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Abstract The focus of this study is on the existence of three solutions to
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ary conditions. Our method is based on the variational method and critical
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1. Introduction

Singular elliptic problems have been intensively studied in the last decades, and
have drawn attention in many types of contexts and applications, including heat
conduction theory, boundary layer phenomena, biological pattern formation, mor-
phogenesis and chemical heterogeneous catalysts (see [8,32,35,36,38,41]).

In 2023 A. Khaleghi and A. Razani [26] studied the following (p(z),¢(z))-
biharmonic problem containing a singular term with exponent constant

A2 ut+ A2 u+0() Bt = A f(ww) i@,
u=Au=0 on 09,

where 0 C RY(N > 2) is a bounded domain with boundary of class C'; p,q €
C(Q), § € L>=(Q) is a real positive function, 1 < s < N/2, A is a positive parame-
ter, and f is a Carathéodory function. They proved the existence and multiplicity
of weak solutions of this problem, through the use of variational approaches and
critical point results.

Also in [3], A. Ayoujil et al, examined a class of (p1(-), p2(+))-biharmonic of the
form

A (JAuPr@=2Au) + A (|Au|P2@=2Au) = f(z,u) in Q,
u = Au =0 on 0.

Several studies have focused on different equations in the p—g—laplacien oprator
(see [9,24,28,33,43]). However in [40], Honghui Yin and Zuodong Yang, studied
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the following problem.

—Apu — Agu = 0V (2)u|" " 2u+ [ulP" 2u+ Nf(z,u), z€Q,
u=0 z€dN,

They showed that the problem has an infinite weak solution. Additionally, they
obtained some results for the case 1 < ¢ < p < r < p*, by using variational
methods. L

Weihua Wang [39] obtained multiple solutions for AZu = e

|[*

with Dirichlet boundary conditions, and the same problem with Navier boundary
conditions, where 2 < 2p < N, p <r < p*(s) = % <p*(0) :==p*,u>0.

Over the past few years, there has been a lot of interest in the p(x)-biharmonic
problem involving the s(x)—Hardy weight. It is the reason why this paper is a
significant step in that direction. In this article, we focus on a particular class of
singular fourth-order elliptic problems with no-flux boundary conditions.

‘u|s(m)—2u

A;Qa(x)“ + Ai(w)u + a(@) [ulP @20 = pm () + Af(z,u) in Q,

FRe
(Px) u = constant, Au =0, on 01,
oo 2 (|Au|i’(m)*2Au) +2 (\Au|q(z)*2Au> ds =0,

where A?) ot is the p(z)-biharmonic operator, @ C RN (N > 2) is a smooth
bounded éomain and 0 € Q, X is a real positive parameter, and the fonctions

p(x),q(@),r(x) € C(Q).

We start by giving the assumptions that we will consider for our problem (PV).
H(r,q,p) 1<q <q¢"<p <p'<d,
where h™ :=minh(z), h" :=maxh(z).
e e

(s) pt <s™ < s(z) <ps(z) forall z € Q, and sT — § < s™.
(a) a € L*°(0) and there exists ag > 0 such that a(x) > ao for all z € Q.

(f1)
|f(x,t)] < a1 + ag|t)P@ ! for all (z,t) € Q x R,

where a1, az >0 and 1 < 2(z) < p~, Vo € Q.
(m) m € L"®)(Q) is a changing sign function, where y € C, (Q) and %—l—ﬁ <

ﬁ for all z € Q.

This paper has the following structure. In Section 2, we list a few standard
definitions, fundamental properties, and background information on generalized
Lebesgue-Sobolev spaces. In Section 3 under the case of the variable exponent,
we prove the Sobolev-Hardy type compact embedding theorem and provide some
preliminary results.

We get the existence of one weak solution nontrivial for the problem (Pj) in
Section 4. After that in Section 5, we show that the problem (Py) has two and
three solutions.
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2. Preliminaries

First, we review some fundamental knowledge on the variable exponent Lebesgue-
Sobolev. In this paper, we assume that,

(H) p verifies 1 < p~ < p* < oo and is log-Hélder continuous function in €.

