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Local Existence for the Generalized
Navier-Stokes-Maxwell Equations®

Xinru Cheng?, Liangbing Jin!" and Rong Zou?

Abstract In this paper, we establish the local existence for the generalized
Navier-Stokes-Maxwell system with the fractional velocity dissipative term
A%*y and fractional magnetic dissipative term A%’ B. Moreover, we establish
the global existence of strong solutions to this generalized model.
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1. Introduction

In this paper, we consider the following Cauchy problem for the Navier-Stokes-
Maxwell system:

u +u-Vu+ VP + A%y = j x B,

FE, —curlB = —j,

B, + curlE + A*’B =0, (1.1)
divu = 0,divB =0,

u(z,0) = uo(z), B(z,0) = Bo(z), E(z,0) = Eo(z),

where z € R and ¢t > 0. u = u(z,t), B = B(z,t) and E = E(z,t) denote the
velocity field, the electric field and the magnetic field of the fluid, respectively. P
denotes the scalar pressure and j denotes the electric current density which is given
by Ohm’s law. Moreover,

j=o0(E+uxB), (1.2)

where o > 0 denotes the electric resistivity. For simplicity, we set ¢ = 1. The frac-
tional Laplacian operator A® = (—A)®/? is defined through the Fourier transform

— ~

A f(&) = €17 f (&),
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where the Fourier transform is given by

fle) = [ s do

When o = 1, f = 0, the equations (1.1) are reduced to the classical Navier-
Stokes-Maxwell equations. Masmoudi [1] proved the global existence and uniqueness
of strong solutions if the initial data ug, Eo, By € L?(R?) x H*(R?) x H*(R?) .
Using energy estimates and Brezis-Gallouet inequality, Kang and Lee [2] reproved
the global existence of regular solutions to the 2D system and obtained a blow-up
criterion. In [3], by using Fujita-Kato’s method, Masmoudi and Yoneda proved the
local existence of the solutions and the loss of smoothness for three dimensional large
periodic initial data. Ibrahim and Keraani [4] showed the global existence of the
strong solution provided that the initial data ||ug ||B§/12 1 Eo|| gr1/2+|Bol| g1/2 is small
enough. Germain et al. [5] simplified the proof in [4] and lowed the regularity of the
initial velocity field in the H'/2(R3) by using L2(LS°) estimate on the velocity field.
Arsenio and Isabelle [6] proved that global solutions exist under the assumption
that the initial velocity and electromagnetic fields have finite energy, and the initial
electromagnetic field is small in H*(R") with s € [2,3). As for the generalized
Navier-Stokes-Maxwell system, Jiang [7] proved the global existence and uniqueness
of strong solution when a > %, B = 0. In addition, there are many regularity
criteria results for the equations (1.1) in [8-11].

Now we state our main theorems as follows:

Theorem 1.1. Assume the initial data ug, Eq, By € H*(R3) satisfying divuy =
divBy = 0 for s > rnax{g — 2q, % - a,% — B,O}, then there ezists a time T, > 0
such that the equations (1.1) have a unique solution (u, E, B) with
u € L=(0, Ty H*(R®)) N L2(0, T,; H*T*(R?));
B € L™®(0,T,; H*(R3)) N L(0, T,.; H*TP(R?));
E € L™(0,T,; H*(R?)).
Moreover, we could obtain u, E, B € Cy([0,T.]; H*(R?)).

Theorem 1.2. Assume a > %, B = %, ug, Eg, Bo € H*(R3),
s> max{% - 2a, % - a, % - B, O} with divug = divBy = 0, then the Navier-Stokes-
Mazwell system (1.1) has a global classical solution.

The organization of this paper is presented as follows. Firstly, we introduce some
lemmas in Section 2. Secondly, we construct the approximate solutions and prove
the local wellposedness in Section 3 by using Fourier truncation method. Finally,
in Section 4, we justify the global existence to the system (1.1).

2. Preliminaries

In this section, we recall some elementary lemmas which will be used in our proof.

