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Traveling Wave Solutions of Some abcd-Water
Wave Models Describing Small Amplitude, Long
Wavelength Gravity Waves on the Surface of
Water*
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Abstract For some abecd-water wave models describing small amplitude, long
wavelength gravity waves on the surface of water, in this paper, by using the
method of dynamical systems to analyze corresponding traveling wave systems
and find the bifurcations of phase portraits, the dynamical behavior of systems
can be derived. Under some given parameter conditions, for a wave component,
the existence of periodic wave solutions, solitary wave solutions, kink and anti-
kink wave solutions as well as compacton families can be proved. Possible exact
explicit parametric representations of the traveling wave solutions are given.
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1. Introduction

More recently, in [5], the authors studied exact Jacobi elliptic solutions for the
following abcd-system:

Mt + wy + (wn)x + aWypr — bnxmt = 07

(1.1)
Wi + Ny + WWy + Mgzz — dWagt = 0,
where a, b, ¢, and d are real constants and 0 € [0, 1] that satisfy
1/ 1 1 9 1
a+b—2<8 3), c+d—2(1 6%), a+b+c+d—3. (1.2)

System (1.1) was introduced by Bona et al. in [1] and [2] to describe the wave
motion of small amplitude, long wavelength gravity waves on the surface of water.
The functions n(z,t) and w(x,t) are real valued and z,t € R.
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A traveling-wave solution to the system (1.1) is a vector solution (n(zx,t), w(zx,t))
of the form

n(z,t) = ¢(x — at) = $(§), w(z,t) =Y(x —ot) =¢(§), =z —at,  (13)

where o denotes the speed of the waves.
Substituting (1.3) into (1.1) and integrating the obtained system once, we have

— 0+ P+ +ap’ +bog” = g,
1 2 1/ " (1.4)
—01/}+¢+§1/J + ¢c¢” + dop” = go,

where 7”7 denotes the derivative in £, g; and go are two integral constants. System
(1.4) can be written as:

(1 _ 1/’) 6— b8 = gy + ~(av” + ),

(o (o

(1.5)
b+t = g — do” — 207 + o0
(1.5) implies that if ¢ # 0 and a? + b2 # 0,
_ o blgz = do” — 3% + o) + e(g1 + 5 (ar" + 1))
Notice that
d¢ _ aF / aF " d2¢ _ 82F "2 aF " aQF 11\2 8F "
de = og" o e T o ap g gt
(1.7)

Generally, substituting (1.6) and (1.7) into the second equation of (1.5), we obtain a
fourth order ordinary differential equation about the variable 1, because it contains
a fourth order derivative ¢"" with respect to &.

If c#20,a =b=0o0r a=d=0, then, we can obtain a second order traveling
wave differential equation.

Obviously, to investigate the traveling wave solutions of the PDE system (1.1),
we must study the all solutions of the corresponding ordinary differential equation
(traveling system). [5] did not discuss the dynamics of solutions for the traveling
system of system (1.1). Therefore, the conclusions in their paper are not complete
and some results are incorrect.

By choosing specific values for the parameters a, b, ¢, and d, the system (1.1) in-
cludes a wide range of other systems that have been derived over the last few decades
such as the classical Boussinesq system, the Kaup system, the coupled Benjamin-
Bona-Mahony system (BBM-system), the coupled Korteweg-de Vries system (KdV-
system), the Bona-Smith system, and the integrable version of Boussinesq system.
In particular, these specializations are (see Bona et al. [1]):

(i) Classical Boussinesq system (6% = %7 a=b=c=0,d= %) :

Nt + wy + (wn), = 0,
(1.8)

Wt + Ny + WWy — gw”t =0.
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):

ii) Coupled BBM-KdAV system (> =2,a=d=0,b=c=
3

=

1
e + wg + (wn)m - énxa:t - 07

1 (1.9)
(iii) Coupled KdV-BBM system (02 =3, b=c=0,a=d = }):
1
Nt + Wy + (wn)x + gwacxaﬁ =0,
(1.10)

1
Wi + Mg + Wwy — Ew”t =0.

(iv) Kaup system (> =1,b=c=d=0,a =

):

=

1
N + Wy + (wn)x + S Weze =0,
3 (1.11)

wy + Ny + wwy, = 0.

v) Coupled BBM-system (62 =2, a=c=0,b=d=1):
3

=N

1
Nt + Wy + (WN)g — =Ngar = 0,

16 (1.12)
Wi + N + wwg — Ewmt =0.
4_
(vi) Bona-Smith system (9 = ((3_5)) <0, arbitrary,a =0,b = d>:
Wt + N + WWg + Mgz — bwwwt =0. .