M(£2) is the set of all real functions that are measurable and defined on €.

We introduce the variable exponent Lebesgue space

LP(Q) = {u € M(Q) : / (P @) d < oo} ,
Q

(x)
|U|p(x)—inf{,u>0:/‘u(x)p dx§1}.
Q! M

Now, we get the inequalities of Holder
‘/ dx < 21t () | ) (2.1)

with the norm

for all u € LP'(®) () and v € L) () and L¥' () (Q) the conjugate space of LP(*) ().
Additionally, we have that for any u € LP®)(Q),v € L4®)(Q) and w € L"®)(Q), if

1 1 1 _
@ Taw Trm = b

/Q uvwlde < 3fulpe) [Vlge [0l e), (2.2)

(see [19, Proposition 2.4 and Proposition 2.5]). There will be a need for the propo-
sition that follows.

Proposition 2.1. (see [13, Lemma 2.1]). For p1,ps € M(Q), such that p; €
L®(Q) and 1 < pi(2)pe(x) < oo, for ace. x € Q. Let u € LP2®)(Q) such that
u # 0. Then

(i) Ty (ypa) < L then Jullt ) < O] < Jul??

P1 ()P2 pa() p1(-)p2(+)’

(ZZ) |u|p1(,)p2(.) > 1, then |u|p7

< ’ um(')‘ pY
! oo < [O] <l

p1()p2()"

Moving on to the definition of W*P(#)(Q) (the Sobolev space with variable expo-
nent)

Whr@(Q) = {ue L'O(Q) : D*u e L/ (9), || <k},

endowed with the norm

HUHW’“»P(Z)(Q) = Z \Da“|p(z)v
la|<k

is a reflexive and separable Banach space. (See [27]).

We have C>(Q) is dense in Wk (Q), and denote by Wol’p(m)(Q) the closure
of C*°(Q) in WP (Q), (see [10, Section 6.5.3] and [12, Theorem 3.7]).
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Thereafter, we consider the weighted variable exponent of Lebesgue space, which
is defined as follows:
Let b € M(Q2) and b(z) > 0 for all z € Q. We define

@) = {u € M(Q) : /Q b)) P da < oo}

with the norm,

Ul p(z = |u T T = 1Ilf > 0 : l ‘7

d:vgl}.

(Lg((gf)) (Q),]- \L,;E:))) is a Banach space. For properties of this norm, (see [18]).
We will need the following theorem.
Theorem 2.1. (see [10, Section 6] and [18, Theorem 2.3]). Let ¢ € C(Q) with
1 < q(x) < p3(x) for each x € Q, (p3(z) = NA_[’;(;&) ,if p(x) < g) Then there is a
continuous embedding compact W2P®)(Q) — LI®)(Q).

In this work, we opted for the norm:

|u||amf{u>0:/ﬂ<jm:fx) p(w)) dz < 1},

this norm is equivalent to the usual norm || - [|yy2.0(e) () ( See [16, Remark 2.1]).

p(z)

Jra(a:)‘u’(u@

We present the following subspace of W22()(Q).

Y = {u e W2P@(Q) :ulpq = constant}

{u ¢ rueWHE Q)N Wol’p(r)(ﬂ), ce R} .

(Y, | - w2 (qy) is a reflexive and separable Banach space (see [6, Theorem 4]).
In the space Y, we will search for the weak solution of our problem. As a result, we
take into account the functional © : Y — R such that

O(u) = / [|Au|p(x) + a(x)\u|p(z)} dx.
Q
The following inequalities have a significant connection to the norm ||.||,, (See for
example [6, Proposition 1]). For u € W?2P®)(Q) we have:

- +
[ulla =2 1= Jlully < O(u) < lulg (2.3)

