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Abstract This paper is concerned with a generalization of the modified
Camassa-Holm equation with both cubic and quadratic nonlinearities (also
known as the CH-mCH equation). We mainly prove the orbital stability of
the train of peakons for the CH-mCH equation in energy space, using energy
arguments and combining the method of orbital stability of a single peakon
with the monotonicity of the local energy norm.
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1. Introduction

In this paper, we consider the multi-peakon solutions of the following CH-mCH
equation [15]

mt + k1((u
2 − u2

x)m)x + k2(2uxm+ umx) = 0, t > 0, x ∈ R, (1.1)

where m = u− uxx, k1 and k2 are two arbitrary constants, Eq. (1.1) is completely
integrable and admits the Lax pair and bi-Hamiltonian structure [38]. The Cauchy
problem and well-posedness were considered in [28].

Notice that when k1 = 0, k2 = 1, Eq. (1.1) reduces to the Camassa-Holm (CH)
equation

mt + 2uxm+ umx = 0, m = u− uxx, (1.2)

which was derived as a model for shallow water waves [3], where u(t, x) denotes the
free surface above the flat bottom. Eq. (1.2) has many interesting properties: the
existence of peaked solutions and multi-peakons [1, 3], wave-breaking phenomena
[7–9] and geometric formulations [6]. Fuchssteiner and Fokas [16] first noted that
Eq. (1.2) has a bi-Hamiltonian structure and hence infinitely many conservation
laws. Camassa and Holm [3] obtained the single peakons of Eq. (1.1), which takes
the form [30],

u(t, x) = cφ(x− ct) = ce−|x−ct|, c ∈ R, (1.3)
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and the multi-peakons

u(t, x) =

N∑
i=1

pi(t)e
−|x−qi(t)|, (1.4)

where pi(t) and qi(t) satisfy the Hamiltonian system
ṗi =

∑
j ̸=i pipjsign(qi − qj)e

−|qi−qj | = −∂H
∂qi

,

q̇i =
∑

j pje
−|qi−qj | = ∂H

∂pi
,

(1.5)

with the Hamiltonian

H =
1

2

N∑
i,j=1

pipje
−|qi−qj |. (1.6)

Constantin and Strauss [11] proved orbital stability using energy as a Lyapunov
function and basing on the conservation law of the CH equation. A variational ap-
proach for proving the orbital stability of the peakons was introduced by Constantin
and Molinet [10]. The variational approach was extended to prove the orbital sta-
bility of the peakons for the other nonlinear wave equations [4,17,22,25,29,33,41].
Orbital stability of multi-peakon solutions was discussed by Dika and Molinet in [14].

When k1 = 1, k2 = 0, Eq. (1.1) reduces to the mCH\FORQ equation

mt +
(
(u2 − u2

x)m
)
x
= 0, m = u− uxx. (1.7)

The orbital stability of the single peakons and the train of peakons for (1.7) was
proved in [24] and [35], respectively. After that, Li [19] established the orbital
stability of the peakons under H1 ∩W 1,4 norm.

We also introduce the gmCH equation proposed in [2]:

mt +
(
(u2 − u2

x)
nm
)
x
= 0, m = u− uxx, (1.8)

where n ⩾ 1 is a positive integer. Eq. (1.8) becomes the fifth-order CH-type
equation when n = 2. The orbital stability of periodic peakons was examined
by [32]. When n = 3, Liu [26, 27] investigated the orbital stability of a higher-
order nonlinear modified Camassa-Holm equation with peakons and multi-peakons.
The local well-posedness and blow-up mechanism of Eq. (1.8) have been discussed
in [39]. The orbital stability of peakons for Eq. (1.8) has been demonstrated by
Guo et al. in [18]. Deng and Chen [13] have also proved the orbital stability of the
sum of N peakons. Recently, a variety of CH-type equations have been explored,
including the mCH-Novikov equation [31], the generalized cubic-quintic Camassa-
Holm type equation [37], the b-family of FORQ/MCH equations [40], etc. Orbital
stability of the single peakons and multi-peakons for the mCH-Novikov equation
and the generalized cubic-quintic Camassa-Holm type equation has been proved
by [5, 12, 36, 37]. For the Camassa-Holm-type equations, different wave profiles of
φ for different types of phase orbits were classified using dynamical system theory
in [20,21].

More generally, Eq. (1.1) also has single peakons, periodic peakons and multi-
peakons. Its orbital stability has been proved by Liu et al. in [23]. In this paper,
we prove that the multi-peakons of Eq. (1.1) are orbitally stable in energy space.
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For the convenience of narration, we introduce the relevant definition of Sobolev
space. Let Ω ⊂ Rn be an open set. For positive integer n and 1 ≤ p < ∞, we
denote Dnu = {Dβu : |β| = n},

|Dnu| =

∑
|β|=n

∣∣Dβu
∣∣2 1

2

, ∥Dnu∥p,Ω =

∑
|β|=n

∫
Ω

∣∣Dβu
∣∣p dx

 1
p

.

Definition 1.1. Assume that k is a positive integer, define W k
p (Ω) = {u : Dβu ∈

Lp(Ω), |β| ≤ k}, then the norm

∥u∥Wk
p (Ω) =


(∑

n≤k

∥Dnu∥pp,Ω

) 1
p

, 1 ≤ p < ∞,∑
n≤k

ess supΩ |Dnu| , p = ∞.

From the above definition, the space W k
p that gives the norm ∥ · ∥Wk

p (Ω) is a Banach

space. When p = 2, it is denoted as W k
2 (Ω) = Hk(Ω), then Hk(Rn) is the integral

exponential Sobolev space. Let s ∈ R, define the real exponential Sobolev space
Hs(Rn) := {u ∈ S ′(Rn) : (1 + |y|2) s

2 û ∈ L2(Rn)}, where û is the Fourier transform
of u and S ′(Rn) is the dual space of the rapidly decreasing function space S(Rn).

According to the above explanation, the main result of this paper is described
as the following theorem.

Theorem 1.1. Let 0 < c1 < · · · < cN be given. There exist A, ε0, L0 > 0 such
that for any u0 ∈ Hs(R) with some s > 5/2 which satisfies 0 ⩽ (1− ∂2

x)u0(x) ̸≡ 0,
any 0 < ε < ε0 and L > L0, if∥∥∥∥∥u0 −

N∑
i=1

φci

(
· − z0i

)∥∥∥∥∥
H1(R)

⩽ ε2 (1.9)

for some z0i satisfying

z0i − z0i−1 > L (i = 2, . . . , N), (1.10)

then the corresponding solution u(t, x) ∈ C([0, T ), Hs(R)) ∩ C1([0, T ), Hs−1(R))
with initial data u(0, x) = u0(x) and maximal existence time T > 0 exists, and
there exist x1(t), . . . , xN (t) defined on [0, T ), such that

sup
t∈[0,T )

∥∥∥∥∥u(t, ·)−
N∑
i=1

φci (· − xi(t))

∥∥∥∥∥
H1(R)

⩽ A
(√

ε+ L− 1
8

)
(1.11)

and for i = 2, . . . , N,

xi(t)− xi−1(t) >
L

2
, ∀t ∈ [0, T ). (1.12)

The remainder of this paper is organized as follows. In Section 2, we provide
a set of definitions and lemmas that need to be used below. In Section 3, we go
through four subsections to finish the proof portion of Theorem 1.1. In Subsection
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3.1, we will show the crucial Lemma 3.1, which requires a large number of sum-
mation formulas and a large number of estimates for its proof. In Subsection 3.2,
we demonstrate the monotonicity of functionals. In Subsection 3.3, we obtain a
global identity and local estimator for conserved quantities. In Subsection 3.4, we
summarize the proof of Theorem 1.1.

2. Preliminaries

In this section, we present some definitions and lemmas used in the subsequent
proofs. We first review the local well-posedness results for the Cauchy problem
associated with Eq. (1.1), some properties for strong solutions, and two basic
invariants, which will be frequently used in the rest of the paper. We are concerned
with the Cauchy problem for the CH-mCH equation on both the line and the unit
circle: 

mt + k1((u
2 − u2

x)m)x + k2(2uxm+ umx) = 0, t > 0, x ∈ R,

m = u− uxx,

u(0, x) = u0(x), x ∈ R.

(2.1)

We first give the definition of a strong solution as follows.

Definition 2.1 ( [23]). If u ∈ C([0, T ), Hs(R))∩C1([0, T ), Hs−1(R)), with s > 5/2
and some T > 0, satisfies (2.1), then u is called a strong solution on [0, T ). If u is a
strong solution on [0, T ) for every T > 0, then it is called a global strong solution.