(vii) Coupled KdV-system (6> =2, b=d=0,a=c=¢):

1

(1.14)

1
Wy + Nz + WWy + énmcac = 0.

In this paper, we generally investigate the traveling wave solutions for systems
(1.8)-(1.11) by using the method of dynamical systems. We show that depending on
the changes of some parameters, system (1.1) with respect to the variable w = ¥(§)
has families of periodic wave solutions, solitay wave solutions, kink and anti-kink
wave solutions as well as compacton solution families. Under some special parameter
conditions, we can find the exact parametric representations for the traveling wave
solutions.

The article is organized as follows. In sections 2-5, we discuss respectively the
dynamics and possible exact solutions of the corresponding traveling wave sys-
tems of equations (1.8)-(1.11). In section 6, we give the traveling system for the
w—component of equations (1.12) and show that it is a non-integrable equation.
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2. The dynamics and possible exact solutions of the
traveling wave system of the classical Boussinesq
system (1.8)

Substituting (1.3) to (1.8) and integrating the obtained system once, we have

09+ b0 =g,
2.1)
oY+ W + 20w = g

where 7”7 denotes the derivative in £. We see from the first equation of (2.1) that

o= gwl%ff = % — 1. Thus, by the second equation of (2.1), we obtain
1 " Lo, 01— Y
Z — Z A S 2.2
R e (2:2)
which is equivalent to the planar dynamical system as follows:
ac Y oae T 2% — o) ’ '

where a = 6(—02 + g2 — 1), 8 = 6(—g20 + g1).

System (2.3) is called a singular traveling wave system of the first kind defined
by [6], [7]. Because it defines a piecewise smooth vector field in two-half phase planes
in the two sides of the singular straight line v» = ¢ and near this singular straight
line, the solution orbits have two time scales. Therefore, one must understand the
dynamical behavior of the solutions of singular nonlinear traveling wave systems.

System (2.3) has the first integral

Hl (1/}7 y)
14 5 1 1 1 5 3, 1
5Y <30 +2a+206> n|y a|+20¢ 2w 30—!—2004 Y="h
(2.4)
We next consider the associated regular system of system (2.2) as follows:
d d
dif =20(¢) — o)y, d% = —3¢° + 909 + arp + B, (2.5)

where d€ = 20(1p—0)d¢. For ¢ # o, this system has the same first integral as system
(2.3). The dynamics of systems (2.3) and (2.5) are different in the neighborhood of
the straight line 1y = 0. Specially, under some parameter conditions, the variable
is a fast variable while the variable £ is a slow variable in the sense of the geometric
singular perturbation theory (see [7]).

Write that f(¢) = 3 (¢3 — 3092 — %aw - % ) ,G(a,0) = 7290 + 243aa +

27a20? +a3. For a given parameter pair (o, ), when S(o, o, B) = 5%+ o (602 +
a)B — 1500 — a3 <0, ie.

ﬂe( 60 (0 + a) —f\/ (o, 0), —60(c? + @) —&—; G(a,a)), (2.6)



Traveling Wave Solutions of Some abcd-Water Wave Models 1129

the function f(1) has three real zeros ¢;, j = 1,2, 3. It means that system (2.5) has
three equilibrium points Ej;(1;,0).
Especially, when o = —602, 3 = 0, i.e., g1 = 1, g2 = 0, system (2.3) becomes

dyp dy 3 -
dif =Y ch 9% (20 — ¥), (2.7)
with
H(y) = 307 + 500 202 = h. (28)

Let M (1;,0) be the coefficient matrix of the linearized system of system (2.5)
at an equilibrium point E;(¢;,0). and J(¢;,0) = detM(¢;,0). We have J(¢;,0) =
20 (¢ — o) f'(¥)-

By the theory of planar dynamical systems, for an equilibrium point of a planar
integrable system, if J < 0, then the equilibrium point is a saddle point; if J > 0
and Trace(M (1;,0))? — 4J(¢;,0) < 0, then it is a center point; if J > 0 and
(Trace(M (¢,0)))? — 4J(1;,0) > 0, then it is a node; if J = 0 and the Poincaré
index of the equilibrium point is 0, then it is a cusp.