- +

[ulla > 1= [lully < O(uw) <|lulg - (2.4)
Proposition 2.2. (see [18, Theorem 2.2]) Assume that pi(z), pa(x) € CL(Q). If
p1(x) < pa(z), then W2P1@)(Q) can be imbedded into WP2(®)(Q) continuously.
Proposition 2.3. ( [15, Proposition 2.5] and [1, Proposition 1.6]) A, : Y — R is
a functional defined by

1 1
A = [ L [[Agr@® p(a) / L Aypa@

which verifies the following assumptions.
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(i) A is of class Ct, with the following Gateaur derivative
(N (u), ) :/ |Au|p<x)_2AuA<pdx+/ |Au|T® =2 AuApda
Q Q
—l—/ a(z)|u|P® " 2updz.
Q

(i) For any uw € Y and any subsequence (un)n CY such that u, — u in'Y, there
holds
A(u) < lim infA(uy).

n—oo
(iii) The mapping ' : Y — Y’ is of type (S,), that is u, — u and

lim sup(A'(uy,), (u, —u)) < 0 implies that u, — u.

n—r oo

3. Proof of main result

In the present paper, the lemma that follows is important.

Lemma 3.1. Let us consider r(x), y(x) € C(Q), and

N — ()

I p5(x) =p5(y)  for all z € Q. (3.1)

r(z) <

Then an embedding WP (Q) — L' (Q) is compact.

|| = (=)
N—e
Proof. We notice |z|~7(*) € L7 (Q) such that € is a positive constant small

enough. Let u € W2P(®)(Q). Set h(z) = (g};;) r(z) = E\J,V_%_);Ei% Then (3.1)
implies h(z) < p5(z) and by Theorem 2.3 (in [18]) there is a compact embedding
W2P@) (Q) < LM#)(Q), then for u € W2P() (Q) we have |u(z)["®) € L¥G7 (Q)
and, by inequality (2.1), we deduce

|u|r(z)

dzx < 2’\x|7“’(‘”)

r(z)
. ul (oo <00

~(x) N—~(z)—e¢

This proves W2P(®)(Q) c L™ (Q). Now let (u,) € W2P@)(Q) and u,, — 0 in

|| = ()
W2r)(Q). Using Theorem 2.1, we conclude that u,, — 0 in L*®)(Q) and from
r(x)

this we get ‘|un — 0. Hence, we have

__N—e
N=~(@)—<
|| (®) ) o)
e <2l @] @], —o,
Q ‘CL‘|V ~(z) N—(z)—
That implies |u, (@ a7 — 0. Therefore, the embedding W2P(®)(Q) —
L‘Tir_)wx) (Q) is compact. The proof is complete. 0

In addition to the density result and the boundary conditions, we apply Green’s
formula and the fact that Y is a closed subspace of (W2?(*)(Q), - lw2s)(q)) . Here
is the definition that we provide:
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Definition 3.1. u € Y is a weak solution of the problem (Py) if

/|Au|p(m)72AuAvdx+/a(a:)\u|p(‘”)72uvdx+/ |Au|T®) "2 AuAvda
Q Q

s(z)—
—u/ m(x |u @ uvdm—)\/ flz,w)udr =0
Q

forallveY.

We apply the critical point theory to problem (P)) in order to find a weak
solution. As a result, we associate the functional

Th(u) = J1(u) — M1 (u),

where
m(z) |u*™

d
s(x) Jas@

1
Ji(u) = A, (u —&—/—Aqu)daj— /
1() p() Qq(l')| | M 0
and

Il(u):/QF(x,u)dx.

From (7)-(i¢) in Proposition 2.3 and Lemma 3.1, we can conclude that the energy
functional T € C'(Y,R) and is weakly lower semicontinuity. Its Gateaux derivative
is defined as follows:

(T} (), v) :/ |Au|p(m)*2AuAvdx+/ a(z)|ulP® " 2uuds
Q Q
) |u|s(m)—2
+ [ |Au)* @2 AuAvds — p | m(z) ————uvdz
Q Q |[ (=)

—)\/Qf(x,u)udx,

forallveY.