Lemma 2.1 ( [23]). Let u0 ∈ Hs(R), with s > 5/2. Then there exists a time
T > 0 such that the initial value problem (2.1) has a unique strong solution u ∈
C([0, T ), Hs(R)) ∩ C1([0, T ), Hs−1(R)) and the map u0 7→ u is continuous from a
neighborhood of u0 in Hs(R) into C([0, T ), Hs(R)) ∩ C1([0, T ), Hs−1(R)).

Since m = u−uxx, Eq. (1.1) can be rewritten as the following nonlinear partial
differential equation:

ut + k1

(
u2 − 1

3
u2
x

)
ux + k1(1− ∂2

x)
−1∂x

(
2

3
u3 + uu2

x

)
+

k1
3
(1− ∂2

x)
−1(u3

x)

+ k2uux + k2(1− ∂2
x)

−1∂x

(
u2 +

1

2
ux

2

)
= 0. (2.2)

Notice that
(
1− ∂2

x

)−1
f = G ∗ f for all f ∈ L2, where G(x) ≜ e−|x|/2. In fact,

from this formulation, one can define weak solutions of (2.1) as follows.

Definition 2.2 ( [23]). Given initial data u0 ∈ W 1,3(R), a function u ∈ L∞
loc([0, T ),

W 1,3
loc (R)) is said to be a weak solution to the initial value problem (2.1) if it satisfies

the following identity:∫ T

0

∫
R

[
u∂tϕ+

k1
3
u3∂xϕ+

k1
3
u3
xϕ+ k1(1− ∂2

x)
−1

(
2

3
u3 + uu2

x

)
∂xϕ

− k1
3

(
1− ∂2

x

)−1 (
u3
x

)
ϕ+

k2
2
u2∂xϕ+ k2

(
1− ∂2

x

)−1
(
u2 +

1

2
u2
x

)
∂xϕ

]
dxdt
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+

∫
R
u0(x)ϕ(x, 0)dx = 0, (2.3)

for any smooth test function ϕ(t, x) ∈ C∞
c ([0, T ) × R). If u is a weak solution on

[0, T ) for every T > 0, then it is called a global weak solution.

Lemma 2.2 ( [23]). If the initial data u0 ∈ Hs(R) with s > 5/2, then the following
two functions

E(u) =

∫
R

(
u2 + u2

x

)
dx (2.4)

and

F (u) =

∫
R
k1(u

4 + 2u2u2
x − 1

3
u4
x) + 2k2(u

3 + uu2
x)dx (2.5)

are invariants for Eq. (1.1). Furthermore, if m0 = (1−∂2
x)u0 does not change sign,

then m(t, x) will not change sign for any t ∈ [0, T ). It turns out that if m0 ⩾ 0,
then the corresponding solution u(t, x) is positive and satisfies [34]

|ux(t, x)| ⩽ u(t, x), ∀(t, x) ∈ [0, T )× R. (2.6)

Remark 2.1. Notice that E(u) and F (u) represent conservation of energy, and
E(u) and ∥u∥H1(R) have a special relationship, namely E(u) = ∥u∥2H1(R). Therefore,

space H1(R) is also called the energy space.

Lemma 2.3 ( [23]). For any c > 0, the peaked function of the form

u(t, x) = φc(x− ct) = ae−|x−ct|, (2.7)

where

a = 3
4

−k2±
√

k2
2+

8
3k1c

k1
, k1 ̸= 0, k22 +

8
3k1c ⩾ 0,

is a global weak solution to the Eq. (1.1) in the sense of Definition 2.2.

Lemma 2.4 ( [23]). Let k1 > 0 and k2 ⩽ 0. Let φc be the peaked soliton defined in
(2.7), with wave speed satisfying c > 2k22/3k1. Assume that u0 ∈ Hs(R), s > 5/2,
satisfies 0 ̸≡ m0(x) = (1−∂2

x)u0(x) ⩾ 0. Then there exists δ0 > 0, depending on k1,
k2, c and ∥u0∥Hs(R), such that if

∥u0 − φc∥H1(R) < δ, 0 < δ < δ0,

then the corresponding positive solution u(t, x) of the Cauchy problem for the CH-
mCH equation (2.1) with initial data u(0, x) = u0(x) satisfies

sup
t∈[0,T )

∥u(t, ·)− φc(· − ξ(t))∥H1(R) < A δ1/4,

where T > 0 is the maximal existence time, ξ(t) ∈ R is the point at which the
solution u(t, ·) achieves its maximum, and the constant A > 0 depends on k1, k2,
the wave speed c and the ∥u0∥H1(R).
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3. Proof of Theorem 1.1

In this section, the proof of Theorem 1.1 is divided into four parts. The following
H1 neighborhood is defined for α > 0 and L > 0 for all the sums of N peakons of
fixed speeds c1, . . . , cN , with spatial shifts zi that satisfied zi − zi−1 ⩾ L,

U(α,L) =

u ∈ H1(R); inf
zi−zi−1⩾L

∥∥∥∥∥u−
N∑
i=1

φci(· − zi)

∥∥∥∥∥
H1(R)

< α

 . (3.1)

By a standard continuity argument, as u(t, x) is continuous in Hs(R) ↪→ H1(R),
with s > 5/2, to prove Theorem 1.1, it suffices to show that there exist A > 0, L0 >
0, and ε0 > 0 such that for all L > L0 and 0 < ε < ε0, if u0 satisfies m0 ⩾ 0, (1.9)
and (1.10), and if for some 0 < t∗ < T ,

u(t) ∈ U

(
A
(√

ε+ L− 1
8

)
,
L

2

)
, ∀t ∈ [0, t∗], (3.2)

then

u(t∗) ∈ U

(
A

2

(√
ε+ L− 1

8

)
,
2L

3

)
. (3.3)

Therefore, we only have to verify (3.3) for some L > L0 and 0 < ε < ε0 under the
hypothesis of (3.2), with A, L0, and ε0 to be specified later.

3.1. Modulation

In this subsection, we will be proving that if the solution u(t) is still close to a
manifold of the train of N peakons for t ∈ [0, t∗], we can decompose u(t) into
the sum of N modulated peakons plus a function v(t) that stays small in H1(R):
u(t, x) =

∑N
i=1 φci

(
x− x̃i(t)

)
+ v(t, x). Moreover, it will be shown that the different

bumps of u that are individually close to a peakon get away from each other as time
evolves.

Lemma 3.1. Let the initial data u0 satisfy the assumptions given in Theorem 1.1.
There exist α0 ≪ 1 and L0 ≫ 1 depending only on (ci)

N
i=1 such that if for 0 < α <

α0 and L > L0, the corresponding solution u(t) satisfies for some 0 < t∗ < T,

u(t) ∈ U

(
α,

L

2

)
, ∀t ∈ [0, t∗], (3.4)

then there exist unique C1 functions

x̃i : [0, t
∗] → R, i = 1, . . . , N, (3.5)

such that if we define v(t, x) by

v(t) = u(t)−
N∑
i=1

Ri(t), where Ri(t) = φci(· − x̃i(t)), (3.6)

then the following properties hold for all j ∈ {1, 2, . . . , N} and t ∈ [0, t∗] :∫
R
v(t)∂xRjdx = 0, (3.7)
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∥v(t)∥H1(R) ⩽ O(
√
α), (3.8)

| ˙̃xj(t)− cj | ⩽ O(
√
α) +O(L−1), (3.9)

|x̃j(t)− x̃j−1(t)| ⩾
3L

4
+

(cj − cj−1)t

2
. (3.10)

Furthermore, define Jj(t) = [yj(t), yj+1(t)], with

y1 = −∞, yN+1 = +∞ and yj(t) =
x̃j−1(t) + x̃j(t)

2
, j = 2, . . . , N, (3.11)

it holds

|ξj(t)− x̃j(t)| <
L

12
, (3.12)

where ξ1(t), . . . , ξN (t) are any points such that

u(t, ξj(t)) = max
x∈Jj(t)

u(t, x), t ∈ [0, t∗], j = 1, . . . , N. (3.13)

Proof. According to the proof method in [14, 24], we can create N C1-functions
x̃1(t), . . . , x̃i(t) on [0, t∗] meeting an appropriate orthogonality condition by using
the implicit function theorem. We only need to prove (3.9) here, the rest of the
proof is similar to [14, 24]. Now, we prove that the speed of x̃j stays close to cj on
[0, t∗]. Notice that

∂2
xRj(t) = −2ajδ(x̃j(t)) +Rj(t). (3.14)

Differentiating (3.7) with respect to t, we get∫
R
vt(t)∂xRj(t)dx = ˙̃xj(t)⟨∂2

xRj(t), v(t)⟩H−1,H1

= ˙̃xj(t)