Write that h; = Hq(v;,0), where Hq(¢,y) is given by (2.4).

By using the above information to do the qualitative analysis, when there exist
three equilibrium points of system (2.5), we have the following bifurcations of the
phase portraits of system (2.5) which are shown in Figure 1.

8
6
4
2

V

(b) a = —602,3 = 0.
0 <P <o <y <Ys3. 0 <Y <o <o < Ys3.

@J

Figure 1. The bifurcations of phase portraits of system (2.3).

We see from Figure 1(a) and Figure 1(c) that the following two conclusions hold.

Theorem 2.1. For a given parameter pair («, o) and B satisfying (2.6) such that
system (2.3) has phase portrait Figure 1(a).

(i) Corresponding to the homoclinic orbit defined by Hi(v,y) = ha, the w-
component of the classical Boussinesq system (1.8) has a smooth solitary wave so-
lution (see Figure 2(a)).

(i1) Corresponding to the family of periodic orbits defined by Hy(1,y) = h,h €
(hs3, ha), w—component of the classical Boussinesq system (1.8) has a smooth family
of periodic wave solutions (see Figure 2(b)).

(11i) Corresponding to the two families of open orbits defined by Hy(¢,y) =
h,h € (ha, h1), which tend to the singular straight line ¢ = o when |y| — oo,
w—component of the classical Boussinesq system (1.8) has two smooth compacton
solution familes (see Figure 2(c) and (d)).
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(a) Solitary wave. (b) Periodic wave.
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(c¢) Compactons. (d) Compactons.

Figure 2. The wave profiles of the orbits in Fig. 1 (a).

Theorem 2.2. For a given parameter pair («, o) and 8 satisfying (2.6) such that
system (2.3) has the phase portrait given by Figure 1(c).

(i) Corresponding to the homoclinic orbit defined by Hq (v, y) = h1, w—component
of the classical Boussinesq system (1.8) has a pseudo-peakon solution (see Figure
3(a)).

(ii) Corresponding to the two families of periodic orbits defined by Hy(¢,y) =
hyh € (h1 —¢,h1),0 < € < 1, which enclose the singular points E5(12,0) and
E5(13,0), respectively, w—component of the classical Boussinesq system (1.8) has
two families of pseudo-periodic peakon solutions (see Figure 3(b) and (c)).

0 2 4 6 & 10 -10 5 500 6 4 -2 0 2 4 6
: : ¢

(a) Pseudo-peakon. (b) Pseudo-periodic (c) Pseudo-periodic
peakon. peakon.

Figure 3. The wave profiles of the orbits in Fig. 1 (c).

For the homoclinic orbit in Figure 1(b) defined by H;(1,y) = 0 in (2.8),
we have 3?2 = 3¢? — %1/)3. By using the first equation of system (2.7), we have
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1 ¢ 30 d) . . . SR i .
\/Ef =/ v DTeT Thus, we obtain the fc.)llowmg exact solitary wave solution of
the w—component and an unbounded solution of n—component:

w = 1h(€) = 3osech? (2\65) ,

(2.9)
PV el AR Gl L I
n=¢&) = V() —o 1= o(3- cosh? (3/¢)) '

Corresponding to the periodic orbit family defined by (2.8) with Hy(¢,y) =
h,h € (—202,0), we see that y? = 2h+ 313 — %wg =L =) —ro)(p—13), 13 <

o
0 < re < 20 < 11 < 30. By using the first equation of system (2.7), we have

%g = 121 \/(h_w(ztﬁrz)(w—rs)' It gives rise to the following exact periodic wave

solutions of the w—component and n—component:
w =€) =11 — (r1 —r2)sn’ (&, k),
1-0 l—-0o (2.10)
n=0(6) = o~ 1= . -1,
V() —o r1— 0 — (11 —r2)sn?(h &, k)

=2 =Y ;1/7;3 ,sn(&, k) is the Jacobian elliptic function (see [3]).