4. The existence result

The following theorem provides a base for our first solution of the problem (P}).

Theorem 4.1. [37] Given a reflexive real Banach space X, consider two Gateauz
differentiable functionals @,V : X — R, such that ® is coercive, sequentially weakly
lower semicontinuous, and strongly continuous. Further, suppose that ¥ is an upper
semicontinuous sequentially weak function. Put

" (s TO) - T
)= u€¢.71187001r[) r— <I>(u)

Then, for every r > infx ® and every X\ €]0,1/¢(r)[,the restriction of Jy := ®—A\¥
to ®~1(]—o0,7[) admits a global minimum, which is a critical point (local minimum,)
of Jx in X.
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Theorem 4.2. Let f : QxR — R is a carathéodory and that (f1) is satisfied. Then
there are pu* and \* two positive constants, such that the problem (Py) admits at
least one non-trivial weak solution uy €'Y for each p €]0, u*[ and X €]0, \*[.

Proof. First we need to prove that Ji is coercive for every A > 0 and p > 0.
Since sT — 2 < s7, then there exists § such that s* — 1 < 6 < s~, wiche implies
2(s™ —0) < 2(s™ —0) < 1. Let us take o any measurable function satisfying

v(@)p3(s(x)) 1 )
p3(s(z)) +0vy(z) 1+6—s(x)”’

() p3(s(x))
1+ 0y(x)" p3(s(z)) + 6 — s(x)

for all z €  and

max{ }<o(x) <min{—

+
g
0(—+1)<
(Z+1)<s

This implies that o € L*°(Q) and 1 < o(x) < (), for any x € Q. Then, we have

(s(z) = O)a(z)

Solen(@) @), 1< a1 SH@), veeq

L@ -

So there exist constants C; and Cy such that

|2 v < Cllull,
|| | 72522
il ewmne < Cellulla,
@1
for all z € Q. So we have the following
‘u|s(z) |u|9 ‘u|s(z)70d
’ \m|9(r) ‘ | |a ||5(2) =0
- ‘ |u|s(ac)79
> a(x |x|s(at) 0 (0()1)1
Oo(x) s(z)—0
< 3“ (x )‘a(m [l L :
s~ ’Y(J— ‘m|90(w) |(E| (z)—06 ",(”l
) o(z
u\e
for all w € Y, with ‘m ‘9 . > 1. Thus, we have
\U|9 17(3:) |U\90(x) E
)m(ﬂﬁ)‘ﬂa o(z ) 1+ *’|m | a,(x) |x‘eg($) fg(w)
= Jul |
<1+ 7(1 + ml 2, (1 +‘ eng)) s =

F(@)—o(z)

for any w € Y. Similarly

s(x)—0
‘|u| <1+ Gyl Vuey.

|x|s(z)79

1+‘
le

o (x) o( (r) 9) -
o(x)—1
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By the above information, we deduce that

’ m(@) [ul*™
o s(x) |z[*t)

oot st—o
dz| < Cs(1+ [Jul «= )(1 + Callul® 77)

forallueY.

Since [, ﬁ|Au|q(m)d1 > 0, with [lul| > 1 we have

1 - 0ot st
|1 (u)| = ijUHP — pCa(1 4 [lul| == ) (1 + Caful* %)

200
o

1 - 200t st
zpjllullp = oL+ [l o= + [fuf 27 =7). (4.1)

Since p~ > 1 > 2(sT —0) > 2g‘i+, then Ji(u) — 400 as |Ju|| — +oo. Thus J;

is coercive. Clearly we have inf,cy Ji(u) < 0. Now we can set r €]0,+o0], and
consider the function

SUPy ¢ g (—oo,r 11(¥)

r

x(r) =

= p*, and |jul]] > 1 we obtain

1
By the above inequality, for 0 < u < 30,

1 - ot
|J1(U)\ijHUI|” = nCs(1 + 2ul¢" =),

1 S
> (o = 3 Jul 7.
Then for J;(u) < r, we get
lull € (+——==)7 0 Vuey. (4.2)
o7 — 13Cs

Taking into account hypothesis (f1), there exists C and C,, such that

ag s
B = | Flaude < @l + Z el e

a +
< Cayjul| + CZZ%HUHZ . (4.3)
Now, we have
T 1 asC, T =+
Li(u) < a1C 2(sF-0) 4 2(st—0)
1) <) )

