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Optimal and Stability Analysis of the
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Abstract A co-infection of a human or a pig with human influenza or COVID-
19 strains and H5N1 strain may result in a pandemic strain, causing a widespre-
ad deadly pandemic. In this paper, we consider a new class of co-infections
disease epidemic models for a rapid and slow virus. We study the transmission
threshold by analyzing the basic reproduction number. The equilibrium points
for the model are derived, and their local stability is analyzed with suitable
assumptions on the model parameters. Understanding the model parameters
is one of the prime subjects in this research work. Therefore, the sensitivity
of essential parameters is investigated. Moreover, the optimal control problem
for the proposed model is considered, and first-order optimality conditions are
derived. Finally, numerical simulations indicate the effects of the model’s basic
reproduction number and control variables.
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1. Introduction

Time evolution and the rapid spread of deadly viruses threaten human life and
global economic growth. Therefore, understanding virus transmission is excellent
attention to take precautions to control the disease. Recently, human beings suffers
a lot from similar virus transmissions. The spread of the virus around the globe
agitates its living organisms. For example, COVID-19 ruled out human life for a
year, both health and wealth-wise. The spread of COVID-19 has been modeled and
discussed by many researchers in their recent articles, for example, see [1,10,19,20]
and also the references therein. In particular, a patient with other health ailments
(e.g., asthma, chronic obstructive pulmonary disease (COPD), pulmonary fibrosis,
pneumonia, lung cancer, diabetes of type 1, human immunodeficiency virus (HIV),
etc.,) suffered a lot in this COVID-19 outbreak.
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On the other hand, some virus for example asthma, chronic obstructive pul-
monary disease (COPD), pulmonary fibrosis, pneumonia, lung cancer, diabetes of
type 1 and HIV are virus that damages the cells in your immune system and weak-
ens your ability to fight everyday infections and diseases. Some of the virus are
not fully curable, but we can make patients lead their daily lives without any trou-
bles. However, for more detail, we refer the interested readers to [2—4,9] and the
references therein. A mathematical model studies the transmission of two or more
diseases called a co-infection model. Therefore, a good understanding of both the
virus transmission and outbreak is important to investigate. Hence, we propose
a co-infection diseases mathematical model in this work. For more references of
co-infection diseases mathematical model, we refer the readers to [7,11,12,14] and
the references therein.

Coinfection is the process of infection of a single host with two or more pathogen
variants (strains) or with two or more distinct pathogen species. Coinfection with
multiple pathogen strains is particularly common in HIV, but it occurs in many
other diseases. Coinfection with multiple pathogen species is also thought to be
a very common occurrence. Particularly widely distributed combinations are HIV
and tuberculosis, HIV and hepatitis, HIV and malaria, and others. Coinfection is
of significant importance because it may have negative effect both on the health of
the coinfected individuals as well as on the public health in general. For instance,
a coinfection of a human or a pig with human influenza strain and H5N1 strain
may result in a pandemic strain, causing a widespread deadly pandemic. Among
rapid virus such as COVID-19 or influenza affected patients, few of them are asymp-
tomatic. Further, some are exposed to this virus patients are in quarantine. Those
classes are also included in the following co-infection model. The population of the
model includes twelve classes: S denotes the the susceptible individuals, F; and
E, represent the exposed individuals of first (rapid virus) and Second (slow virus)
respectively. I for infected individuals of first virus, Is for infected individuals
of second virus, and I3 represents the individuals who are infected by both of the
infections. The variable A denotes the individuals who are asymptomatic of first
virus. (Q denotes individuals who are in quarantine for first virus. R; denotes the
individuals who are recovered from first virus. Rs represents the individuals who
are recovered from second virus, and Rz represents the individuals who are recov-
ered from both infections. Finally, D denotes individuals who died due to infection.
Here the recovery of second virus individuals represents the individuals who can
lead their life without any interception of the infections. To model coinfection, we
need to introduce a new dependent variable, namely I3(t), the number of coinfected
individuals in the population. The model again is built on the basis of the com-
petitive exclusion model (1.1), but with a coinfected class I3. From the model flow
diagram of the co-infections disease mathematical epidemic model Fig. 1, we derive
the following system of nonlinear differential equations
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dsS
E =A— 613 (11 —+ A) — pﬁgS[g — ﬂgSlz — (1 — p)ﬁ3513 +7r1R1+1r2Rs +7r3R3 — /J/S,
dE;
T B1S (Ih + A) + pB3SIs — 1 E1 — pdEy + f111 Re + BsI3Ra — pkn,
dE->
T B2SI> + (1 — p)B3SIs — o Ea + B2loR1 + B3I3R1 — pEo,
% = T1E1 — 916[1[2 — b11]3 — 0'.[1 — ﬂf1,
dIs
E = T2E2 — 92611[2 — b1213 — 73]2 - d212 - ﬂ[g,
dIs
E = 01bl115 + bl I3 + 02b1115 + blols + 03bAls + bAI3 — d3ls — ’}/413 — /JJg,
dA
’ =oaly — pA— 1A —0sbAl; — bAIs — A,
dQ
s =o(l—a)li + pA—12Q —diQ + dpEr — pQ,
dRy
a MA+72Q —riR1 — foIaRy — B3I3R1 — pRy,
dR
— =l = r2Rs = Bl Ry — Bals Ry — ks,
dR
T; = val3 — r3R3 — uRs,
dD
T d1Q + d2 12 + d31s,

(1.1)

where 61 + 05 + 03 =1, 1 > « and the initial values are given as,
S(0) = So, E1(0) = Ero, FE2(0) = Ez, 11(0) = Lo, 12(0) = Iz, 13(0) = I30,
A(0) = Ao, Q(0) = Qo, R1(0) = Ryo, R2(0) = Rao, R3(0) = R3o, D(0) = Dy.

The parameters used in the model are defined in Table 1. All the parameters used
in the model (1.1) are positive. Before starting the main results of the work, we
recall some literature on the co-infection model and its related study. Recently a
mathematical model for Buruli ulcer and Cholera diseases was proposed, and sta-
bility analysis was performed in [22]. A model for HIV and hepatitis C virus (HCV)
co-infection is studied, and the reproduction numbers and the local and global sta-
bility of the disease-free equilibria are derived in [5]. A fractional-order model for
the co-infection of HIV and tuberculosis (TB), in the presence of multi-drug resis-
tant TB strains (MDR-TB), and treatment for both diseases are analyzed in [15]. A
generalized simple mathematical model of HIV-COVID-19 together is studied in [8].
A new mathematical model for dual variants of COVID-19 and HIV co-infection
is presented and analyzed in [13]. A model for COVID-19 and HIV/AIDS is pro-
posed to assess the impact of COVID-19 on HIV dynamics and vice-versa in [16].
However, all the above models are considered with some restrictions in the recovery
class and do not include the quarantine and asymptomatic classes.