(∫
R
Rj(t)v(t)dx− 2ajv(t, x̃j(t))

)
,

therefore,∫
R
vt(t)∂xRj(t)dx ⩽ | ˙̃xj |O(∥v∥H1) ⩽ O(∥v∥H1)| ˙̃xj − cj |+O(∥v∥H1). (3.15)

On the other hand, substituting u(t, x) =
N∑
i=1

Ri(t)+v(t, x) into (2.2) and using the

following equation of Ri(t):

∂tRi + ( ˙̃xi − ci)∂xRi + k1

(
R2

i
− 1

3
(∂xRi)

2

)
∂xRi

+ k1(1− ∂2
x)

−1∂x

(
2

3
R3

i
+Ri(∂xRi)

2

)
+

k1
3
(1− ∂2

x)
−1
(
∂xRi

)3
+ k2Ri

∂xRi + k2(1− ∂2
x)

−1∂x

(
R2

i
+

1

2
(∂xRi)

2

)
= 0.
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We find that v(t, x) satisfies on [0, t∗]:

vt −
N∑
i=1

( ˙̃xi − ci)∂xRi

= −k1
3
∂x

((
v +

N∑
i=1

Ri

)3

−
N∑
i=1

R3
i

)
− k2

2
∂x

((
v +

N∑
i=1

Ri

)2

−
N∑
i=1

R2
i

)

+
k1
3

((
vx +

N∑
i=1

∂xRi

)3

−
N∑
i=1

(∂xRi)
3

)

− k1
3
(1− ∂2

x)
−1

((
vx +

N∑
i=1

∂xRi

)3

−
N∑
i=1

(∂xRi)
3

)

− k1
(
1− ∂2

x

)−1
∂x

2

3

(
v +

N∑
i=1

Ri

)3

+

(
v +

N∑
i=1

Ri

)(
vx +

N∑
i=1

∂xRi

)2

−
N∑
i=1

Ri

(
2

3
R2

i + (∂xRi)
2

))

− k2(1− ∂2
x)

−1∂x

(v + N∑
i=1

Ri

)2

+
1

2

(
vx +

N∑
i=1

∂xRi

)2

−
N∑
i=1

R2
i −

1

2

N∑
i=1

(∂xRi)
2

)
. (3.16)

Using the L2(R)-scalar product with ∂xRj and integrating by parts, we get for
t ∈ [0, t∗],

−( ˙̃xj − cj)

∫
R
(∂xRj)

2dx

=−
∫
R
vt∂xRjdx+

∑
i ̸=j

( ˙̃xi − ci)

∫
R
(∂xRi)(∂xRj)dx

+
k1
3

∫
R

((
v +

N∑
i=1

Ri

)3

−
N∑
i=1

R3
i

)
∂2

x
Rjdx

+
k1
3

∫
R

((
vx +

N∑
i=1

∂xRi

)3

−
N∑
i=1

(∂xRi)
3

)
∂xRjdx+B(t)

:=−
∫
R
vt∂xRjdx+

∑
i ̸=j

( ˙̃xi − ci)

∫
R
(∂xRi)(∂xRj)dx+ T1 + T2 +B(t), (3.17)

where

B(t) =
k2
2

∫
R

((
v +

N∑
i=1

Ri

)2

−
N∑
i=1

R2
i

)
∂2

x
Rjdx

− k1
3

∫
R
(1− ∂2

x)
−1

((
vx +

N∑
i=1

∂xRi

)3

−
N∑
i=1

(∂xRi)
3

)
∂xRjdx
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+ k1

∫
R
(1− ∂2

x)
−1

(
2

3

(
v +

N∑
i=1

Ri

)3

+

(
v +

N∑
i=1

Ri

)(
vx +

N∑
i=1

∂xRi

)2

− 2

3

N∑
i=1

R3
i −

N∑
i=1

Ri(∂xRi)
2

)
∂2

x
Rjdx

+ k2

∫
R
(1− ∂2

x)
−1

((
v +

N∑
i=1

Ri

)2

+
1

2

(
vx +

N∑
i=1

∂xRi

)2

−
N∑
i=1

R2
i −

1

2

N∑
i=1

(∂xRi)
2

)
∂2

x
Rjdx.

To estimate T1, we denote

V =

(
v +

N∑
i=1

Ri

)3

−
N∑
i=1

R3
i

= v3 + 3v2
N∑
i=1

Ri + 3v

(
N∑
i=1

Ri

)2

+

(
N∑
i=1

Ri

)3

−
N∑
i=1

R3
i ,

it follows from (3.14) that

3

k1
T1 = −2ajV (t, x̃j(t)) +

∫
R
V Rjdx.

Since ∥v∥L∞(R) ⩽
√
2
2 ∥v∥H1(R) ⩽ O(

√
α), using the exponential decay of Ri, we

derive for all x ∈ R that

|V (t, x)| ⩽ (O(
√
α) +O(1))O(

√
α) +O

(
e−

L
8

)
(3.18)

and ∫
R
V Rjdx ⩽ (O(

√
α) +O(1))O(

√
α) +O

(
e−

L
8

)
. (3.19)

Together with (3.18) and (3.19), we conclude that

T1 ⩽ O(
√
α) +O

(
e−

L
8

)
. (3.20)

Next, estimating T2 above, we directly compute to get

3

k1
T2 =

∫
R
v3x∂xRjdx+ 3

∫
R
v2x∂xRj

N∑
i=1

∂xRidx

+ 3

∫
R
vx∂xRj

(
N∑
i=1

∂xRi

)2

dx

+

∫
R

( N∑
i=1

∂xRi

)3

−
N∑
i=1

(∂xRi)
3

 ∂xRjdx.
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Since
(
1− ∂2

x

)
u0(x) ⩾ 0 for all x ∈ R, it follows from (2.6) that

∥vx∥L∞(R) ⩽ ∥ux∥L∞(R) +

∥∥∥∥∥
N∑
i=1

∂xRi

∥∥∥∥∥
L∞(R)

⩽ ∥u∥L∞(R) +

N∑
i=1

∥∂xRi∥L∞(R)

⩽

√
2

2

∥∥∥∥∥v +
N∑
i=1

Ri

∥∥∥∥∥
H1(R)

+

N∑
i=1

a2i

⩽ O(
√
α) +O(1).

Hence ∫
R
v3x∂xRjdx ⩽ ai ∥vx∥L∞(R)

∫
R
v2xdx ⩽

(
O(

√
α) +O(1)

)
∥v∥2H1(R).

By Hölder’s inequality, we conclude that

3

∫
R
v2x∂xRj

N∑
i=1

∂xRidx+ 3

∫
R
vx∂xRj

(
N∑
i=1

∂xRi

)2

dx

⩽C

∫
R
v2xdx+ C∥v∥H1(R) ⩽ C

(
∥v∥H1(R) + 1

)
∥v∥H1(R)

⩽
(
O(

√
α) +O(1)

)
O(

√
α).

Applying the exponential decay of ∂xRi, we have

T2 ⩽ O(
√
α) +O

(
e−

L
8

)
. (3.21)

Using the same method as above to estimate B(t), we obtain

B(t) ⩽ O(
√
α) +O

(
e−

L
8

)
. (3.22)

It can be concluded that the results involved in (3.20)–(3.22) depend only on (ci)
N
i=1.

As a result, using (3.17) and the decay of ∂xRi, we present

a2
j

∣∣ ˙̃xj − cj
∣∣

⩽

∣∣∣∣∫
R
vt∂xRjdx

∣∣∣∣+∑
i ̸=j

(∣∣ ˙̃xj

∣∣+ ci
) ∣∣∣∣∫

R
(∂xRi) (∂xRj) dx

∣∣∣∣+O(
√
α) +O

(
e−

L
8

)
⩽ O(

√
α)
∣∣ ˙̃xj − cj

∣∣+O(
√
α) +O

(
e−

L
8

)
,

which proves (3.9). This completes the proof of Lemma 3.1.

3.2. Monotonicity property

In this subsection, we will illustrate the monotonicity of functionals. First, we need
to present the following fundamental identity, which is based on weighted energy.
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Lemma 3.2. Let u0(x) ∈ Hs(R), s > 5/2 and T > 0 be the maximal time of
existence of the corresponding strong solution u(t, x) with initial data u0(x). Then
for any smooth function ω(x), the following identity holds:

d

dt

∫
R
(u2 + u2

x)ωdx

= −k1
2

∫
R
(u2 − u2

x)
2ω′dx+

2k1
3

∫
R
u4ω′dx

+ k2

∫
R
uu2

xω
′dx+

4k1
3

∫
R
u(1− ∂2

x)
−1(u3 + 3uu2

x)ω
′dx

− 2k1

∫
R
u(1− ∂2

x)
−1(u2

xm)ω′dx+ k2

∫
R
u(1− ∂2

x)
−1(2u2 + u2

x)ω
′dx, (3.23)

for all t ∈ [0, T ).