Lemma 2.1. [12] Define the Fourier truncation Sgr as follows:

_ R F(€), <R,
SAF(©) = Lo f(6) = g ©, lel

; €l > R,
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which satisfies

1
IS =l < Ol @
1 1
|Srf — Sr fllas < Cmax{ﬁ,ﬂ}”fHHHh (2.2)

Lemma 2.2. [13,1}] (Gagliardo-Nirenberg inequality). Let w € L1(R™) and its
derivatives of order m, D™u € L™, 1 < q, r < co. For the derivatives Diu, 0 <
j < m, the following inequalities hold,

ID7ull, < ClLD™ull? [lullg™, (2.3)

where

for all « in the interval % <a<l.

Lemma 2.3. [15, 16] (Kato-Ponce inequality) Let s > 0, p € (1,00). Assume
that f € WP QW% g LP> N W9, Then

1A%(£9) = FA%gll, < C (19l 1A% gL, + lglos 14771, ) 5 (240)
and
1A% (), < € (1l 18911y, + gl 1A% 1L, ) (2.5)
. 1 _ 1 1 1 1
wlth;—a+a—g+?

3. Local existence

First of all, we give some uniform bounds to the equations (1.1). Then using
the Fourier truncation method and energy method, we construct the approximate
solutions and obtain the local existence.

3.1. Uniform bounds

Proposition 3.1. For any o, 8 > 0, suppose that (ug, Eg, Bo) € H*(R3) with s >
max {g - 2a, % -, % - B, O} satifies the divergence condition divug = divBy =
0. Then there exists a time Ty such that

2 2 9
sup u s + E smay B . ¢
2 [l + 1B sy + 1Bl a0

and

T,
(1l sy () 1 B1Zras oy (8)]
0

are bounded uniformly in R.
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Proof. Taking the inner product of (1.1), , 5 with u, E, B in L? (RS) respectively
and gathering together, we obtain

1d
2.dt

/(ij)-udx—i—/ curlB-de—/ j-Edm—/ curlE - Bdx
R3 R3 R3 R3
—/(uxB)-jdx—/ j- Edx

R3 R3
—/(uxB)-jdx—/j-(j—uxB)dJ;

R3 R3

- [ | liPdz = =11,

where we have used the Ohm’s law (1.2). After integrating in time, we yield the
basic energy estimate

= (lullZ2 + B2 + I1BI1Z2) + A%l 72 + |AB]|7

T.
lullZs + IE1Z> + [1BIZ + 2/0 IA“ul|Z> + [IA° BI[72 + |17]72dt
= lluollZ2 + | Eoll7> + || BollZ-- (3.1)

Applying A® to (1.1)17273 and multiplying by ASu, A*E and A®B, respectively,
and taking divu = divB = 0, we have

1 d S S S ST S S
5 A ulZz + MBI + [AE[72) + A7z + A BT + 118522
= / A[(u-V)u] - Au+ A°(j x B) - Au+ A5 - A°(u x B)dz
R3
= 11 —|-12—|—I3

Using the same method in [17], we have

”uHHH'Q T Clull 5,

where 6y = min{%, %}, which implies s > max{2 — 2a,0}.

The estimate of I5 is split up into the following cases:
When 8 < 3
Iy < [[A°(j x B)| 2| A%u]| 2
< (1A%l 2 1Bz + 131l 3 IA°BI[ s, 1A ul] 22

(IIAstILzHBlllLZQlIIAS*ﬁBII + 50z A2 IIA”ﬁBHm)IIASUHm

IN

IA

1 S S S
1A%l + *IIA Bz + C (Il + DA 2 o,

where 0, = ﬁ, Oy = 3;3 and 03 = min{6q, 65}, which 1mphes S > s —B.

When 8 > 2, using the embedding H*(R?) < L>*(R?), s > 2 and Gagliardo—
Nirenberg inequality ||B|| =~ < |[A®B|12, 8 = 2, we have

< (1A% L2 1Bl o + 17122 [|A° Bl 2o )[[ A%l 2
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IN

A5 2l Bllms + [7ll2 || Bl rove ) | A%ul| 2
EN 1 : s
105172 + 5Bl e + CilZ2 + 1Bl A ullZz.