. _ C,
with CG =a1+ ‘1277‘

1 1 1
sup  [1(u) <Cs + a1 Cr267-0 (— — 3uC5) 20—
u€(]—o0,r[) p
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P 2+
n ‘ILCZTM(i — 3uC5)2E—5.
Z pt

Then
C 1 1.1 1
X(T) §76 + a;Cr26t-9) (p—+ — 3MC5)2(975+)
s £
+ aLC(Z7a2(s+79)71(i _ 3/,605)m7
2z~ pt

for every r > 0. In particular

Cs 1
X270 <@ T alc(* — 3uC5) 20— g1 27 -0)

C,
+ 828 (L guop T et o), (4.4)
< p
Now, observe that
o . SUD,, ¢ =1 oo, IL(v) — I (u) e
P = i el ohs < X(ECT),
ueT (J—o0,e2(t —0)) r—Ji(u)

(4.5)

because there exists ug € J; (] — 00, 626" =0[) such that Ji(ug) = I1(ug) = 0. In
conclusion, the inequalities (4.4) and (4.5), give us

Cs S S

P(ECT) < x(€T >—m+alc<——3ucs)z<efs+>fl Aot
CLQC

+ z

C (L oy gt et

1
pt A

1
)\*
Otherwise,

2—51—2(s+—9)

A e |0, - —=
27Ce& + 2~ a1 C(55 — 3uCs) 20— + ayC, (5 — 3uCs) 20— g2 1
el

T p(g2T=0) "

Then by Theorem 4.1, there exists a function uy € J; (] — 00, €27 =0)[) such that

N

10

Ty (ur) = Ji(uxn) — Mj(ux) =0,

and, specifically, the restriction of Ty to J; (] — 0o, €27 =9)[) has a global minimum
represented by uy.
It remains to show that uy is non-trivial. We have two cases. If f(x,0) = 0,

then there exists ¢ > 0 such that tp € J7 (] — o0, 26" =9[) for ¢ € (0,1) small
enough, we have

P C.t4 s(z)
30 < ol + o [ e ) e —ant [ lolds
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+

tz
_ z(z) g4
P /QM :

Since 2+ < ¢- < p~ < s* and for ¢ small enough, we have Jy(tp) < 0. Thus
In(ur) < Ia(te) < 0= Jx(0).

Else, if f(z,0) # 0 in £, the function u) cannot be trivial. Hence for p € [0, u*|
and for every A € [0, \*[, the problem (Py) admits a non-trivial solution faible
uy €Y. O

5. The multiplicity result

Theorem 5.1. (see [}, Theorem 3.2]) Assume that X is a real Banach space and
that there are two continuously Gateaux differentiable functionals ®, ¥ : X — R
such that ® is bounded from below and ®(0) = ¥(0) = 0. Consider that r > 0 and

assume that for every
r

’ SupuE@*l(]—oo,r[) \IJ(U) ’

the functional Iy := ® — AV is unbounded from below and satisfies the Palais-Smale
condition. Then, for every

A €]0

,
A €10, )
] SUPye—1(J—oo,r]) Y(1) [

the functional I admits two different critical points.

Theorem 5.2. Let f : Q x R — R be a carathéodory with f(x,0) = 0 in 2, and
satisfy (f1). There exist two positive constants, u* and \*, such that the problem

(Py) has at least two distinct nontrivial weak solutions in'Y, for every u €]0, u*|
and A €]0, \*[.

Lemma 5.1. The functional Ty verifies the Palais-Smale condition in'Y .