Proof. Since u ∈ C([0, T ), Hs(R))∩C1([0, T ), Hs−1(R)) with s > 5/2, we assume
that u(t, x) is smooth. Taking the derivative of (2.2) with respect to x gives

utx =− k1

(
uu2

x + u2uxx − u2
xuxx − 2

3
u3

)
− k2

(
1

2
u2
x + uuxx − u2

)
− k1

(
1− ∂2

x

)−1
(
2

3
u3 + uu2

x

)
− k2

(
1− ∂2

x

)−1
(
u2 +

1

2
u2
x

)
− 1

3
k1
(
1− ∂2

x

)−1
∂x
(
u3
x

)
. (3.24)

Integrating by parts yields

d

dt

∫
R
(u2 + u2

x)ωdx = 2

∫
R
umtωdx− 2

∫
R
uutxω

′dx := I1 + I2. (3.25)

Using the equations for (1.1) and m, it is obtained by direct calculation that

I1 =− 2

∫
R
u
[
k1((u

2 − u2
x)m)x + k2 (2uxm+ umx)

]
ωdx

=2

∫
R
ux

[
k1
(
u2 − u2

x

)
m+ k2

(
3

2
u2 − 1

2
u2
x − uuxx

)]
ωdx

+ 2

∫
R
u

[
k1
(
u2 − u2

x

)
m+ k2

(
3

2
u2 − 1

2
u2
x − uuxx

)]
ω′dx. (3.26)

Since

2k1

∫
R
ux

(
u2 − u2

x

)
mωdx = −k1

2

∫
R
(u2 − u2

x)
2ω′dx (3.27)

and

2k2

∫
R
ux

(
3

2
u2 − 1

2
u2
x − uuxx

)
ωdx = −k2

∫
R
(u3 − uu2

x)ω
′dx, (3.28)

then

I1 =− k1
2

∫
R
(u2 − u2

x)
2ω′dx+ 2k2

∫
R
(u3 − u2uxx)ω

′dx
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+ 2k1

∫
R
(u4 − u3uxx − u2u2

x + uu2
xuxx)ω

′dx. (3.29)

On the other hand, it follows from (3.24) that

I2 =2k1

∫
R
u

(
uu2

x + u2uxx − u2
xuxx − 2

3
u3

)
ω′dx

+ 2k1

∫
R
u
(
1− ∂2

x

)−1
(
2

3
u3 + uu2

x

)
ω′dx

+
2

3
k1

∫
R
u
(
1− ∂2

x

)−1
∂x
(
u3
x

)
ω′dx

+ 2k2

∫
R
u

(
1

2
u2
x + uuxx − u2

)
ω′dx

+ 2k2

∫
R
u(1− ∂2

x)
−1

(
u2 +

1

2
u2
x

)
ω′dx

:=A1 +A2 +A3 +A4 +A5. (3.30)

It is not difficult to estimate that

I1 +A1 +A4 = −k1
2

∫
R

(
u2 − u2

x

)2
ω′dx+

2

3
k1

∫
R
u4ω′dx+ k2

∫
R
uu2

xω
′dx. (3.31)

For the term A3, the calculation gives

A3 = −2k1

∫
R
u
((

1− ∂2
x

)−1 (
u2
xm
))

ω′dx+ 2k1

∫
R
u
((

1− ∂2
x

)−1 (
uu2

x

))
ω′dx.

(3.32)

Thus, with the above calculations, we introduce from (3.25) that

d

dt

∫
R

(
u2 + u2

x

)
ωdx

= −k1
2

∫
R

(
u2 − u2

x

)2
ω′dx+

2k1
3

∫
R
u4ω′dx+ k2

∫
uu2

xω
′dx

+
4k1
3

∫
R
u
((

1− ∂2
x

)−1 (
u3 + 3uu2

x

))
ω′dx

− 2k1

∫
R
u
((

1− ∂2
x

)−1 (
u2
xm
))

ω′dx

+ k2

∫
R
u
(
1− ∂2

x

)−1 (
2u2 + u2

x

)
ω′dx, (3.33)

which proves this lemma.
Next, we will prove the almost monotonicity of functions that are very close to

the energy at the right of the (i − 1)th bump of u, i = 2, . . . , N. Considering the
C∞ function Ψ defined on R satisfying0 < Ψ(x) < 1, Ψ′(x) > 0, x ∈ R,

|Ψ′′′(x)| ⩽ 10Ψ′(x), x ∈ [−1, 1],
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and

Ψ(x) =

 e−|x|, x < −1,

1− e−|x|, x > 1.

Let ΨK = Ψ( ·
K ), K > 0, we define the weight function Φi = Φi(t, x) by

Φ1 = 1−Ψ2,K , ΦN = ΨN,K , Φi = Ψi,K −Ψi+1,K , i = 2, . . . , N − 1,

where for i = 2, . . . , N,

Ψi,K(t, x) = ΨK(x− yi(t)) with yi(t) defined in (3.11). (3.34)

We find that
N∑
i=1

Φi(t, x) ≡ 1, x ∈ R, t ∈ [0, t∗]. Taking L > 0 and L/K > 0 large

enough from the progressive nature of the exponential of Φi, it is inferred that

|1− Φi| ⩽ 4e−
L
4K on

[
x̃i −

L

4
, x̃i +

L

4

]
(3.35)

and

|Φi| ⩽ 4e−
L
4K on

[
x̃j −

L

4
, x̃j +

L

4

]
, for j ̸= i. (3.36)

Define the following localized conserved version of E and F as

Ei(t) = Ei(u(t)) =

∫
R
(u2 + u2

x)Φi(t)dx, (3.37)

Fi(t) = Fi(u(t))

=

∫
R

(
k1
(
u4 + 2u2u2

x − 1

3
u4
x

)
+ 2k2

(
u3 + uu2

x

))
Φi(t)dx.

(3.38)

Considering the weight function Ψj,K(t, x) defined in (3.34), we introduce for j =
2, . . . , N ,

Ij,K(t) =

∫
R

(
u2(t, x) + u2

x(t, x)
)
Ψj,K(t, x)dx. (3.39)

In the following Lemma, we indicate that for a solution u of Eq. (1.1) in Lemma
3.1, the function Ij,K(t) is almost decreasing with time. Assuming 0 < c1 < c2 <
· · · < cN , we set

σ0 =
1

4
min{c1, c2 − c1, . . . , cN − cN−1}. (3.40)

Lemma 3.3. Let u(t, x) be the strong solution of the Eq. (1.1) satisfying (3.4)
on [0, t∗] with initial data u(0, x) = u0(x). Assume u0(x) satisfies the assumptions
given in Theorem 1.1. There exist α0 > 0 and L0 > 0 depending only on (ci)

N
i=1

such that if 0 < α < α0 and L > L0, then for 4 ≤ K = O(L1/2),

Ij,K(t)− Ij,K(0) ⩽
C

σ0
e−

L
8K , (3.41)

for each j ∈ {2, ..., N} and any t ∈ [0, t∗] with a positive constant C.
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Proof. First, we fix j ∈ {2, ..., N}, establish with ω = Ψj,K in (3.23), and use
d
dtΨj,K(t, x) = −ẏj(t)∂xΨj,K(t, x), we obtain that for t ∈ [0, t∗],

d

dt
Ij,K(t) =

d

dt

∫
R

(
u2 + u2

x

)
Ψj,K(t, x)dx

=− ẏj(t)

∫
R

(
u2 + u2

x

)
∂xΨj,Kdx− k1

2

∫
R
(u2 − u2

x)
2∂xΨj,K(t, x)dx

+
2k1
3

∫
R
u4∂xΨj,K(t, x)dx+ k2

∫
R
uu2

x∂xΨj,K(t, x)dx

+
4k1
3

∫
R
u
(
1− ∂2

x

)−1 (
u3 + 3uu2

x

)
∂xΨj,K(t, x)dx

− 2k1

∫
R
u
(
1− ∂2

x

)−1 (
u2
xm
)
∂xΨj,K(t, x)dx

+ k2

∫
R
u
(
1− ∂2

x

)−1 (
2u2 + u2

x

)
∂xΨj,K(t, x)dx. (3.42)

According to (3.9) in Lemma 3.1, for 0 < α < α0 and L > L0, there are

−ẏj(t) = −
˙̃xj(t)− cj

2
−

˙̃xj−1(t)− cj−1

2
− cj−1 + cj

2

⩽ −cj−1 + cj
2

+O(
√
α) +O(L−1) < −1

2
c1.