IA
NG

Similarly,

2

1, .. 1 oia 1 2 E
Iy < S[IA%)]17: + L ul[72 + ZIIASWBH%Z + Cl|A%ull " + ClIA®B]|,™,

where we have used the Gagliardo-Nirenberg inequalities:

3
Bl < ||B|}3% |AT2B|%, 6 = ———
H ||L _” HL2 ” HL2v 1 2(8_’_5)’
3
1-6 s 0 _
fulaoe < 32 A, 02 = 52

Combining the above estimates together, we have

d S S S STO S S 4
- (AUl 22 + 1A B2 + [AEIZ2) + 1A ul[7z + |A™7 B|[72 + %72
< C(dl1Z> + I1BlFs + DA% ulfe + [ABl7. + IAE|7. + 1),

where N = 1%9, and 6 = min{fy, 03,64}.
A standard Gronwall’s inequality shows that

T.
HASUH%z+HASBH%2+IIASEII%2+/O (1A ul| 2o + | A BI|72 +[|A%]][72) < C(T).

O
Based on the above uniform bounds, we employ Fourier cutoffs to construct the
approximate equations of (1.1).

3.2. Approximate solutions

Now we consider the following truncated Navier-Stokes-Maxwell equations :

ulft = —A2ouf — VPE — Spl(uft - V)ulf] + Sg[jF x BE,

EE = curlBE — Spjft,

BPf = —curlE® — A?PBE, (3.2)
divu® =0, divBT =0,

(uft, BE, E®)(z,0) = (Spuo, SrBo, SrE).

Set X% = (uft, EF, BEYT XE = (uf, BEE, BE)T, XE = (uff, BE, BH)T,
then the truncated Navier-Stokes-Maxwell equations (3.2) could be reformulated as

— =F(x"
dt ( ))

(uRa ER7 BR) (ZL',O) = (SRu07 SREOa SRBO) = Xga



Local Existence for the GNSM Equations 1089

where

—AZeyR — PSp [(uf - V) ul] + PSk [j7 x BR]
F(XT) = curlBR — PSpjR ; (3.3)
curlEE — A26BR

and P denotes the Leray projection operator which projects functions onto the space
of divergence-free functions. Taking V* = {f € H* (R") : divf =0, suppf C BR}.
By using (3.1), (3.2) and the fact of ||Srfll 7. < CR?|f|l2, we have

17 (X7) = F (X57)

< C (| Xoll2, R, n)||X{*— X7 (3.4)

||H5 HH*

Thus, F is locally Lipschitz continuous on any open set V° x V* x V*. According
to the Picard’s theorem, given any initial condition X € V* x V*, there exists a
unique solution X% € C1([0,Tg); V*)x C1([0,Tr); V*)x C*([0,Tr); V*) for some
Tr > 0.

In order to establish the continuity of u, E, B on the interval [0, T.] with values
in the weak topology of H*(R?), we need the strong convergence of the sequence
(uR,bR) in L™ (O,T*;L2 (R")) x L (O,T*;L2 (R"))

Proposition 3.2. The family (uR,ER,BR) of solutions of (3.2) are Cauchy se-
quences (as R — 00) in L* (0,T.; L* (R™)).

Proof. Without loss of generality, we assume R’ > R > 1. Taking the difference
between the equations, we get

(uR - uR/)t = —A% (uR - uR/) -V (PR - PR/> — Sgr[(u® - V)u® — i x BH

+Sp (W - V)P — j7 x BR], (3.5)
(ER - ER/)t — curl (BR -~ BR’) — Spif+ Sri®, (3.6)
(BR - BR/>t — —curl (ER - ER’) A28 (BR - BR') . (3.7)

Taking the inner product of (3.5)-(3.7) with u® — u® EF — ER' BE _ BF
respectively, we have
2
)

1d
2dt
e (=), 7 (87 )

= < S (% x BR) = S (% x BY) uf — uf >
— < Sg [(uR . V) uR] — Sk KuR/ . V) uR/] Jult — u® >
— < Spjft — Spi® ER - ER >

= I+ Iy + Is.