The remaining paper is arranged as follows: In section 2, we discuss the solv-
ability and boundedness of the proposed model. Further, the basic reproduction
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Table 1. Definition of parameter used in the model (1.1)

Parameters Definition

A recruitment rate

51 infection rate of pathogen 1

Ba infection rate of pathogen 2

B3 infection rate of both the pathogen

P probability rate of infection from Is which transform S to I3

1 rate of person who again going to S from R;

T rate of person who again going to S from Rs

r3 rate of person who again going to S from Rj3

i51 per capita rate at which the exposed individuals of panthogen 1
become infections

To per capita rate at which the exposed individuals of panthogen 2
become infections

P testing rate of people with mild or no symptoms at the time

) probability of detecting infection by testing in Fj

01 transmission rate of a individual from I to I3

0o transmission rate of a individual from I to I3

03 transmission rate of a individual from A to I3

b co-infection rate

o inverse of the time from infectiousness onset to possible
Symptoms onset

! recovery rate of asymptomatic individuals

Y2 recovery rate of quarantine individuals

Y3 recovery rate of second virus individuals

V4 recovery rate of co-infection individuals

dy death rate due to first virus in quarantine

do death rate due to second virus

ds death rate due both the virus

« proportion of asymptomatic infection

natural death rate
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Figure 1. Schmatic diagram for coinfection model.

number for the model (1.1) and the local stability of all possible equilibrium points
are studied in section 3. The sensitivity of model parameters are discussed in section
4. The optimal control problem is proposed and analyzed in section 5. Computa-
tional results are provided in section 6.

2. Solvability and boundedness of solution of co-
infection model

In this section, we prove the existence and uniqueness of the solution of the model
(1.1). Further, the non-negative and boundedness of the solution are also analyzed
for the model (1.1). We rewrite the model (1.1) as follows,

dX
— = FXW), te(©.1], (21)

with a initial condition X (0) = X,. Here

X(t) = [S(t) Ba(t) B2(t) (1) Io(t) Ts(t) A(t) Q(t) Ra(t) Re(t) Ry(t) D))",
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and a non-linear function is defined as,

F(X(t) =[F1(X(t), F2(X(t)), Fs(X(t)), Fa(X (1)), F5(X (1)), Fs (X (1)), Fr (X (t)),
Fs(X(1)), Fo(X (1)), Fio(X (1)), Fia (X (1)), Fia(X(8))] ",

where

Fi(X(t)) = A= B1S (I1 + A) — BaSIy — 33813 + 1Ry + 1R +r3R3 — S,
Fy(X(t)) = 1S (It + A) + pB3SIs — 1 Ey — pdEy + 111 Ry + B313 Ry — pEy,
F3(X(t)) = B2SIy + (1 = p)B3SI3 — 7o Ey + Bola Ry + B3l3R1 — pEs,

Fu(X () = 1By — 0001 Iy — L Ts — o1y — pulh,

Fy(X(8)) = 7B — OobI1 Is — bloTs — y3ls — dols — pulo,

Fs(X () = 0101 Io + bI1 Iy + Osb11 Lo + blsTs + 03bAls + bALy — dsly — vals — puls,
(X)) =cal; — pA—yA—05bAl; — bAI3 — A,

Fs(X(t) =o(1 —a)li + pA —72Q — diQ + épEr — pQ,

Fo(X(t) =mA+7Q —rRy — BolbRy — B313R — pRy,

Fio(X(t)) = v3l2 — m2Ry — B111 Ry — P33Ry — juRy,

Fi1(X(t)) = vals — rsR3 — pRs,

Fia(X(1)) = drQ + doly + ds 1.

Lemma 2.1. Suppose

— — — — — —_ —_ —_ —_ — — — — T
X(t) = [S(t) Ex(t) Ex(t) Li(t) Io(t) I3(t) A(t) Q(t) Ri(t) Ra(t) Rs(t) D(t)] and
consider the state variables X and X have a upper bound ®, then it satisfies

[FX(0)] - [F(X(®)] < KX - X], (2.2)

for some K > 0.

Proof. Consider for the first compartment of F(X(t)) and evaluate as follows to
get,

[F1(X) — F1(X)|
=[ = 1S (1 + A) — 83513 — BoSIs + 11 Ry + 12 Ro + 13 R3 — pS
— (=B1S (I + A) = B3SI3 — B2SI5 + r1 Ry + 1Ry + 3R — puS)|
<|B(S(h+A) - S (1_1 + A))| + |B2(SIy — SL)| + |B5(SI3 — SI3)|
+ [r1(Ri = Ri)| + [r2(R2 — Ro)| + [r3(Rs — Rs)| + [u(S — S|
<Li(|8 = S|+ [l = L + I = L| + I3 — I3| + |A — A| + |Ry — Ry
+|Ry — Ry| + |R3 — R3))
<I,|X - X|, (2.3)

where Ly = 28(28; 4+ B2+ 83) +r1 + 12+ 73+ p. As similar as in the above estimate,
for all F;(X (t)), we get

|F;(X(1) — F;(X(1)| < Li| X(t) — X(t)] (1=2,3,---,12). (2.4)
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Here

Ly =236, + (p+ 1)B3) + 11 + pd + i,
L3 =2®(B2 + (1 +p)B3 + B2+ B3) + 72 + 1,

Ly=7+20(61b+b)+ 0+ p, L; =2P(03b+b) + 12 + 73 + da + p,

Le =20(b(61 + 02+ 035+3)) +ds+va+p, Ly =0a+p+y+p+20(b(1+63)),
Ly=o(l—a)+p+y2+di+op+pu, Ly =1+ 2+ 11+ 20(B2 + B3) + p,
Lig =3 + 12 +20(81 + B3) + i, L1y =4+ 73+ u,

Lis =di +ds + ds.
The above inequality leads to,
[F(X(1)] - [F(X(1)] < K|X - X, (2.5)

where K = max{Ly, Lo, --,Lia} > 0. O

Theorem 2.1. Suppose there exists a solution to the model (1.1) with the initial
A

values belongs to Rf, with Sy > —, and all the model parameters being positive.