(3.43)

Next, aligned with (3.42), we only cover two scenarios in this discussion: (1) k1 > 0,
k2 > 0; (2) k1 > 0, k2 ⩽ 0.

(1) k1 > 0, k2 > 0, using the inequality of (2.6) and ∂xΨj,K = 1
KΨ′(

x−yj(t)
K ) > 0,

we reduce (3.42) to

d

dt
Ij,K(t) ⩽− c1

2

∫
R

(
u2 + u2

x

)
∂xΨj,Kdx

+
2k1
3

∫
R
u4∂xΨj,K(t, x)dx+ k2

∫
R
uu2

x∂xΨj,K(t, x)dx

+
4k1
3

∫
R
u
(
1− ∂2

x

)−1 (
u3 + 3uu2

x

)
∂xΨj,K(t, x)dx

+ k2

∫
R
u
(
1− ∂2

x

)−1 (
2u2 + u2

x

)
∂xΨj,K(t, x)dx. (3.44)

For further estimates, we define the interval Dj by

Dj =

[
x̃j−1(t) +

L

4
, x̃j(t)−

L

4

]
,

and divide R as R = Dj ∪Dc
j . Note that according to (3.10) and (3.40), for x ∈ Dc

j ,

|x− yj(t)| ⩾
x̃j(t)− x̃j−1(t)

2
− L

4
⩾

cj − cj−1

4
t+

L

8
⩾ σ0t+

L

8
, (3.45)

and then for K = O(
√
L) and a large enough L0,

|x− yj(t)|
K

⩾
σ0t+

L
8

K
> 1, (3.46)
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which implies by definition of Ψ that

∂xΨj,K(t, x) =
1

K
Ψ′
(
x− yj(t)

K

)
⩽

1

K
e−

1
K (σ0t+

L
8 ), x ∈ Dc

j . (3.47)

Thus, using the conservation of E(u) = ∥u∥2H1(R), there exists a constant C > 0
such that

2

3
k1

∫
Dc

j

u4∂xΨj,Kdx ⩽
C

K
∥u0∥4H1(R)e

− 1
K (σ0t+

L
8 )

(3.48)

and

k2

∫
Dc

j

uu2
x∂xΨj,Kdx ⩽

C

K
∥u0∥3H1(R)e

− 1
K (σ0t+

L
8 ). (3.49)

Moreover, notice that |x − x̃i(t)| > L/4 for any x ∈ Dj and each i ∈ {1, ..., N}.
Thus, from (3.8) and the exponential decay of φci(x− x̃i(t)), we have

∥u(t, x)∥L∞(Dj)

⩽

∥∥∥∥∥u(t, x)−
N∑
i=1

φci

(
x− x̃i(t)

)∥∥∥∥∥
L∞(Dj)

+

∥∥∥∥∥
N∑
i=1

φci

(
x− x̃i(t)

)∥∥∥∥∥
L∞(Dj)

⩽

√
2

2

∥∥∥∥∥u(t, x)−
N∑
i=1

φci

(
x− x̃i(t)

)∥∥∥∥∥
H1(R)

+

N∑
i=1

∥∥φci

(
x− x̃i(t)

)∥∥
L∞(Dj)

= O(
√
α) +O(e−

L
8 ). (3.50)

Therefore, using (3.48), (3.49) and (3.50), we obtain

2

3
k1

∫
R
u4∂xΨj,Kdx

=
2

3
k1

∫
Dj

u4∂xΨj,Kdx+
2

3
k1

∫
Dc

j

u4∂xΨj,Kdx

⩽
2

3
k1∥u∥2L∞(Dj)

∫
Dj

u2∂xΨj,Kdx+
C

K
∥u0∥4H1(R)e

− 1
K (σ0t+

L
8 )

⩽
c1
16

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
∥u0∥4H1(R)e

− 1
K (σ0t+

L
8 ) (3.51)

and

k2

∫
R
uux

2∂xΨj,Kdx

= k2

∫
Dj

uu2
x∂xΨj,Kdx+ k2

∫
Dc

j

uu2
x∂xΨj,Kdx

⩽ k2∥u(t)∥L∞(Dj)

∫
Dj

u2
x∂xΨj,Kdx+

C

K
∥u0∥3H1(R)e

− 1
K (σ0t+

L
8 )

⩽
c1
16

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
∥u0∥3H1(R)e

− 1
K (σ0t+

L
8 ). (3.52)
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By a similar method as above, we get

4

3
k1

∫
Dc

j

u(1− ∂2
x)

−1(u3 + 3uu2
x)∂xΨj,Kdx

⩽ 4k1∥u∥L∞(R) sup
x∈Dc

j

|∂xΨj,K(t, x)|
∫
R
G ∗ (u3 + uu2

x)dx

⩽ 4k1∥u∥2L∞(R) sup
x∈Dc

j

|∂xΨj,K(t, x)|
∫
R
G ∗ (u2 + u2

x)dx

⩽ 2k1∥u∥2L∞(R) sup
x∈Dc

j

|∂xΨj,K(t, x)|
∫
R
e−|x|dx

∫
R
(u2 + u2

x)dx

⩽
C

K
∥u0∥4H1(R)e

− 1
K (σ0t+

L
8 ), (3.53)

where G(x) = e−|x|/2 is the Green function of (1− ∂2
x)

−1.
However, according to the definition of Ψ, |Ψ′′′(x)| ⩽ 10Ψ′(x), x ∈ R, we discover

that

(1− ∂2
x)∂xΨj,K(t, x) = ∂xΨj,K(t, x)− 1

K3
Ψ′′′

(
x− yj(t)

K

)
⩾

(
1− 10

K2

)
∂xΨj,K(t, x), (3.54)

when the parameters K ⩾ 4, we have

(1− ∂2
x)

−1∂xΨj,K(t, x) ⩽

(
1− 10

K2

)−1

∂xΨj,K(t, x). (3.55)

Taking K ⩾ 4 and noting that m0 ̸≡ 0 and ∂xΨj,K(t, x) > 0, we conclude that

4

3
k1

∫
Dj

u(1− ∂2
x)

−1(u3 + 3uu2
x)∂xΨj,Kdx

⩽ 4k1∥u∥L∞(Dj)

∫
R
(u3 + uu2

x)(1− ∂2
x)

−1∂xΨj,Kdx

⩽ C∥u∥L∞(Dj)∥u∥H1(R)

∫
R
(u2 + u2

x)∂xΨj,Kdx. (3.56)

Using (3.8), for t ∈ [0, t∗],

∥u(t)∥H1(R) = ∥u0∥H1(R) ⩽ ∥v0∥H1(R) +

∥∥∥∥∥
N∑
i=1

φci(· − x̃i(0))

∥∥∥∥∥
H1(R)

⩽ O(
√
α) +

N∑
i=1

∥φci∥H1(R) = O(
√
α) +

N∑
i=1

√
2ai,

(3.57)

which along with (3.50) gives

4

3
k1

∫
Dj

u(1− ∂2
x)

−1(u3 + 3uu2
x)∂xΨj,Kdx
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⩽ C
(
O(

√
α) +O(e−

L
8 )
)(

O(
√
α) +

N∑
i=1

√
2ai

)∫
R
(u2 + u2

x)∂xΨj,Kdx. (3.58)

Therefore, there exist α0 ≪ 1 and L0 ≫ 1 such that for 0 < α < α0 and L > L0,
combining with (3.53), it gives rise to

4

3
k1

∫
R
u(1− ∂2

x)
−1(u3 + 3uu2

x)∂xΨj,Kdx

=
4

3
k1

∫
Dj

u(1− ∂2
x)

−1(u3 + 3uu2
x)∂xΨj,Kdx

+
4

3
k1

∫
Dc

j

u(1− ∂2
x)

−1(u3 + 3uu2
x)∂xΨj,Kdx

⩽
c1
16

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
∥u0∥4H1(R)e

− 1
K (σ0t+

L
8 ). (3.59)

Similarly, we can calculate that

k2

∫
R
u(1− ∂2

x)
−1(2u2 + u2

x)∂xΨj,Kdx

⩽
c1
16

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
∥u0∥3H1(R)e

− 1
K (σ0t+

L
8 ). (3.60)

Combining (3.51), (3.52), (3.59) and (3.60), we infer that

d

dt
Ij,K(t) ⩽ −c1

4

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
e−

1
K (σ0t+

L
8 ). (3.61)

Using the Gronwall argument on [0, t] with t ⩽ t∗, we find that for any t ∈ [0, t∗],

Ij,K(t)− Ij,K(0) ⩽
C

K

∫ t

0

e−
1
K (σ0τ+

L
8 )dτ ⩽

C

σ0
e−

L
8K .