/ 2 ’ 2 /
(e R
L2 L2

2

L2

Now we estimate the terms I; (i = 1,2,3) one by one.
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Using the same method in [17], we have

C’ 1 2 2
Iy < pollu e+ 7 o = w4l [0 |

We split I; into three parts:
I = <SR (7% x BR) — Sp (jR’ x BR’) - uR’>
= ((Sk = Sr) (% x BT) ,uf —u')
+ <SR/ [(jR —jR') x BR] Juft — uR’>

+ <SR/ [jR' x (BR - BR’)} uf = uR/>
=TI + Lo + 113

For the first term, using the embedding H*(R?) — L>®(R?), s > 3, we have

1 / .
I < T HuR — - jR X BRHL2
1 / .
<& (le . + [ ﬂH) 1% 2 (1B L
C
<

RS HJ’RHL2 HBRHHSHS

C ‘R 2 R 2

ﬁ (H] HL2 + HB ||Hs+ﬁ> .
Next we estimate the other terms:

< |57 =97 7 =
L

L2

S L P L P e

< 57 =5 1B e [ =,

e L e V2L MLl
= 4 .] .7 L2 Hs+ﬂ Lz'

The estimates of I3 are split up into the following two cases:
When 8 < %,

Ls < |[5% x (BR—BR') ) ‘uR—uR’ )
3-8 B
R’ R R’ R r|*? R AN
< |lj B"-B ‘u —u ‘As (u —u ))
L2 - L2 L2
R’ R R’ R I R R’ 0
<7 AP (B - B ) ut—u (HASU HL2+HAS“ H )
L2 L2 L2 L2

IN

5 | (87 - 87). +o

/ 2 ’ 2
5 (o= [ 41).
L2 L2

3;35, which implies s > % - B.

where 0 =
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3
When 8 > 3,
fio < 4% (B = BT, [ =
L2 L2
<[ - 7o
L2 L L2
< HjR ‘ BE _ BR’H I 4
L2 HA L2
Ll sr R |2 R r|?
< = ‘B B H +C||j Hu —u ,
2 Hb L2 L2

where we have made use of Sobolev embedding H*(R3) — L*(R3), s > 3
Gagliardo-Nirenberg inequality |[B® — BR[| ~ < ||A?(B® — BE')|| 12 when § = 3.
We split I3 into two parts:

Iy = —<SRjR—SR,jR’,ER—ER’>
- _ <(5R — S iR ER _ER/> B <SR/(jR ), B - ER’>
= I31 + I3.

For the term I31, we have

ER ER/‘

sl < 3 5% .
< 13" + CIBT — B |
By using the Ohm’s law (1.2), we obtain
I3 = — <jR — %, BR - ER,>
_<jR_jR/7jR_jR’ —uB x BR 4 F XBR’>_
- HJR — i + <jR — B B x BE — o x BR,>

2
_ _|l.r _ iR
= H] J HL2+HI.

L2

For 111, we have

11 = <jR _ R (uR - uR’) X BR> + <jR — R R % (BR _ BR’)>

I M Sy W I L
L L2 L2 L L2
‘R R’ R R’ R
< = o = 1 e
+ HjR _jR" uR’H BR _ gR'
L2 Hs+a L2

Lir_ .r? R R r |2 R’ R r||?
< |l =%+ CIBR s [u = w®|| | + I e || B - BT .