Then that solution set X (t) always remains in Rf. Further, the solution of the
model (1.1) is always bounded.

Proof. First, the positivity of the solution is proved as follows: Consider the

trajectory of the solution along S-axis, it means that, £y = Fo =11 = I, = I3 =
A

A=Q =Ry = Ry = R3 =0 and S(0) =Sy > —. Then from the first equation of
I

(1.1), we have

s
e
dt ws

with S(0) = Sp. Solving the above differential equation, we get

A — exp(—pt)(A — pSo)
I

S(t) = > 0.

Similarly, moving along the respective all other axes, that is considering variables
are zero except the respective variable. We get all other state variables that are
also non-negative. Now, consider t* > 0 such that

S(t*) =0, E1(t*) >0, Ea(t*) >0, I, (t*) >0, I(t*) > 0, I3(t") > 0, A(t*) > 0,
Q(t*) >0, Ry(t*) > 0, Ro(t*) >0, R3(t*) >0, and S(t) < S(t*).
On this plane,

as

E :A+’I“1R1(t*)+T2R2(t*)+T3R3(t*) > 0.
t=

t*

Using the generalized mean value theorem [18], we get

S(t) — S(t*) = S (1)(t — t*), T € (¢,
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from the above, S(t) > S(t*), and this contradicts our assumption for ¢*. This
shows, the solution S(t) is positive V ¢ > 0. Similar arguments on other variables
lead to

dE
7; = 1S (L1 + A) + pB3SI3 + f111 Ry + B3I3Ry > 0,
t=t*
dE
7; = 2SI + B3513 + Bola Ry + 313 Ry > 0,
(=t~
dl
- =7nkE; >0,
dt |,
dls
e R )
dt - T2 L2 2
dl.
S = 0N+ b Ly 0L Ty + BT + 05DAL + bAT > 0,
=t
dA
—_ = I; >0 .
dt|,_,. M= (2:6)
d
—Q =ol1 + pA+dpFE, > 0,
dt |,y
dR
— =71A+72Q >0,
dt |y
dR>
p—— =3l >0
dt - Y32 = U,
dR3
—_ =vl3 >0
dt e Y413 = U,
dD
u =diQ + dols + d3lz > 0.

t=t*

Since the function F;(X(t)) € Cla,b], and the state variables are also a contin-
uous functions in the interval [a,b], which shows that the solution of (2.6) starts
from initial values belonging to Rf keep increasing and remains in Rf.

Finally, we prove the boundedness of solutions of (1.1). Suppose that the total
population of the model (1.1), is
N(t)
= S{t)+EL(t)+Ex(t)+ 11 (t)+12(t)+I5(t)+A(t)+Q(t)+ Ry (t)+ Ra(t)+ R3(t) + D(t).
Then,

AN
Y AN
ar =

—pt é
N(t) < N(0)e -

This completes the proof of the model. O
From the above theorem, we can define the following domain for the solutions
of (1.1),

Q= {X(t) eRPZIN(t) < A +e¢, fore > 0}. (2.7)
o
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A

Theorem 2.2. Suppose that Xy € R:2, with S(0) > — and the function F;(t, X (t)) i
7

=1,---,12 satisfies the Lipschitz condition:

[ Fi(t, X1) — Fi(t, Xo)|| < Ci|| X1 — Xof|, (i=1,---,12). (2.8)

In the above Cls are positive constants and (t,X1) & (t, X2) belongs to the domain
O where Q defined in (2.7) Then there exists a unique continuous vector X(t) as a
solution of the model (1.1).

Proof. From the Lemma (2.1), we easily say that
[Fi(t, X1) — Fi(t, Xo)|| < Cif| X1 = Xof|, (i=1,---,12),
where C; = L; (i = 1,2,---,12) is defined in Lemma 2.1. Tt shows that the

functions F;(t,X(t)) ¢ = 1,---,12 satstifies the uniform Lipschitz continuity with
respect to state variables. This shows that the existence and the uniqueness of the
solution of the model (1.1). O

3. Stability analysis

In this section, first, we define the disease-free equilibrium point for the model
(1.1). Then, the basic reproduction number for the considered co-infection model
is calculated. Further, all other possible equilibrium points are provided, and the
local stability of all the equilibrium points are discussed. Finally, the necessary
conditions to attend to global stability of disease-free equilibrium point is derived.

3.1. Basic reproduction number

Now, we start our computations for basic reproduction number by using the method
proposed in [21]. We know that the disease-free equilibrium point of (EPy) to the
model (1.1) is as follows:

A
EPO: (M707070a0;0707070?0’0> °

Next, find the basic reproduction number for the model (1.1) using the following
method. In order to do this, first, separate the newly infected term from all other
evolving terms. Let F represent the rate at which new infections emerge in the
compartments. )V represents the rate at which the spread of infection from one
compartment to another.

Here, F and V for the model (1.1) is given as follows:

B1S (It + A) + pB3SIz + fi1l1 Ry + B313 Rz
B2SIz + (1 —p)BsSIz + Pala Ry + B33y
b1, Iy — bI I
F = —05b11 15 — bl 15 ;
0101115 + bI1 I3 + 0501115 + bIo I3 + 630 Al + bAI3
_03bATL, — bAIL
0
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T1FE1 + pdE1 + pnFEq
ToFs + pEs
—mEy 4oL + ul
V= —Toly + y3la + dols + pls
dzls + y4ls + pls
—oal; + pA+ 1A+ pA
—o(l—a)l; = pA+7Q + diQ — dpEr + pQ

So, we define the Jacobian matrix for F and V at Ey. It is denoted as F and V
respectively as in the following form:

00 B8 o pEA A,
00 0 BB g g
I I
00 0 0 0 0 0
F=100 0 o 0 0 0]
00 0 0 0 0 0
00 0 0 0 0 0
00 0 0 0 0 0
and
1+pi+p 0 0 0 0 0 0
0 To 4 0 0 0 0 0
-7 0 o+ pu 0 0 0 0
V= 0 —T2 0 Y3+ d2 + 1 0 0 0
0 0 0 0 a4 ds + p 0 0
0 0 —oa 0 0 ptvt+p 0
—dp 0 —-o(l-a) 0 0 —p Yo +di + p