(2) k1 > 0, k2 ⩽ 0, similarly, we deduce by (3.42) that

d

dt
Ij,K(t) ⩽− c1

2

∫
R

(
u2 + u2

x

)
∂xΨj,Kdx+

2k1
3

∫
R
u4∂xΨj,K(t, x)dx

+
4k1
3

∫
R
u
(
1− ∂2

x

)−1 (
u3 + 3uu2

x

)
∂xΨj,K(t, x)dx.

Similar to the discussion method in (1) above, we obtain the results that

d

dt
Ij,K(t) ⩽ −c1

4

∫
R
(u2 + u2

x)∂xΨj,Kdx+
C

K
e−

1
K (σ0t+

L
8 ).

Integrating for time [0, t] with t ⩽ t∗, we summarize that for t ∈ [0, t∗],

Ij,K(t)− Ij,K(0) ⩽
C

K

∫ t

0

e−
1
K (σ0τ+

L
8 )dτ ⩽

C

σ0
e−

L
8K .

This completes the proof of Lemma 3.3.
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3.3. Global identity and localized estimate

In this subsection, we establish the global identity and the localized estimate. For
Z = (z1, . . . , zN ), we denote

Rzi(x) = φci(x− zi) = aiφ(x− zi) = aie
−|x−zi|. (3.62)

It is obvious that Rzi(x) has the peak at x = zi and hence

max
x∈R

Rzi(x) = Rzi(zi) = ai. (3.63)

A direct calculation shows

E(Rzi) =

∫
R

(
φ2
ci + ∂xφ

2
ci

)
dx = 2a2i (3.64)

and

F (Rzi) =

∫
R
k1

(
φ4
ci + 2φ2

ciφ
2
x − φ4

x

3

)
+ 2k2

(
φ3
ci + φciφ

2
x

)
dx =

4

3
a3i (k1ai + 2k2) . (3.65)

Using (3.64), we provide a global identity, which is the generalization of Lemma 2.3
in [23].

Lemma 3.4. For any (z1, . . . , zN ) ∈ RN such that |zi − zi−1| > L/2 with L >
0, i = 2, ..., N, and any u ∈ H1(R), we have∥∥∥∥∥u(x)−

N∑
i=1

Rzi(x)

∥∥∥∥∥
2

H1(R)

= E(u)−
N∑
i=1

E(φci)− 4

N∑
i=1

ai
(
u(zi)− ai

)
+O(e−L/4), (3.66)

where the constant involved in O(e−L/4) depends only on c1, . . . , cN .

Proof. This lemma has been proved in [14, 24], and we leave out the steps here.

In the following lemma, we build a localized estimate that establishes a connec-
tion between Ei and Fi through polynomial inequalities, where the functions Ei

and Fi are independent of time since we fix x̃1 < · · · < x̃N . For convenience, we
take K =

√
L/8 to derive the appropriate estimates.

Lemma 3.5. Given N real numbers x̃1 < · · · < x̃N with x̃i − x̃i−1 ⩾ 3L/4. Define
the interval Ji as in (3.11). Suppose that, for any fixed positive function u ∈ Hs(R)
with s > 5/2, and each i = 1, . . . , N , there exists ξi ∈ Ji such that

u(ξi) = max
x∈Ji

u(x) := Mi and |ξi − x̃i| <
L

12
. (3.67)

Then, for each i = 1, . . . , N , we have

Fi(u) ⩽

(
4

3
k1M

2
i + 2k2Mi

)
Ei(u)−

4

3
k1M

4
i − 4

3
k2M

3
i +O(L− 1

2 ). (3.68)
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Proof. Let i = 1, . . . , N be fixed and take ξi ∈ Ji satisfying (3.67). We set

gi(x) =

u(x)− ux(x), x < ξi,

u(x) + ux(x), x > ξi.

Direct computation yields∫
R
g2i (x)Φi(x)dx =

∫ ξi

−∞
(u− ux)

2
Φidx+

∫ +∞

ξi

(u+ ux)
2
Φidx

=

∫
R

(
u2 + u2

x

)
Φidx− 2

∫ ξi

−∞
uuxΦidx+ 2

∫ +∞

ξi

uuxΦidx

=Ei(u)− 2M2
i Φi(ξi) +

∫ ξi

−∞
u2∂xΦidx−

∫ +∞

ξi

u2∂xΦidx. (3.69)

Next, following [23], we define the functions as follows

h1(x) =


u2(x)− 2

3u(x)ux(x)− 1
3u

2
x(x), x < ξi,

u2(x) + 2
3u(x)ux(x)− 1

3u
2
x(x), x > ξi

(3.70)

and
h2(x) = u(x). (3.71)

Therefore, using (3.70) and (3.71), we denote∫
R
h (x) g2i (x) Φi (x) dx

:= k1

∫
R
h1 (x) g

2
i (x) Φi (x) dx+ 2k2

∫
R
h2 (x) g

2
i (x) Φi (x) dx. (3.72)

A direct calculation indicates that∫
R
h1 (x) g

2
i (x) Φi (x) dx =

∫ ξi

−∞

(
u2 − 2

3
uux − 1

3
u2
x

)
(u− ux)

2
Φidx

+

∫ ∞

ξi

(
u2 +

2

3
uux − 1

3
u2
x

)
(u+ ux)

2
Φidx

=

∫
R

(
u4 + 2u2u2

x − 1

3
u4
x

)
Φidx− 4

3
M4

i Φi (ξi)

+
2

3

∫ ξi

−∞
u4∂xΦidx− 2

3

∫ +∞

ξi

u4∂xΦidx. (3.73)

Using a similar method as above, one derives∫
R
h2 (x) g

2
i (x) Φi (x) dx =

∫ ξi

−∞
u (u− ux)

2
Φidx+

∫ ∞

ξi

u (u+ ux)
2
Φidx

=

∫
R

(
u3 + uu2

x

)
Φidx− 4

3
M3

i Φi (ξi)
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+
2

3

∫ ξi

−∞
u3∂xΦidx− 2

3

∫ +∞

ξi

u3∂xΦidx. (3.74)

Combining (3.73) with (3.74), we obtain∫
R
h (x) g2i (x) Φi (x) dx

=Fi (u)−
4

3
k1M

4
i Φi (ξi) +

2

3
k1

∫ ξi

−∞
u4∂xΦidx− 2

3
k1

∫ ∞

ξi

u4∂xΦidx

− 8

3
k2M

3
i Φi (ξi) +

4

3
k2

∫ ξi

−∞
u3∂xΦidx− 4

3
k2

∫ ∞

ξi

u3∂xΦidx. (3.75)

We know h1 (x) ⩽ 4
3u

2(x) ⩽ 4
3M

2
i and h2 (x) ⩽ Mi, so from (3.69), we deduce that∫

R
h1 (x) g

2 (x) Φi (x) dx

⩽
4

3

∫
R
u2 (x) g2 (x) Φi (x) dx

=
4

3

∫
Ji

u2(x)g2(x)Φi(x)dx+
4

3

N∑
k ̸=i,k=1

∫
Jk

u2(x)g2(x)Φi(x)dx

⩽
4

3
M2

i Ei (u)−
8

3
M4

i Φi (ξi) +
4

3

N∑
k ̸=i,k=1

∫
Jk

u2(x)g2(x)Φi(x)dx

+
4

3
M2

i

∫ ξi

−∞
u2∂xΦidx− 4

3
M2

i

∫ ∞

ξi

u2∂xΦidx. (3.76)

In a similar manner, we get∫
R
h2 (x) g

2 (x) Φi (x) dx

⩽MiEi (u)− 2M3
i Φi (ξi) +

N∑
k ̸=i,k=1

∫
Jk

u(x)g2(x)Φi(x)dx

+Mi

∫ ξi

−∞
u2∂xΦidx−Mi

∫ ∞

ξi

u2∂xΦidx. (3.77)

Due to the construction of Φi and the exponential decay of Ψ, taking K =
√
L/8,

clearly there are constants C > 0,

|∂xΦi| =
1

K
Ψ′ ⩽

C

K
⩽ O(L− 1

2 ). (3.78)

Using (3.72), (3.75)-(3.78) and the Sobolev embedding ∥u∥L∞(R) ⩽
√
2
2 ∥u∥H1(R),

estimates can be derived that

Fi (u) ⩽
4

3
k1M

2
i Ei (u)−

4

3
k1M

4
i +

4

3
k1M

4
i (1− Φi (ξi))

+ 2k2MiEi (u)−
4

3
k2M

3
i +

4

3
k2M

3
i (1− Φi (ξi)) +O(L− 1

2 ). (3.79)
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On the other hand, since |ξi − x̃i| < L/12, using (3.35), we find

|1− Φi(ξi)| ⩽ 4e−
L
4K ⩽ O(L− 1

2 ). (3.80)

From (3.79) and (3.80), we deduce that

Fi(u) ⩽

(
4

3
k1M

2
i + 2k2Mi

)
Ei(u)−

4

3
k1M

4
i − 4

3
k2M

3
i +O(L− 1

2 ),

which proves this lemma.
In the next lemma, we use the method in [24] to estimate the differences between

the local maximum of the solution u(t, x) and the maximum of each single peakon.