where k2 =

3. The dynamics of the traveling wave system of
the coupled BBM-KdV system (1.9)

Substituting (1.3) to (1.9) and integrating the obtained system once, we have

09+ Y+ Ut o = g,

) ) (3.1)
— o+ ¢+ 59+ 29" =g,
2 6
where ”’” denotes the derivative in £. (3.1) implies that
5002 — (0> + )i +g
=F(y) =2 3.2
where g = g1 — 0go. We next take g1 = go = g = 0. Then, we have
%_O’(w2—40’¢1+402+4) d27¢__ do
@ 2W—202 O A’ (@—20)
and
d*¢ 4o 15 3 5 1 o
i A “(30+1 1
= g |3 1 500 Dot olo 1)+ ()
Thus, we know from the second equation of (3.1) that
w// _ _8U(¢/)2 + 6¢(w2 B 30’¢ + 202 _ 2)(w B 20)2 (3.3)

o —20) (Y% —do) + 402 + 4) ’
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which is equivalent to the planar dynamical system as follows:

dy dy  —8oy*+ 6 (¢? — 301 + 20% — 2)(¢) — 20)?
ae ~ P ae T T o —20) (2 Aoy + 402 +4)

System (3.4) has the first integral as follows:

(3.4)

o (¢ — 20)*y? + (420 — 1080%)1® + (64802 — 1464)0)?
(V? — 4oy — 4(0” +1))?
N (—12960* + 48002 + 1392)9) + (8640 + 153602 + 672)c
(2 — 4oy — 4(0* +1))?
— 4 + 60?4 168

H2(¢7y) =

+ 2400 In(¢? — 4otp — 4(0? + 1)) + (900% — 510) arctan <;’l/) - 0’) = h.

(3.5)
Consider the associated regular system of system (3.4) as follows:
dy -~ 2 2 dy o 2 2 5. \2
i oy(p—20)(V°—dop+4c°+4)), a 8oy +69(¢*—30)+20°—2)(¢p—20)7,
(3.6)

where d¢ = (¢ — 20)(¢? — 4ovp + 402 + 4))d(, for ¥ # 20.

Notice that 1% — 301 + 202 — 2 = 0 has two real roots 7| = %0 — % 02 +8

and ry = 30+ 1v/02 + 8. Clearly, if o # 1, system (30) has three singular points at
0(0,0), E1(r1,0), Ea(ra,0). The straight line ¢» = 20 is a solution of system (3.6).
When o = 1, we have r; = 0.

Write that hg = H»(0,0),h; = Ha(r;,0),7 = 1,2 and hy = H2(20,0). Similar
to the discussion in section 2, for ¢ > 0, we obiain the bifurcations of the phase
portraits of system (3.6) which are shown in Figure 4.

(A
‘;\ ~ T A

(a) 0<o <1,h1 <hs < (b) o =1. (c)
ho < ha. o>1,hs < ho < hs < hi.

Figure 4. The bifurcations of the phase portraits of system (3.6).

We see from Figure 4(a) that as h is varied, the level curves defined by H (), y) =
h are changed which are shown in Figure 5.

Theorem 3.1. For a given parameter 0 < o < 1, system (3.4) has the phase
portrait given by Figure 3(a).

(i) Corresponding to the family of periodic orbits defined by Ha(v,y) = h,h €
(h1,hs), which enclose the singular points E1(11,0), w—component of the coupled
BBM-KdV system (1.9) has a family of periodic wave solutions (see Figure 5(b)).
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(e) h e (ho,hz). (f) h = hs. (g) h e (hQ,OO).

Figure 5. The changes of the level curves defined by Ha(v,y) = h of system (3.4) in Fig. 4 (a).
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(ii) Corresponding to the family of periodic orbits enclosing the singular points
E1(¢1,0) and two open orbit families which tend to the singular straight line ) = 20
when |y| — oo, defined by Ha(v,y) = h,h € (hs, ho) (see Figure 5(c)), w—component
of the coupled BBM-KAV system (1.9) has a family of periodic wave solutions and
two families of compacton solutions.

(iii) Corresponding to the homoclinic orbit enclosing the singular points Eq(11,0)
and an open orbit tending to the singular straight line ¢ = 20 when |y| — oo, defined
by Hy(v,y) = ho (see Figure 5(d)), the w—component of the coupled BBM-KdV
system (1.9) has a solitry solution and a compacton solution.