Hence, the basic reproduction number Ry of (1.1) is the spectral radius of the next
generation matrix FV ! which is given as follows:

Ry =p(FV™") = max {R;,R>}, (3.1)
where
GimiA(p+v +p+ o)
p(p+v+p) (i +pd+p)(o+p)
_ BaT2 A
S op(ma ) (s +da+p)

Here, fR; and PR, are threshold parameters representing the average number of
secondary infection cases produced by a single infectious individual of pathogen 1

Ry =

(3.2)
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(COVID-19) and pathogen 2 (HIV), respectively. Further, R%;, (j = 1,2) are called
as the basic reproduction number of the pathogen j, (j =1,2).
For the model (1.1), we have only four equilibrium points as follows:

A
1. BPy = (,0,0,0,0,0,0,0,0,0,0) ,

2. EP, = (S, E)! 1,0,0,4°,Q%, R9,0,0),
3. EP, = (5020E 0132,00001% )
4. EP3*( El’E2vI13I23I3aA* Q* 1>R27R§)7
where
Al o+ p
501:77 E01: IOI
Mml’ 1 e~ 1>
A 1
L= oa (1_9%>7
SOLf14 ——m— ) — !
h ( P+’Yl+ﬂ) "
QO = B 01 RO — 901 A01 — o 01
1> 1 1> P+’)’1+M 1
SOQ_AL Eg 73+d2+,u[
#%27 T )
702 _ A 1
T s - 2B %)
To + U
Ro2_ _ 13 19
Y2tp T
1 1
_ { moa | 72 {a(l—a)+ pox p(0+u)”7
ntplptntp ptd+p P+t p i
1 )
S S, S e
Yo +di +p pt+m+u T1

EP; is a equilibrium point where the system has only COVID-19. EP, is a equi-
librium point where there is only HIV there is no COVID-19. Final, the endemic
equilibrium point is denoted as E Pz, where both the infections are positive.

3.2. Local stability

In this subsection, the local stability for the equilibrium points are analyzed using
the Routh Hurwitz criteria [17].

Theorem 3.1. The disease free equilibrium point EPy of the model (1.1) is locally
stable, if Ry < 1 with 1A < p(m + pd + p)(o + p).

Proof. By linearizing the system (1.1) at EPy, the Jacobi matrix is given as
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follows:
r —B1A  —BoA —B3A —[B1A 7
L0 0 eIl P —BsA —BiA T,
7 T
A A A
0 a0 BA g BBACBA
0 0 I
A
0 0 —m—pu 0 oA ass 0 0 0 0 0
n
0 7 0 —0— i 0 0 0 0 0 O 0
JEP)=10 0 m 0 ass 0 0 0 0 0 0 :
0 0 0 0 0 a66 0 0 0 O 0
0 0 0 oa 0 0 a7 0 0 O 0
0 6p 0 o(l—a) O 0 p ass 0 0 0
0 0 0 0 0 0 Y1 Y2 agy 0 0
0 0 0 0 Y3 0 0 0 0 ago 0
00 0 0 0 w 0 0 0 0 —r3—p
(3.3)
1-— A
where agz = —71 — pd — p, a36(z)637 ass = —v3 —dz — p, age = —ds —
Yo — W, Q77 = —p — [, Ggg = —Y2 —d1 — [, G99 = —T1 — [, Qoo = —T2 — [L.

The eigenvalues of the above Jacobi matrix are —u, —r1 — u, —r2 — b, —7r3 — iU,
—v9 —dy — p, —d3z — 4 — p and the roots of equation

x? + Az + Ay =0, (34)
and
23 + Bya® 4 Box + By = 0, (3.5)

where

Ar=dy+72+2p+72, Ax=(r2a+p) (13 +d2+ p) — B /p,
By =3u+p+dp+o+m,

By =(ri+0p+p)2u+p+o)+(0+p)(n+p) = BlAm/p,
Bs=(p+p)(mi+pi+p) (c+p) —bnA(p+up+oa)/p.

We know that Ay is positive. Further, Ay > 0 if 33 < 1. Then (3.4) satisfies the
Routh Hurwitz criteria and it shows that roots of (3.4) are negative real.

Also, Bj is positive. If SimA < p(m + pd + p)(o + p) then By & Bs are
positive and also 937 < 1. Thus, BBy > Bj. Therefore, (3.5) satisfies the Routh
Hurwitz criteria and it proves that the roots of (3.5) are negative real. This establish
that the disease free equilibrium point is locally stable if Ry < 1 and fimA <
w(m1 + pd + p)(o +p) - O
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Theorem 3.2. The equilibrium point E Py is local stable, if it satisfies the following
conditions,

A; >0, B; >0, (:4,2,3), (j=1,2,---,6),
A1A2 > 1437 B{By > Bg,BgM > Blj\/v7

(3.6)
(BgN + BG)M > B5M2 + BlNQ,
(BsM — Bs)N(BsM — NBy) > M(BsN — Bg) + (BsM — NB1)2BgBi,
where
M = BB, — Bs, (3.7)
N = B1B4 — Bs,
B1 = —a1 —ax + 0 + p— ary — agg — agy,

By = —B15%" 11 — aga (0 + p) + azsarr — (0 + p)arr + azsass — (o + p)ass + arrass
+ (a2 — (0 + p) + arr + ass)agy + ari(age — (0 + p) + azr + ass + ago),
B3 = 15 anm — f15” rioa + 1S riarr + ase(o + p)azr + B15° rass
+ (0 + p)ass — azsarrass + (0 + parrass + (815711 + aza (0 + 1)
— agsarr + (0 + p)agr — (aze — (0 + 1) + arr)ass)agg + ar1 (1S 11 — arrass
+aga((0 + p) — arr — ags — agg) — (ar7 + ass)agg + (0 + p)(arr + ass + agg)),
By = 18" anmioa — f15%" asimiary — 15 asimrass + f1S” mioaass
— 18" riarrass — aze(o + p)arrass — riaz1dpys
— (818" a9 1 — B1S rioa + B8 riary 4 aga(o + p)ary
+ (B15”' 11 + aga (0 + p) — azsarr + (0 + p)arr)ass)age
+ a11 (818 oo — asz (0 + p)arr — azs(o + p)ass + aszarrass
— (0 + p)agrass + (arrass — (o + p)(arr + ass)
+ aza(—(0 + p) + a7 + ass))agy — B1S 71 (arr + ass + ago)),
Bs = ani (615" arrags — rioam) — riaz (0 + p)dp — arrdp + o (1 — )y
+ ((=B18%" rioa + 1S rrarr + ag (o + p)arr)ass
+ B18% an171 (a7 + ass))age — P15 anTioa(ass + age)
+ a11((B1S% 1 + asz(0 + p))arrass + (0 + p)arrass + B1.5° 71 (arr + ass)
+ azz(—arrass + (0 + ) (arr + ass)))agy — f15° rioa(ass + agy)),
Bs = r1a21((0 + p)azropys + 11 (ocaasgyr + arro(l — a)ye — oapya))
+ ((a21 4 a11) 1S rioa — (818 71 (a1 + a11) + a11a22(0 + p))arr)assagy.