Proof. Let us assume that there is a convergent subsequence {u,,} C Y. Utilizing
(f1) and the Holder inequality, we obtain

Jl(U):/F(:E,u(a:))dxgal/ |u\dx+iz/ @ da
C.

a9 2 *
< arClhul + 22 ull
From (4.1), one has
< (), tp > =< I1(up), un > =X < Jy(up), up >

1 + 2001 +_
> a7 = Cop(1 |5 e 27)

asC, e
=A@ Cllunll + 2 fun]).

-

Then, by applying the second property of (P.S), we have

+ 200+ st asC, et
ol < o1+ anll 5+ a2 0) 4 A (a1l + 2 a7,
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and since QZ%JF <2(st —0) <1< 2% <pt it follows that {u,} is bounded in Y.

Consequently, there is a subsequence still indicated by {u,}, and u € Y such
that

u, ~u inY as n— oo, (5.1)
then
. 12 _
nh_)rr;o < Ty (un), up, —u >= 0.

Specifically, we have

0= lim (/ | Ay, [P 72 Ay Aun, —u)dx—i—/ | Ay, |72 Ay, A(uy, — u)da

n—oo
|u |p(a:) 2 |u |s(x) 2
+/ a(r)—F/———— FES Up (U, — w)dx — m ma(x) Up (Up, — u)dx
—)\/fm U )( n—u)dw).
By Holder inequality (2.2), we get
‘u |s(m -2 |un|s(z)71 Up — U
—u)d ‘ < 2’
|s(z)—l Up — U

<3 x ;
< 3[mly(a) 2@ Loyl [z s

where v(z) = —————<——, then by using Proposition 2.1 and Lemma 3.1 we

obtain
s(z)—1 st_1 sT—1 (Sifl)
Unp, u u s\ *
| |()1 < |t =—"sx)§<0iun\\(w)) .
||s(= v(z) || I(s(@)=1)v(z) |z] g
v(x)

Since (uy,) is bounded in Y, there exists a constant C” such that,

|un|s(a:)71 ,
<.
‘ |CC‘S(Z)71 v(z)
(z)—2
Thus to show that lim ‘/m |u | ————Up (U, — u)dz‘ = 0, we prove that
Up — U
lim —_— =

For every € > 0 we have

|ty — u|*®) / |ty — u*®) / |ty — u|*@®)
———dz = ——dz + —dz
/Q |2|5(=) B, |z*® Q\B(O e) \$|S(Z)

— qyls@)
B(0,¢) |x|sx
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and due to embedding Y < L*®)(Q), we get (6‘1
n — +0o00.
However,

1,)\un - u|igg — 0 as

|ty — u|*@) / |y, — w5
———dz = XB(0,e ———dx,
Lo o XBOO T @)

we have s < pj then there exists a such that s < o < p3.
Lemma 3.1, Proposition 2.1, and Holder inequality allow us to deduce

|ty — u|*@) o |y — ul*®)
——————dx < 2|B(0,€)|>=@ | ————— +o(n
@ [B(0, €)] FECa . (n)
< 2((B(0, 9= (|1 | lim Y o)
’6 a—s —_— ————
- |J)| a Jf| «

< O (flun —ully” + un — ull§ ) +o(n).

Since (uy) is bounded in Y then |[u, — ul|s < M for all n € N, which M > 0.
Consequently,

_ ql8() Na —

thus, for every € > 0,

_ 5@ . .
i [ U < e ot e,
n—o0 Jq |x|5(1’

which implies that, for e — 0

Up — U

lim
n—oo| ||

s(z)

Then

) |u | (z)—2

lim ‘ m(x FEE — Uy (U — u)dm‘ =0.
x

n—>oo

From (f1), Holder inequality and Proposition 2.1 we have

Q

|un - u|z(w)

' ()
< Cllun = ull + 20 (JunlZ(" + [unl2(5 ") ln =l

Using the compact embedding Y < L'(Q) and Y — L"(*)(Q), we obtain

lim f(zyun)(up —u)de = 0.