(iv) Corresponding to two open orbit families tending to the singular straight line
¥ = 20 when |y| — oo, defined by Ha(h,y) = h,h € (ho, ha) (see Figure 5(e)), the
w—component of the coupled BBM-KdV system (1.9) has two families of compacton
solutions.

(v) Corresponding to an open orbit family tending to the singular straight line
Y = 20 when |y| — oo, defined by Ha(v,y) = h,h € [ha,00) (see Figure 5(f)
and (g)), the w—component of the coupled BBM-KdV system (1.9) has a family of
compacton solutions.

Similarly, for the orbits in Figure 4(b) and (c), we have corresponding conclusions
about the traveling wave solutions.

Clearly, we can not use Hz(%),y) and the first equation of system (3.4) to calcu-
late any exact explicit solution of system (3.4).

4. The dynamics and possible exact solutions of the
traveling wave system of the coupled KdV-BBM
system (1.10)

Substituting (1.3) to (1.10) and integrating the obtained system once, we have

1
fa¢+w+¢w+5¢” =01,
(4.1)

1 1
—op+ 6+ JU+ Zov = gs.

where ”/” denotes the derivative in . By the second equation of (4.1) we have
¢ = o — 32 — Loyp” + go. Hence, we see from the first equation of (4.1) that

33 — 9op? — (6 — 602 + 6g2)1) + 6(0ge + g1)

¥ = o2 +1—o9 ’ (42)
which is equivalent to the planar dynamical system as follows:
dy dy 393 — 901p? — (6 — 602 + 6g2)1 + 6(0g2 + g1)
?ﬁ_y’ s o24+1—oy ’ (4.3)
a’+1

with the singular straight line ¢ = 5 =

o
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When o # ?, system (4.3) has the first integral:

1o, 1 1 1-0%(2g,+3

H3<w,y>=2y2+0¢3+3<202_1>¢2+3(agsgﬁ)W
(4.4)

(014_2+291_20922>1n|0¢—(02+1)|=h.

o2 o

Assume that g; = go = 0. Then, f(¢) = ¥? — 3o +2(0? — 1) = (¢ — 1) (Y — 12),
where 71 = %0 - %\/02 + 8,19 = %O’ + %\/02 + 8.

When o = ?, ry = 4L Hence, system (4.3) becomes that

o

w _dy_
pram N V31 (31/) + \/3) (4.5)
with the first integral
Hj(y,y) = %yQ + V3 + ;W = h. (4.6)

Obviously, when o # ?, system (4.3) has three singular points at E4(r1,0), O(0,0)
and F(rs,0). When o = 1,71 = 0,75 = 3. When 0 > 1,0 < 7 < T2t <y,

Write that ho = Hg(0,0),hj = Hz(’l"j,O),j = 1,2 and hs = H3(¢s,0). Similar
to the discussion in section 2, for ¢ > 0, with the change of o, we obtain the
bifurcations of the phase portraits of system (4.3) which are shown in Figure 6.

As an example, we consider the changes of the level curves defined by H3 (¢, y) =
h of system (4.3) in Figure 6(e), which are shown in Figure 7.

We see from Figure 7, the following conclusion holds.

Theorem 4.1. Suppose that g1 = go = 0,0 > 1. System (4.3) has the phase portrait
Figure 6(e).

(i) Corresponding to the family of periodic orbits defined by Hs(v,y) = h,h €
(ha, h1), which enclose the singular point Fi(ra,0), w—component of the coupled
KdV-BBM system (1.10) has a family of periodic wave solutions.

(ii) Corresponding to the two families of periodic orbits defined by Hs(v,y) =
h,h € (h1,hg), which enclose the singular points F1(r1,0) and Es(rs,0), respec-
tively, w—component of the coupled KdV-BBM system (1.10) has two families of
periodic wave solutions.

(iti) Corresponding to the homoclinic orbit and a periodic orbit enclosing the
singular point Es(re,0) defined by Hq(v,y) = ho, w—component of the coupled
KdV-BBM system (1.10) has a pseudo-peakon solution and a pseudo-periodic peakon
solution.