Lemma 3.6. Let u(t, x) be the strong solution of (1.1) satisfying (3.4) on [0, t∗] as
in Lemma 3.1 with initial data u(0, x) = u0(x) satisfying the assumptions given in
Theorem 1.1. Let us set for i ∈ {1, . . . , N},

Mi(t) = max
x∈Ji(t)

u(t, x) = u
(
t, ξi(t)

)
, ∀t ∈ [0, t∗], (3.81)

where the interval Ji(t) is defined in (3.11). Then, we have the estimate

N∑
i=1

(
4

3
k1a

2
i +

8

3
k2ai

) 1
2

|Mi(t)− ai| ⩽ O(ε) +O(L− 1
4 ), (3.82)

where the constants in O(·) depend on (ci)
N
i=1 and ∥u0∥Hs(R).

Proof. By the construction of Φi, for any u ∈ Hs(R)(s > 5/2), we have

E(u) =

N∑
i=1

Ei(u), F (u) =

N∑
i=1

Fi(u), (3.83)

where Ei(u), Fi(u) are defined by (3.37) and (3.38). Furthermore, since u0 satisfies
(1.9) and (1.10), there exist z01 < z02 < · · · < z0N satisfying z0i −z0i−1 > L/2, meaning
that if we denote

RZ0 =

N∑
i=1

φci

(
· − z0i

)
,

then

∥u0 −RZ0∥H1(R) ⩽ ϵ2. (3.84)

Using (3.84) and applying Minkowski inequality, we have

|E(u0)− E(RZ0)|

⩽
(
∥u0∥H1(R) + ∥RZ0∥H1(R)

) ∣∣∣∥u0∥H1(R) − ∥RZ0∥H1(R)

∣∣∣
⩽
(
∥u0 −RZ0∥H1(R) + 2 ∥RZ0∥H1(R)

)
∥u0 −RZ0∥H1(R)

⩽

(
ε2 + 2

N∑
i=1

∥φci∥H1(R)

)
ε2
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⩽ O
(
ε2
)
, (3.85)

which means that

|E(u0)−
N∑
i=1

E(φci)| ⩽ |E(u0)− E(RZ0)|+ |E(RZ0)−
N∑
i=1

E(φci)|

⩽ O(ε2) +O(e−
L
4 ). (3.86)

We fix t ∈ [0, t∗] and note that by (3.68) in Lemma 3.5, the following inequality
holds

Fi(u)−
(
4k1
3

M2
i + 2k2Mi

)
Ei(u) +

4k1
3

M4
i +

4k2
3

M3
i ⩽ O(L− 1

2 ). (3.87)

Now, we define the polynomial P i(y) by

P i(y) =
4k1
3

y4 +
4k2
3

y3 −
(
4k1
3

y2 + 2k2y

)
Ei(u) + Fi(u). (3.88)

Associated with the peakon φci , using (3.64) and (3.65), P i(y) takes the form

P i
0(y) =

4k1
3

y4 +
4k2
3

y3 −
(
4k1
3

y2 + 2k2y

)
E(φci) + F (φci)

=
4k1
3

y4 +
4k2
3

y3 −
(
4k1
3

y2 + 2k2y

)(
2a2i
)
+

4

3
a3i
(
k1ai + 2k2

)
= (y − ai)

2

(
4k1
3

y2 +
8k1
3

aiy +
4k2
3

y +
4k1
3

a2i +
8k2
3

ai

)
. (3.89)

According to (3.87), (3.88) and (3.89), we obtain

P i
0(Mi) = P i(Mi) +

(
4k1
3

M2
i + 2k2Mi

)(
Ei(u)− E(φci)

)
−
(
Fi(u)− F (φci)

)
,

(3.90)

which yields

(
4k1
3

a2i +
8k2
3

ai

)(
Mi(t)− ai

)2
⩽

(
4k1
3

M2
i + 2k2Mi

)(
Ei(u)− E(φci)

)
−
(
Fi(u)− F (φci)

)
+O(L− 1

2 ), (3.91)

where the solution u(t, x) is positive. Summing over i from (3.91), we get

N∑
i=1

(
4k1
3

a2i +
8k2
3

ai

)(
Mi(t)− ai

)2
⩽

N∑
i=1

Qi

(
Ei(u)− Ei(u0)

)
+

N∑
i=1

Qi

(
Ei(u0)− E(φci)

)
−

N∑
i=1

(
Fi(u)− F (φci)

)
+O(L− 1

2 )
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:=P1 + P2 + P3 +O(L− 1
2 ), (3.92)

where Qi =

(
4k1
3

M2
i + 2k2Mi

)
. We now derive three useful estimates. We first

estimate the term P2. Using (3.86), we infer that

Mi(t) ⩽ ∥u(t, x)∥L∞(R) ⩽

(
1

2
E(u0)

) 1
2

⩽

(
1

2

N∑
i=1

E(φci)

) 1
2

+O(ε) +O(e−
L
8 ) ⩽

(
2

N∑
i=1

a2i

) 1
2

, (3.93)

for 0 < ε < ε0, L > L0 with 0 < ε0 ≪ 1 and L0 ≫ 1 both depending only on
(ci)

N
i=1. Then, by (3.84), the exponential decay of φci and Φi, and the definition of

Ei, it follows that

N∑
i=1

|Ei(u0)− E(φci)|

⩽
N∑
i=1

∣∣∣∥u0∥2H1(Ji(0))
− ∥φci∥2H1(Ji(0))

∣∣∣+O(L− 1
2 )

⩽
N∑
i=1

∥u0 −Rz0∥H1(Ji(0)) +

N∑
k=1,k ̸=i

∥φck∥H1(Ji(0))


·

(
∥u0 −Rz0∥H1(R) + 2

√
2

N∑
i=1

ai

)
+O(L− 1

2 )

⩽O(ε2) +O(L− 1
2 ),

which together with (3.93) yields

P2 ⩽
N∑
i=1

(
4k1
3

M2
i + 2k2Mi

)
|Ei(u0)− E(φci)| ⩽ O(ε2) +O(L− 1

2 ). (3.94)

Since u0 satisfies (3.84), similar arguments were used in Lemma 3.5 in [18], we
have ∣∣∣∣∣F (u0)− F

(
N∑
i=1

φci

(
· −z0i

))∣∣∣∣∣ ⩽ O(ε2),

this means that from z0i − z0i−1 > L/2 and (3.83) that

P3 ⩽

∣∣∣∣∣F (u0)−
N∑
i=1

F (φci)

∣∣∣∣∣
⩽

∣∣∣∣∣F (u0)− F

(
N∑
i=1

φci

(
· −z0i

))∣∣∣∣∣+
∣∣∣∣∣F
(

N∑
i=1

φci

(
· −z0i

))
−

N∑
i=1

F (φci)

∣∣∣∣∣
⩽ O(ε2) +O(e−

L
4 ). (3.95)
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Using (3.83) along with the definition of the weight function Φi and the Abel trans-
form, we obtain

P1 = QN (t)

N∑
i=1

(
Ei

(
u(t)

)
− Ei(u0)

)
−

N−1∑
j=1

(
Qj+1(t)−Qj(t)

) j∑
i=1

(
Ei

(
u(t)

)
− Ei(u0)

)
= −

N−1∑
j=1

(
Qj+1(t)−Qj(t)

)
·
(∫

R

(
u2(t) + u2

x(t)
)(
1−Ψj+1,K

)
dx−

∫
R

(
u2
0 + u2

0x

)(
1−Ψj+1,K

)
dx

)
=

N−1∑
j=1

(
Qj+1(t)−Qj(t)

)(
Ij+1,K(t)− Ij+1,K(0)

)
.