Ay = —as3 — ass — ags,
Ay = —a3z5T2 + azzass + a33a66 + A55066, (3.8)
As = —aseTaa65 + A35T2066 — 33055066,

where a;; are defined later.
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Proof. Define the Jacobi matrix at the equilibrium point EP; of the model (1.1),

(a7 0 0 —B1S™ —B8% —B58° —31S° 0 o s |
as1 aze 0 B1S 0 pBsS°t /S 0 0 /I 0
0 0 asz O ass aze 0 0 0 o0 0
0 m 0 —o—p —61bIF —bIY* 0 0 0 O 0
0 0 m 0 ass 0 0 0 0 o0 0
JEP)=10 0 0 0 ass acs 0 0 0 0 0 )
0 0 0 oa —03bA°" —bA"Y @ 0O 0 O 0
0 dp 0 o(l—a) 0 0 p ass 0 O 0
0 0 O 0 —B2RY —B3RYY Y2 agg O 0
0 0 0 0 v3 0 0 0 0 aw 0
L0 0 0 0 0 Y4 0 0 0 0 —r3—p]
(3.9)
where
apn = A1 + A% — p, age = —T1 — pd — i1,
ass = B25°" + B2 RYY, aze = (1 —p)BsS°t + B3 RY,

a5 = —92[)[?1 — 3 — ds — 4, ags = 91[)]?1 + 92[)[?1 + 93[)1401,

age = b(I" + A%) —dy — 4 — p, azr = —p — 11 —

ags = —v2 — d1 — p, agy = —T1 — I,

_ 01 _ 5 701 01
app = —r2 — Bl — b, ag = Bl + A%,
aszz = —T2 — M.

The Jacobian matrix J(EP;) has a characteristic polynomial of degree 11. We give
the characteristic polynomial of J(EP;) in the following form:

(z—ago)(z+ay)(2®+ A1z Agwt Az) (254 By o5+ Boa™+ Baa®+ Byr*+ Bsx+Bg) = 0,

where a; = r3+ p and suppose M, N, Ay, Ay, A3, By, Bo, B3, By, Bs, Bg are satisfies
(3.6). Then according to the Routh-Hurwitz criteria, we can show that only negative
eigenvalues exist. This proves that the model (1.1) is locally stable at the point EP;.

O

Theorem 3.3. The equilibrium point E P, is local stable, if it satisfies the following
conditions,
A4; >0, B; > 0,
A1As > As, B1By > Bs, (3.10)
Ag(AlAQ — A3) > A1A4(A1 + 1), B3(BlBQ — Bg) > BlB4(Bl + 1),
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with
Ay = (—ago — a11 + (72 + 1) — ass),
Ay = —a11((12 + 1) — ass) + ago(arr — (12 + 1) + ass),

(3.11)
As = BoI (12 + p)ass + ago(ar1 (T2 + w) + ass)),
Ay = 3728219215 — ago (8252 B215%72),
By = — (ag2 + aus + ags + arr),
By = — G471 + Qa4a66 + aaaa77 + agear7 + a22(aas + age + arr),
B3 = — ag6T1a64 + 2471066 — A22044066 — A27T10Q (3.12)

+ (agai — ag2a44 — (a2 + a44)aee)arr,
02
By =ag7Tia660Q — (a24T1 — Q22044)G66a77 — Q26T1 (03015 00 — agaarr).

All ai;’s are defined further.

Proof. Let us define the Jacobin matrix at the Equilibrium point EFP, of the
model (1.1),

[ a1 0 0 —B18%2 —B259% —B359% —515%2 0 1 1o r3 |
0 aoe O 24 0 a26 as7 0 0 0 0
B2I9? 0 ass O B2S%  ase 0 0 A1 0 0
0 7 O Q44 0 0 0 0 0 0 0
0 0 7 —6b13% ass —bI3 0 0 0 O 0
JIER)=1]1 0 0 0 ae 0 age  03bI3> 0 0 0 0 ;
0 0 0 ox 0 0 arr 0 0 0 0
0 dp 0 o(1—a) 0 0 P ags O 0 0
0 0 0 0 0 0 Moy age 00
0 0 0 —BRY 43 —B3RY 0 0 0 aoo 0
0 00 0 0 Y4 0 0 0 0 —rg—p]
(3.13)
where
a11 = —BoI? — pu, agg = —T1 — pd — W, azs = P1(S% + RY?),
age = bI9* —ds — y4 — 1, aze = (1 — p) 352, aga = —01bI9* — 0 — p,
ass = =3 —da — 1, arr = —p — 71 — 03bI3% — p, aze = B3(pS** + RY?),
as3 = —Ts — {, agg = —y2 — dy — i, agy = —y2 — B219? — p,
ago = —T2 — [ agr = $15°% + B3 RY?, ags = (01 + 02)bI5>.

The above Jacobian matrix has a characteristic polynomial of order 11. We can
rewrite the 11*" order polynomial as

(r—asgg)(r—age) (x+r3+p)(z*+A 23+ Agw®+ Azw+Ay) (24 + B3+ Box®+ B3z + By)
= 0.
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Since the polynomial satisfies the inequalities defined (3.10) for the coefficient
defined in (3.11). Then by Routh Hurwitz criteria says only negative eigenvalues
exist, which shows that the model (1.1) is locally stable at the point EP;. O

Next, let us define the Routh-Hurwitz criteria for the 11*" degree polynomial.
Consider the polynomial as follows:

11 10 9 8 7 6 5 4 3 2
o 4aix Fasx” +azx” +agx’ +asxr’ +agx’ +arxr” +agx” +agxr® +ajpr+ar; = 0.