We infer from (a) and (2.1) that

|un — “|p(w)'

‘/ a(x)\un|17(m)—2un(un — u)dw‘ < 2||a|‘w“un‘p(z)—1
Q

p'(x)
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Using the compact embedding Y < LP(®)(Q), we find

] p(z)—2 — =
nh_r)noo Qa(x)\un\ U (Up, — u)dx = 0.

Therefore, we arrive at

lim [ (|Au,P® 72 4 |Au, |P®2) Au, A, — u)de = 0.

n—»-ao0 Q

Consequently, Proposition 2.3 and the weak convergence (5.1) suggest that u, — u
inY as n — 4o0.

This leads us to say that T) satisfies the palais-smale condition. O
Proof. [Proof of theorem 5.2.] All theorem 5.1 hypothesis has been proved. Then,
T admits at least two different critical points, which are the weak solutions of
problem (Py), for every A €]0, A*[. O

Theorem 5.3. (see [5, Theorem 2.1]) X is a reflexive real Banach space. Let
U : X — R be a continuously Gateaux differentiable whose Gateaux derivative
is compact. Let ® : X — R be a coercive, continuously Gateaux differentiable
and sequentially weakly lower semi-continuous functional whose Gateaux derivative
admits a continuous inverse on X* such that

inf & = &(0) = ¥(0) = 0.

Letr >0 and T € X, such that r < ®(Z), and

Z) Supq’(m):r U (x) < gg;
”) fO’F eaCh )‘ S Ar ::] igc; 5 m [, th@ functional I)\ =d — )\‘I’ 18 coer-

cive.

Then, for every A € A, the functional ® — AV has at least three different critical
points in X.

We shall use the following assumption:
(f2) There exists v(x) such that p* < v~ < v(z) < p5(x), and

F(z,s)

517

lim sup,_,q sup < 400
€N

Theorem 5.4. Assume that H(p,q, s) (a), (m), (f1) and (f2) hold. For f(x,0)

=0
in € there exist several positive constants \* , X\ and p*, for every p €0, p*[ and
A €], N[, the problem (Py) has at least three different solutions.

Proof. Fix u €]0, p*[. By the condition (f), there exists ¢ € [0,1], and C7 such
that

F(z,s) < Cql|s|"® forall s € [-(,¢] ae x€,
and by (f1), then there exists M > 0, such that

F(x,s) < M|s|” for all s € R.
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On the other hand, we have

[ e <M [l de < Colull” < 0,
Q Q

1
when [Jul| < (5 )2GT=9 . Since v~ > 1 > 2(st — 6), we obtain

o — 13C6

1

lim — sup {Ji(w)} =0,
r—0t T r 1

<)

where ¢ = p%r — 13Cs. Next, let u; € C(Q) be a positive fonction in Q with
I(u1) >0, and F(z,u1) > 0 for a.e z € Q. We get

Ji(ur) = | F(x,ui(x))dx > 0.
Q

As a result, we can get r € (0, min{l; (ul),f}), such that

J1(u1)
sup {Ji(u)} < Tfi(ml)

[
full<(5) 267 =0
3
Now, let u € I7}(—o0,7]. Then by (4.2), we have
o
ull < (2)*7,
=g
then we can infer that I; ' (—oco,r] C {u € Y : &[luf2" =9 < r}. Hence

Jl(ul) —
su Ji(u)b <r =r.
uell—l(ljoo,r]{ 1( )} Il(ul)

As a result, the assumption (i) of Theorem 5.3 is fulfilled. Therefore, we have to
show that the functional T} is coercive. From (4.1) and by (f1) we have

+ Z
Tx(u) = *IIUH” — Copn(1+ Jull 5= 4 ) — (a10IIUII+ © ),

29—” < 2(st —0) <1 < z* < p*, proving that the functional Ty is coercive.
Consequently, (i) is satisfied. Therefore every assumption in Theorem 5.3 is veri-
fied. Following that, the functional T permits at least three distinct critical points,
which are the weak solutions of the problem (Py), for each A €]\, \*]. O
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