According to (3.12), one obtains∣∣∣ξi(t)− x̃i(t)

∣∣∣ < L

12
, ∀t ∈

[
0, t∗

]
,

which along with (3.8) gives rise to∥∥∥∥∥u(t, x)−
N∑
i=1

φci

(
x− ξi(t)

)∥∥∥∥∥
H1(R)

⩽

∥∥∥∥∥u(t, x)−
N∑
i=1

φci

(
x− x̃i(t)

)∥∥∥∥∥
H1(R)

+

∥∥∥∥∥
N∑
i=1

φci

(
x− ξi(t)

)
−

N∑
i=1

φci

(
x− x̃i(t)

)∥∥∥∥∥
H1(R)

⩽ ∥v(t, x)∥H1(R) +

N∑
i=1

∥∥φci

(
x− ξi(t)

)
− φci

(
x− x̃i(t)

)∥∥
H1(R)

⩽ O(
√
α) +O(e−

L
4 ). (3.96)

Therefore, employing (3.8), (3.10), (3.12) and the exponential decay of φci , it seems
that ∣∣u(t, ξi(t))− ai

∣∣
⩽

∣∣∣∣∣∣u(t, ξi(t))−
N∑
j=1

φcj

(
ξi(t)− ξj(t)

)∣∣∣∣∣∣+
N∑

j ̸=i,j=1

φcj

(
ξi(t)− ξj(t)

)

⩽

∥∥∥∥∥∥u(t, x(t))−
N∑
j=1

φcj

(
x− ξj(t)

)∥∥∥∥∥∥
L∞(R)

+O(e−
L
4 )

⩽ O(
√
α) +O(e−

L
4 ),
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that is,

|Mi(t)− ai| ⩽ O(
√
α) +O(e−

L
4 ).

This implies that

MN (t) > MN−1(t) > · · · > M1(t) > 0, (3.97)

for α ≪ 1 and L ≫ 1, due to 0 < c1 < · · · < cN and the positivity of the solution
u(t, x). Notice that α = O(

√
ε+ L−1/8).

Using (3.97), Qj+1 −Qj > 0, we infer that

P1 ⩽ Ce−
L
8K = O

(
L− 1

2

)
, (3.98)

because of K = O(
√
L).

Substituting (3.94), (3.95) and (3.98) into (3.92) yields

N∑
i=1

(
4k1
3

a2i +
8k2
3

ai

)(
Mi(t)− ai

)2
⩽ O(ε2) +O

(
L− 1

2

)
. (3.99)

Hence, the desired result follows immediately from (3.99), that is

N∑
i=1

(
4k1
3

a2i +
8k2
3

ai

) 1
2

|Mi(t)− ai| ⩽ O(ε) +O
(
L− 1

4

)
, ∀t ∈ [0, t∗] ,

where the terms O(·) depend on (ci)
N
i=1 and ∥u0∥Hs(R).

3.4. End the proof of Theorem 1.1

To complete the proof of Theorem 1.1, in view of (3.3), it suffices to prove that
there exists a constant C > 0 independent of A such that at time t∗, there exist
z1 < z2 < · · · < zN with zi − zi1 > L/2 ⩾ L0/2 ≫ 1 satisfying∥∥∥∥∥u(t∗, x)−

N∑
i=1

φci(x− zi)

∥∥∥∥∥
H1(R)

⩽ C(
√
ε+ L

1
8 ).

To this end, we need to take in (3.66), zi = ξi(t
∗) ∈ Ji(t

∗, x), i = 1, . . . , N , where
ξi(t

∗), 1 ⩽ i ⩽ N are defined by (3.13), which implies that

Mi(t
∗) = max

x∈Ji(t∗)
u(t∗, x) = u(t∗, ξi(t

∗)).

Using (3.10) and (3.12), it is observed that

ξi(t
∗)− ξi−1(t

∗) ⩾ x̃i(t
∗)− x̃i−1(t

∗)− |ξi(t∗)− x̃i(t
∗)| − |ξi−1(t

∗)− x̃i−1(t
∗)|

⩾
3L

4
− L

6
>

L

2
.
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From (3.66), (3.82) and (3.86), it follows that∥∥∥∥∥u(t∗, x)−
N∑
i=1

φci

(
x− ξi(t

∗)
)∥∥∥∥∥

2

H1(R)

= E(u(t∗))−
N∑
i=1

E(φci)− 4

N∑
i=1

ai
(
Mi(t

∗)− ai
)
+O(e−

L
4 )

⩽ E(u0)−
N∑
i=1

E(φci) + 4

N∑
i=1

ai|Mi(t
∗)− ai|+O(e−

L
4 )

⩽ O(ε) +O(L− 1
4 ).

Therefore, for 0 < ε < ε0, L > L0 with 0 < ε0 ≪ 1 and L0 ≫ 1 both depending
only on (ci)

N
i=1, we conclude that∥∥∥∥∥u(t∗, x)−

N∑
i=1

φci

(
x− ξi(t

∗)
)∥∥∥∥∥

H1(R)

⩽ C(
√
ε+ L− 1

8 ),

where the positive constant C depends only on (ci)
N
i=1 and ∥u0∥H1(R), not on A.

Therefore, by choosing A = 2C, we obtain Theorem 1.1. □
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des Mathématiques Pures et Appliquées, 2014, 101(2), 172-187.

[26] X. Liu, Orbital stability of peakons for a modified Camassa-Holm equation with
higher-order nonlinearity, Discrete and Continuous Dynamical Systems, 2018,
38(11), 5505-5521.

[27] X. Liu, Stability in the energy space of the sum of N peakons for a modified
Camassa-Holm equation with higher-order nonlinearity, Journal of Mathemat-
ical Physics, 2018, 59(12), 1-19.

[28] X. Liu, The periodic Cauchy problem for a combined CH-mCH integrable equa-
tion, Nonlinear Analysis: Theory, Methods & Applications, 2016, 143, 138-154.

[29] X. Liu and Z. Yin, Local well-posedness and stability of peakons for a general-
ized Dullin-Gottwald-Holm equation, Nonlinear Analysis: Theory, Methods &
Applications, 2011, 74(7), 2497-2507.

[30] Z. Liu and T. Qian, Peakons of the Camassa-Holm equation, Applied Mathe-
matical Modelling, 2002, 26(3), 473-480.

[31] Y. Mi, Y. Liu, D. Huang and B. Guo, Qualitative analysis for the new shallow-
water model with cubic nonlinearity, Journal of Differential Equations, 2020,
269(6), 5228-5279.

[32] B. Moon, Orbital Stabllity of periodic peakons for the generalized modified
Camassa-Holm equation, Discrete and Continuous Dynamical Systems-S, 2021,
14(12), 4409-4437.

[33] Z. Ouyang, S. Zheng and Z. Liu, Orbital stability of peakons with nonvanishing
boundary for CH and CH-γ equations, Physics Letters A, 2008, 372(47), 7046-
7050.

[34] G. Qin, Z. Yan and B. Guo, The Cauchy problem and multi-peakons for the
mCH-Novikov-CH equation with quadratic and cubic nonlinearities, Journal of
Dynamics and Differential Equations, 2023, 35(4), 3295-3354.

[35] C. Qu, X. Liu and Y. Liu, Stability of Peakons for an Integrable Modified
Camassa-Holm Equation with Cubic Nonlinearity, Communications in Mathe-
matical Physics, 2013, 322, 967-997.

[36] J. Wang, T. Deng and K. Zhang, Orbital stability of the sum of N peakons for
the mCH-Novikov equation, Applicable Analysis, 2024, 103(5), 874-897.

[37] W. Weng, Z. Qiao and Z. Yan, Wave-breaking analysis and weak multi-peakon
solutions for a generalized cubic-quintic Camassa-Holm type equation, Monat-
shefte für Mathematik, 2023, 200(3), 667-713.

[38] B. Xia, Z. Qiao and J. Li, An integrable system with peakon, complex peakon,
weak kink, and kink-peakon interactional solutions, Communications in Non-
linear Science and Numerical Simulation, 2018, 63, 292-306.

[39] M. Yang, Y. Li and Y. Zhao, On the Cauchy problem of generalized Fokas-
Olver-Resenau-Qiao equation, Applicable Analysis, 2018, 97(13), 2246-2268.

[40] S. Yang, Z. Qiao and T. Xu, Blow-up phenomena and peakons for the b-family
of FORQ/MCH equations, Journal of Differential Equations, 2019, 266(10),
6771-6787.



822 D. He, K. Zhang & S. Tang

[41] J. Yin and L. Tian, Stability of peakons and linear dispersion limit for the pe-
riodic Dullin-Gottwald-Holm equation, Journal of Mathematical Physics, 2010,
51(2), 1-16.


	Introduction
	Preliminaries
	Proof of Theorem 1.1 
	Modulation
	Monotonicity property
	Global identity and localized estimate
	End the proof of Theorem 1.1