Here als are real for ¢ = 1,2,---,11. Then the Routh Hurwitz criteria stateggt.llliz
if
a; >0 (i=1,2--,11),

by =as —az/a; >0, b; = age; — G2it1/a1, (1=2,3,4,5), b; =0 (i>5),
c1 = ag — baaz /by >0, ¢; = aguiy1 — biv1a1/b1, (1 =2,3,4,5), ¢; =0 (i > 5),
dy =by —cabi/e1 > 0,d; =bip1 — cipabi/c1, (i =2,3,4), d; =0 (i >4),
e1=cy —docr/dy >0, e; = ¢ip1 — dip1c1/dr, (i=2,3,4), e; =0 (i >4),
fi=do —eadi/er >0, fi =dit1 —eipdi/er, (i=2,3), fi=0(>3),
g1=ex— faer/f1 >0, 9i = eiy1 — firer/f1, (i=2,3), 9: =0 (i >3),
hi=f2—g2f1/91 >0, ha = f3 — g3 f1/ 1, hi =0 (i >2),
k1 = g2 — hagi/h1 >0, ka = g3 — hag1/ha, ki=0 (i >2),
(i>1)

Iy = hg — kahy /K1 > 0,

then the equation (3.2) have only real negative roots.

Theorem 3.4. Suppose that Ry > land satisfies the Routh-Hurwitz criteria (3.15),
then the endimic equilibrium point EE is local stable.

Proof. Let us define the Jacobi matrix at the Equilibrium point FE for the model
(1),

(a1 © 0 —p1S* —B2S* —B3S* —p1S* 0 7T 12 rs |
az1 a2 0 a4 0 aze  B1S* 0 0 ago 0
az1 0 —m2—pu 0 ass ase 0 0 aszg O 0
0 mn 0 ase  —O1bIF —bIZ 0O 0 0 0O 0
0 0 75 —ObI} ass —bI; O 0 0 0O 0
JEE)=1 0 0 0 as4 ags agg  asr 0 0 O 0 (3.16)
0o 0 0 lege’ —03bA* —bA* a7y 0 0 O 0
0 dp 0 o(l—a) 0 0 p ags 0 O 0
0 0 0 0 —B2RY —BsRY m 72 age O 0
00 0 —BR, ~v —PsR 0 0 0 agp O
L 0 O 0 0 0 Y4 0 0O 0 0 —r3—
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Here
a1 = P1(I7 + A*) + pBsI3, Qoo = —T1 — pd — U,
a1 = =1Ly + A*) + BoI5 — B3I — 1, asa = p1S™ + PR3,
age = pPB3S* + B3R, ags = 0161 + 02015 + bl +* O30 A*,
az1 = Bol5 + (1 —p)Bs13, azs = 25" + B2 IR,
aze = (1 —p)B3S* + B3Ry, asg = Bol5 + B313*,
aqq = —01b15 — b5 — 0 — 1, ass = —02bIf — bl3 —v3 —da — p,
ags = O1bI5 + I3 + 05013, aso = GBI} + BaI,
ags = b(I{ + 15 + A*) —d3 —va —p,  aer = 03015 + I3,
agg = —7y2 — dy — i, arr = —p —y1 — 03015 — bI3 — p,
apo = —T2 — K, agy = —v2 — Bols — P3li — p,

azo = Pr1lh + Bsls.

The above Jacobian matrix has a characteristic polynomial of order 11, if that
polynomial satisfies the Routh-Hurwitz criteria (3.15), then the model (1.1) is locally
stable at the equilibrium point E'E. O

Next, we prove the global stability of the disease-free equilibrium point of the
model (1.1) using the Lyapunov function.

Theorem 3.5. The disease free equilibrium point of the model (1.1) is globally
stable if the model parameter satisfies p?> > max {B1A, B2 A, B3A} .

Proof. We define the Lyapunov function as,
S
L= <S - 5" — S*ln <S*)> +E1+E2+Il +Ig+[3+A+Q+R1 +R2+R3. (317)
Differentiate (3.17), we get

S*
dL < (1—5) dS +dEy +dE; + dI; + dly +dIs + dA+ dQ + dRy + dRy + dR3

A2 A
< —diQ + doly + dsls — pN — 5 + (81 (It + A) + Bala + PB3l3)—

M
< <ﬁ1A_/~L>Il+ <B2A—M>1—2+ (ﬁ?’A—N>137
1 1 7
(3.18)

provided p? > max {31A, oA, B3A}. Then dL < 0 and it shows that the disease
free equilibrium point is globally stable. O

4. Sensitivity analysis

In this section, we study the sensitivity index of the basic reproduction number
with respect to the parameter values defined in the model (1.1).
First, we define sensitivity as in [6]. The sensitivity of ¥ with respect to the
parameter 7 is defined as
k=Ll
Y dr
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Suppose that K > 0, then function Y is propositional to r. If K < 0, then the
function Y is inversely propositional to 7.

Now, we perform for the basic reproduction number Ry. We know that Ry is
equal to the maximum of R; and Ry. From (3.2), it is clear that R; and Ro
are functions of A and p with other parameters. Therefore, first, we study the
sensitivity index of Ry with respect to A and p.

' =1>0 (i=1,2). (4.1)

A dR; . .
By (4.1), for i = 1,2, it is clear that R aa e positive and equal to one. This

indicates that Ry increases/decreases when A increases/decreases. Next, we study
with respect to the parameter p.

w dRy — oa 1 1 1
— = +{=+ + <0,
R dp  ptmtptoal\p+mntp \p (o+p) 7T1+pi+p

LR . (1+ Lo ) <0
Ry du P v mrdta '

(4.2)
In view of (4.2), if u increases/decreases then Ry decreases/increases. Similarly, we
study for $R; with respect to the all other model parameters as below.

B1 dRy

2Ly >0,

R dfy

T dR . pdtp 50

Ry dmy o 1 +p(5+u ’ (43)

a dRq oa

>0
R da (p+m+p+oa)

(4.3) yields that if 51,71 and « are increasing then Ry is increasing otherwise it
decreases.

P AR —p ( oo (p+m +u+aa)5> 0

Ridp  (p+m+ptoa)\pty+pu 1+ pd + p )
AR —yi0a 0
Ridy  (p+mn+pt+oa)(p+y+p v (4.4)
6 dR

P i < 0.