(iv) Corresponding to the family of periodic orbits defined by H1(¢,y) = h,h €
(ho,00), which enclose the singular points Eo(ra,0), w—component of the coupled
KdV-BBM system ((1.10) has a family of pseudo-periodic peakon solutions.

For the homoclinic orbit in Figure 6(b) defined by Hj(v,y) = 3y* + V3® +
2
82 =1 e, y? =243 (1/) n @) (% - ¢), by using the first equation of (4.5),
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N

(b)o="0=hg<h =31

=)

)

(d) o=1,hg = h1 < ha.

Figure 6. The bifurcations of the phase portraits of system (4.3).

6 8 10 1
v

(b) h € (h1, ho).

4 6 8 10 12
v

(d) h € (ho, o).

(a) h e (hz,hl].

(C) h = hg.

§<a<1,ho<h1<h2.

(e) 0 > 1,ha < hy < hg.

10
5
4

-10

S

Figure 7. The changes of the level curves defined by Hs(v,y) = h of system (4.3) in Fig. 6 (e).
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V3
we have \/2v/3¢ = /, w‘"’ % It gives rise to the following exact solution:
(b+52)\/ %5 —¢

V3 V3 1
w=(6) = vo(6) = —5~ + 5sech? ( 5V3E )
0 32 <2 ) (4.7)

1= 6(6) = owo(€) — 5(60(6))* — Golto(€))'"

For the periodic orbit family in Figure 6(b) defined by H3(¢,y) = $y*+V3¢*+

S92 =h,h € (0,3) Le., y? = 2h — 3% = 2V/3¢° = 2v/3(21 — ¥) (¢ — 22) (¢ — 23), by

using the first equation of (4.5), we have the following exact periodic solution:

w=1(&) = Pp(§) = 21 — (21 — 22)s0* (R, k),
) ) (4.8)
n=¢() = o) - 5(%(5))2 - 60(%(5))”’

where k2 = Z1=22 92:@.

5. The exact solutions and dynamics of the travel-

ing wave solutions of the Kaup system (1.11)

Substituting (1.3) to (1.11) and integrating the obtained system once, we have

—op+ Y+ gU U =g,
(5.1)

1
_U¢+¢+§¢2=g27

where 7’7 denotes the derivative in . We see from the second equation of (5.1) that
¢ =go+oY— %7,02. Thus, we obtain from the first equation of (5.1) that

3 9
W= S0+ 5o +3(02 + 1 - %) = 3(0g2 + 1) = 0. (5.2)
Write a« = —2(g2 + 1 — 0),8 = 2(cg2 + g1). We next assume that § = 0, i.e.,
g2 = —2. Consider the planar cubic system:
d d 3
Wy, W32 30y +a) (5.3)

€~ dE T2

with the first integral

1o 3 4.3 3 3 o
Hy(v,y) = 5y = gv" + 504" — oy = h. (5.4)
When A = 902 — 4a > 0, system (5.3) has three singular points O(0,0) and
E1(r1,0), E3(r3,0), where 11 = 30 — VA, ry = 30 + %\/Z

We have hg = H4(0,0) = 0 and

1

hl = H4(7"1,0) = 16

[8104 — 5400” + 60 + (1200 — 270%)VA] ,
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1
h = Ha(ra,0) = 1 [810—4 ~ 54a0? + 602 — (12a0 — 270°)WA| .

a = 202 implies that hy = hg = 0 and a = %02 implies that A =0, hy = ha.

By using the above fact to do qualitative analysis, for a fixed o > 0, we have
the bifurcations of the phase portraits of system (5.3) for a > 0 which are shown in
Figure 8.

(a) 0 < a < 202

10
S
-2t 1 7
5
-10

(c) 202 <a< 202. (d) a= %O’Q.

Figure 8. The bifurcations of the phase portraits of system (5.3) for a > 0.

We next calculate the exact solutions for system (5.3).

(i) Corresponding to the homoclinic orbit defined by Hy4(v,y) = 0 in Figure
8(a), we have y? = %w2(wL — ) (Yar — ), where ¥y = 20 — Vdo? — 2,9, =
20 + V/40? —2a. By using the first equation of (5.3), we know that /3¢ =

S e dy . Tt gives rise to the following solitaty wave solution of the
Y /() (Yr—)

Kaup system (1.11):

2¢

V&) = nol&) = g cosh (3v30Lva€) + (Yar + 1)’

(5.5)
B(E) = ~ L 4 0ol€) — 53(6).

