (5.38)
l|on — 52”?4/ < @0, rmr20)) » (5.39)
100 = 1 gy < h 10 (.40
160 =212, < e 1612 0112y - (5.41)
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[[vn = wZH[L2(F3)]d < ch? vl 0,7 12 (1)) » (5.42)
HQDn - fy}zLHLz(ps) < ch® HSOHC(O,T;HZ(F@) ) (5'43)
Hen - 772HL2(F3) < Ch2 ||9||C(O,T;H2(F3)) . (5'44)

We assume that the discrete initial conditions u? and 6 are chosen to be the finite
element interpolants of ug and 0y respectively, i.e. ug = H(’,uo and 0F = H’é&o,
then (see [11,15])

2
[[uo = ||y, < eh® [[wolfiz(ayja » (5.45)
2 2
160 — 98HL2(Q) < ch? 160572 (q2) - (5.46)
We also have that [4, 0]
In < ck ||U||H1(O,T;V) 5 (547)
L N1 ,
2
= 26—t = Gier = i)l < P2 10 0,10 » (5.48)
=1
LTI 2 )
(6= o0, o) < RO 010200 (5.49)
i=1

By combining the estimates (5.38)-(5.49) with the error estimate (5.11), we find
that there exists a constant ¢ > 0 such that

L A o R [ Py

1<n<N
N , (5.50)
+EY |6 - 01*||, < e(h® + k).

i=1

Finally, keeping in mind the additional regularity (5.34)-(5.36) and the fact that
0 < k < 1, we conclude the convergence rate (5.37). O
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