Ry dd (11 + pb + 1)

From (4.4), if p,71 and ¢ are increasing then Ry is decreasing otherwise it increases.

o dR, o <aa—p—71—,u>

R, do :er*ler,uooz o+

(4.5)

We know that all the model parameters are positive and from (4.5), suppose ao <
p+ 71 + p then Ry is inversely propositional to . Otherwise, Ry is propositional
to o.
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As similar as R, we perform analysis for fis with respect to the all other model
parameters.

Edmz _ —73 <0
Ry dys 3+de+p ,
dy dR —d (4.6)
el 2 <o

Ry dds _’}/3er2+,u

By (4.6), if v3 ana dy are increasing then Ry is decreasing otherwise it increases.

B2 dRo
222 g >0,
Ry dB;
g (4.7)
A k)

Ry d7a To + I

In view of (4.7), if B3, and 75 are increasing then Ry is increasing otherwise it
decreases.

The sensitivity index of the model parameters are numerically shown below. Fur-
ther, all the parameter values I', 81, B2, B3, 71, T2, V1, Y2, V3, V4, 01, 02, O3, r1, 72,
r3, U, p, 0, a, o, p, b, di, ds, d3 of the model are assumed as in the Table 2.

A
N

=
~

Q
Y

P

E>ov R
X
N

[ T [T [ Pl | I ]
R @ aq

||
E
o

1

1.5 2

Figure 2. Plot represents the sensitivity of the parameters in the basic reproduction number of co-
infection model.

5. Optimal control problem

In this section, we introduce the control parameters wuj(t), u2(t), and us(t) in re-
covery classes of both diseases for the proposed co-infection model, and the same
is given below in (5.1). Then, we study the existence of optimal control for the
newly constructed co-infection control problem. Further, the first-order optimality
conditions are derived from attaining the optimal solution of the co-infection model
(5.1).

Control variables are introduced in the proposed model in order to reduce the
reinfection of the disease. We transform, r; ¢ = 1,2,3 the rate of person going to
the class S from R; ¢ = 1,2, 3 as control variables w;(t), ¢ = 1,2,3 depends on time
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Table 2. Parameter values of the co-infection model (1.1)

A
5

B1 B2 Bz T T oy 2 3 ya 61 02 O3
0.16 0.135 0.23 0.34 0.28 0.3 0.53 0.15 0.5 0.3 0.28 0.42

T1

T2 r3 1 p ) « o P b di  ds ds

09 05 087 03 073 1 0.23 048 067 041 0.1 0.8 0.1

t. Further, the remaining parameters are unchanged as in (1.1), and the resulting

optimal control problem is given as follows:
ds
E =A-— 618 (I1 + A) — [B3S1s — B2S12 + U1(t)R1 + 'LLQ(t)RQ + U3(t)R3 — ,LLS,
dFr
dt = (1S (I + A) + pB3SIs — 11 E1 — pdE1 + B1liR2 + B3l3R2 — pkEn,
dFs
ar B2SI2 + (1 — p)B3SIs — ToE2 + B2lo Ry + B3l3R1 — pko,
% = T1E1 — 011)]1[2 — b11]3 — 0'[1 — ,LL[1,
dl>
E = T2E2 — 92(7[1]2 — bIQIg — 73]2 — d2.[2 — ,LL.[27
dls
E = 01bl11> + bl1I3 + 05b1115 + bloI3 + 03bAl> + bAIs — dsl3 — 74]3 — ,u]g,
dA
E = 0’05]1 — pA — ’ylA — 03bA.[2 — bAIg — [LA,
aQ
= =)l +pA=72Q —diQ + 5pEr — pQ,
dR1
ST NA+7Q —ui(t)R1 — B2loR1 — B3lsR1 — pRy,
dR.
d—tQ = 3ls — uz(t)R2 — B1l1R2 — BslsR2 — uR2,
dR.
7; = ’)/4]3 — U3(t)R3 - ,LLR3~

(5.1)

We need to minimize the following objective functional for the proposed optimal

control

problem (5.1).

T 3 ,
iU
J(u1, uz,uz) = / (61R1 + eaRy + e3R3 + § 1 p2> dt.
0 1=

(5.2)
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2
Here p; describe the cost coefficient and the terms pitly represents cost for increase

the immunity of the persons. Also, the terms ¢; are the coefficients of balancing
factors. The set of control functions are defined as

U= {(Ul,’UQ, U3)|Ui(t) S LQ[O,T] : 0 é ’U,l(t) S uimax,i = ]., 2, 3} (53)
The objective is to determine the optimal control value u}, u35 and w3 that satisfies

J(“Ta“%a“@ = mUin J(u17u27u3)- (54)

Theorem 5.1. There exists an optimal control functions u*(t) = (uf, us,ul) and
the corresponding solution trajectories to the initial value problem (5.1) such that it

satisfies (5.4)

Proof. To show the existence of the control variables, the objective functional
satisfies the following properties:
(i) set of control variables and the state variables is non-empty. It is valid because
the nonlinear functions of (5.1) are uniformly Lipschitz continuous.

(ii) the space of control is closed and convex. We know that LP is closed and
convex, and this proves the result.

(iii) the RHS of the model (5.1) is bounded. The boundedness of the state and
control variables prove the result.

(iv) the objective functional is convex with respect to control variables u; (i =
1,2,3). Let 4, v € U and 0 < ¢ < 1. From (5.2), we get

A 3
- - 1 - -
J(si+ (1—-¢)v) < / <€1R1 +exRoy +e3R3 + 3 E spiti; + (1 — g)pw?) dt
0 i=1

< ¢J (@) + (1 =<)J(0).