(ii) Corresponding to the periodic orbit family defined by Hy(¢,y) = h,h €
(h1,0) in Figure 8(a), we have y? = 3(z; — 9)(22 — ¥) (¥ — 23)(¥ — 24),24 < 0 <

z3 < 1 < 20 < g < 21 and V3¢ = ;i’\/(ZI_w)(zz_i”)’(w_%)w_m). Thus, we

obtain the parametric representations of the family of periodic wave solutions of
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the Kaup system (1.11) as follows:

Z3 — 24

V(&) = per(§) = 20+ 1 —a%sn?(ME k)’

HO) = 2+ 0yer(€) — 362, (6),

~2 _
where 6% = 222 1% = %254),91 =1/3(z1 — 23)(22 — 24).

(iii) Corresponding to the heteroclinic orbits defined by Hy (v, y) = 0 in Figure
8(b), we have y? = 2¢%(20 — )? and /3¢ = ;" % Hence, we obtain the
parametric representations of a kink wave solution and an anti-kink wave solution
of the Kaup system (1.11) as follows:

20

P(&) = Yrink(§) = 1 o7 vaoe

5 = ~ L+ o (©) — ¥ (©)

(iv) Corresponding to the homoclinic orbit defined by H4(t,y) = he in Figure
8(c), we have y* = 3(ry — 1)%(¢) — ¢,,) (1) — ;). By using the first equation of

(5.3), we know that $1/3¢ = LZ:" — dy . It gives rise to the following

w_wm)(w_wl)
solitaty wave solution of the Kaup system (1.11):

2(T2 - %n)(ﬁ — wl)
(tm—11) cosh (%\/3(7“2—1#771)(7“2 - wl)f) +(2r2 — m — 1)

V(&) = Yhom(§) =r2—

B = T+ Yo (€) ~ 2 (©).
(5.8)

(v) Corresponding to the periodic orbit family defined by H4(v,y) = h,h €
(h1,0) in Figure 8(b) and H4(v,y) = h,h € (h1, h2) in Figure 8 (c), we have the
same parametric representations of the family of periodic wave solutions of the Kaup
system (1.11) as (5.6).

To sum up, we obtain the following conclusion.
Theorem 5.1. (i) The Kaup system (1.11) has an ezact explicit solitary wave
solutions given by (5.5) and (5.8);

(i) The Kaup system (1.11) has an exact explicit kink wave and an anti-kink
wave solution given by (5.7);

(11i) The Kaup system (1.11) has an ezact explicit periodic wave solution family
given by (5.6).
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6. The traveling wave equation of the coupled BBM
system (1.12)

Substituting (1.3) to (1.12) and integrating the obtained system once, we have

—op+ 1)+ o+ éacﬁ” =91,
(6.1)

1 1
— oY+ 6+ JU+ Zov = g,

where 77 denotes the derivative in £&. We see from the second equation of (6.1) that
¢ = g2+ otp — 392 — Fo1p”. Thus, by taking g1 = go = 0, from the first equation of
(6.1), we obtain

6

d}//// _ 121/]// _ g(w/)2 o 10-7211)1/)// _ gw3 + 5?4#}2 + 36 (0-12 _ 1) . (6.2)

Making the transformation ¢ = o(1 —Y’), (6.2) becomes that

2 1
Y =12YY" 4+ 6(Y")* — 18V + 18 <1 + 2> v (6.3)
(o

;'

Equation (6.3) is a fourth order ordinary differential equation, in [8], [9], [10], by
using Cosgrove’s higher-order Painleve equations (see [4]), we have obtained a lot
of exact explicit solutions for some higher-order traveling wave systems. We notice

that equation (6.3) is not the Cosgrove’s higher-order Painleve equations (F-III),
(F-V) and (F-VI), i.e.,

. 45
y) = 15yy" + S W) = 159" + ay + B, (6.4)
¥ = 20yy" +10(y)? — 40y° + ay + B, (6.5)
, 1
y) = 18yy” +9(y')? — 24y° + ay® + 5Oy + 5. (6.6)

Therefore, equation (6.3) is not an integrable system. We can not obtain the exact
explicit solution for equation (6.3).
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