Putting the above estimates together and setting

2

)

/ 2 ’ 2 ’
Y(t) = HuR—uR H +HERfER H +HBRfBR
L2 L2

L2
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we have
d a(, R r||? B R r||? r_.r|?
R I et M e P
C .
< & (a1 Fe + 1B Fers + 1371 %)

+C (157 172 + 1) Frese + 1B (3005 + DY () + 1),
Remind that

sup [l o) + 1B sy + 1Bl e (0,
t€[0,T%]

T
/0 [l gy () + B3z () + 132 | (),
T,
/O [l sy + 1B ey + HIAST12:] ()

are bounded for all ¢ € [0,T,], using the Gronwall’s inequality, we see that

C
sup Y () < —.
te[0,T.] ) R#

The right hand tends to zero as R, R’ — oo. The proof of Proposition 3.2 is
completed.
O

3.3. Proof of Theorem 1.1

Proof of Theorem 1.1 According to Proposition 3.1, using the Banach-Alaoglu
theorem, we can extract a sequence that converges weakly to u, E, B € L?(0,T,;
H*(R3)). Moreover, for each t € [0,T}], the subsequence is uniformly bounded
in H*(R3), so it has a subsequence that converges weakly in L>(0,T,; H*(R?)).
Hence, we get u, E, B € L>(0,T,; H*(R3)).

From Propositons 3.1 and 3.2, uf*, E® BF converge strongly in L>(0, T,; L?(R?)).
By interpolation, we obtain u®, E®, B® — u, E, Bstronglyin L>(0,T,; H (R3))
for any 0 < s’ < s. By using the standard argument in Majda and Bertozzi
[18](proof of Theorem 3.4), we have u, E, B € C,([0,T.]; H*(R?)). O

4. Global existence

In this section, we will complete the proof of Theorem 1.2.

Proof of Theorem 1.2 Actually, we only need to show the case a = % and 3 =
Multiplying the first equation of (1.1) by —Au, —AE, —AB respectively, int

grating the results on R? and using integration by parts, we obtain

7
1
e_

1d
Sl

:/RS[(U.V)U].Audx_/ (j x B) - Audzx

R3

Vu, VE, VB)|%, + |A*tu, APT1B|2,
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7/ curlB - AEdx + / j-AFEdx + / curlF - ABdx
R3 R3 R3
3 3
= 72/ [(Qiu - V) u] - Qyudx + Z/ 0;(j X B) - O;udx
i=1 /R i=1 /R
3
i=1 /R
Noting that
3 3
i=1 7R3 i=1 7/ R?
3
— -1Vl + Y [ oitux B) o
i=1 /R
we get
1d 2 a+1 B+1 (2
§%H(VU, VEa VB)”L2 +H(A u, A Bv VJ)HL2
3 3
= — Z/ [(Du- V) u] - Qjudx + Z/ 0:;(j X B) - O;udx
i—1 /R? i—1 /R?
3
0; B) - 0;7d
+Z: . i(u x B) - 0;jdx
= Il+]2+]3. (41)

The estimates of I are split up into the following two cases:
When a < g,

L] < llull s [1Vull ]| Au]_s_
<l 3 Al [V I A“* ] .

IA

1
SIAT T ul 2 + ClIAul|Z2 ] Vul 22,

where we have used the Gagliardo-Nirenberg inequality:

-1 1 1-—
- (—a)+9, 0<0<1,

2 3 2

5

which implies o > 3

When a > 2, using the embedding H?(R?) < L*(R?), ¢ > 3 and Gagliardo-

27
Nirenberg inequality |u||p~ < A3 ul/L2, we have

1| < lullz2 [Vull 2 | Aull L~
< O[|Vull 2|l e

1
< Sl + CI Vs,
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Similarly, we can estimate the other terms:

(2| < [l5llz> IVull 2V B| L~

. -0 11
< lillee 1Vull 2|V Bl 2" [AF Bl
1, 1 .
< ZIA% BIlZ: + CVB7z + CllIZ: IV ullZ:
[s| < flull2[VillL2[[ VB Lo,
< lullz2lIVill 22 IV Bllz=° AT Bl
1 . 1, 1
< 193l + 1A% Bl + CIVBIE.,
where .
1 T 1-6
0=0(-—-2 —_—
(2 3) T
with 6 = %
Putting the above estimates together, we complete the proof by using the Gron-
wall’s inequality. O
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