(5.5)
(v) there exists a positive constant Cy, Cy such that:
3 Piu2
]L(X7 t, u) =e61R1 + eaRoy + e3R3 + Z 5 ¢
i=1
> m;? N P22U§ N p32u§
(5.6)
. P1 P2 P3
2> min {?7 ?a ?} ('LL% +’U/% + ’U%)
2 01‘U|2 — CQ.
Here ¢y = min{p—l, &, p—g}, C5 > 0. This shows the bound of Lagrangian
O

function L of the objective function J.
Theorem 5.2. Let u*(t) is the optimal control variable set for the optimal control
model (1.1) and X*(t) is the corresponding optimal solution to the model. Then
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there exists a co-state variable A\; (i = 1,--- ,11) which satisfies the following:

% =M(=01(I1 + A)—pB3ls — Polo — (1 — p)B3ls — u)+X2(B1 (I1 + A) + pBsls)

+A3(B212 + (1 — p)B3ls),

8 = ol = 8 — )+ Xalm) + As(p8),
7; = A3(—72 — 1) + Aa(72),
CT; = A (=B15) + X2(B1S + BrRa) + Aa(—010I5 — bz — 0 — ) + A5 (—02bI5)
+A6(01b12 + blz + 02bI2) + A7(ca) + Ag(0(1 — @) + Aio(—F1R2),
D5 = N (=525) + X525 + BoRa) 4 ha(~61bT1) + As(~6obTy — bl — 5 — dy — 1)
+ (01011 + O2bI1 + bI3 + 03bA) — A703bA — AgBaR1 + A1073,
98 = M (-535) + XalBs(pS + Ba) + Xa(Bs((1 — p)S + 1)) — Aibl — Asby
+A6(b(I1 + 12+ A) —d3 — va — p) = A7bA — X983 R1 — Aio(B3R2) + A117a,
% = M (=518) + A2(B25) + A6 (03bIy + bI3) + A7(—p — 71 — O30l — I3 — )
+Asp + Ao,
% = As(=72 — di — p1) + Aoz,
(5.7)
% = A(w) + A3(Balz + B3ls) + Ao(—u1 — B2l2 — Bsl3 — p),
d§;0 = Ai(u2) + A2 (Bil1 + B3l3) + Ao(—u2 — Bil1 — PB3l3 — ),
ddil = A1(us) + A1 (—uz — p) + e3,
with the boundary conditions \;(T) =0 (i =1,--- ,11). Further,
u} = min {max {umm, W} ,umm} ,
1
w3 = min {max {umm, 7()\10 — )R } ,umm} , (5.8)
P2
u3 = min {max {umim (AH;:\I)R&} ,umam} .

Proof. Using the Pontryagin’s maximum principle, we transform the objective
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functional J to minimize the Hamiltonian function H and it is defined as follows:

11
H=L+Y \F(X)

i=1

3. pul
=€e1R1 + 3Ry + e3R3 + Z % + )\1(/\ — 515(1’1 + A) 7pﬂ35.[3 - BQSIQ

i=1

—(1=p)BsSIz + 1Ry +raRa + 13R3 — pS) + Ao (B1S (11 + A) + pBsSIs
—T1Ey — pdEy + Bili R + B313Rs

—pEy) + A3(B2S12 + (1 — p)BaSIz — T2 B + Bala Ry + B3l3Ry — piFs)
+M(TEy — 011 Iy — b1 I3 — oIy — ply)

N (r2Bs — 001 Ty — bIoTs — 515 — doTs — pls) + Ag(010T1 s + bI1 I
+b(I2(0211 + I3 + 03 A) + (Al3) — d3ls — yals — pls)

+A7(caly — pA —y1 A — (0315 + I3)bA — pA) + As(o(1 — )11 + pA
—72Q — d1Q + dpE1 — pQ) + Xo(Mm A+ 12Q —riRy — Bola Ry

—B3l3R1 — pRy) + Ao(yslz — r2Ra — B1l1Re — B33 Ry — pRa)

+A11(vals — r3Rs — pRs).
(5.9)
Differentiate (5.9) with respect to the state variables X (t). Then, we get the co-state
equations (5.7). Further, differentiate (5.9) with respect to the control variables
u(t), we get

OH
— = A —X)R1 =0
ous prur + (A1 9) I )
0H
—— = pPalUg + ()\1 - )\10)R2 =0, (5.10)
8u2
OH
D psuz + (A1 — A1) R
From the above, it is easy to derive the optimality conditions (5.8). O

6. Numerical simulations

In this section, we show some computations of the proposed co-infection COVID-19
and HIV mathematical model. First, we determine the changes in basic repro-
duction number Ry with respect to model parameters. Then, the evolution of the
unknown variables of the model equations is analyzed with disease-free equilibrium
and endemic equilibrium points. Finally, the co-infection model with optimal con-
trol is solved numerically, and their results are presented.

For all computations initial values of the unknown variables in the model are
assumed as X (0) = (10,5,5,3,3,2,1,2,1,1,1). Further, all the model parameters
are assumed as in Table 2. The basic reproduction number Ry is calculated for the
Table 2 values and it is given as max{0.4015, 0.869}. Now, we analyze the change
in Ry in the following four cases

Case (i): increase in recruitment rate (A),

Case (ii): increase in infection rate (51),
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Case (iii): increase in testing rate (p),

Case (iv): increase in recovery rate of HIV individuals (y3),
and the results are depicted in Fig. 3 (a)-(d). In all the above four cases, all other
parameters are fixed as in Table 2 except the parameter in the corresponding case.
In case (i), an increase in the recruitment rate of the susceptible class increases
the Ry value. For large A, Ry is greater than one, and it shows that the disease
is endemic, see Fig. 3(a) . In case (ii), we observe that Ry is constant till 5 is
less than 0.3. Then, Ry is increasing and infection becomes endemic for large (1,
see Fig. 3(b). In case (iii), we observe that Ry is decreasing till p is less than 0.1.
Then, Ry becomes constant and infection reduces for large p (Rp < 1) as shown in
Fig. 3(c). In case (iv), recovery rate of HIV population increases then it decrease
the value of Ry, see Fig. 3(d).
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P 73
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Figure 3. Plots represent the change in the value of Ry with respect to the parameter values. In (a)
Ry with respect to A. (b) Ro with respect to 81. (¢) Ro with respect to p. (d) Ro with respect to ~vs.
Except the parameter used in the x-axis all other values are taken from the Table. 2.

First, we consider the model parameters as in Table 2. This parameter values
satisfies the hypothesis of Theorem 3.1, that is, S171A < p(m + pd + p)(o + p). In
this case, the basic reproduction number, Ry is less than 1. Computational results
are depicted in Fig. 4 as dotted lines. In the next case, we assume that values of
Bi (1 =1,2,3) are twice as in the Table 2, and the remaining parameters are not
changed in Table. 2. Therefore, it is easy to find that the basic reproduction number,
Ry is greater than 1. Numerical results are shown in Fig. 4 as solid lines. When
Ry < 1, then the model converges to a disease-free equilibrium point. However,
when Ry > 1, the model converges to an endemic equilibrium point. It is clearly
visible in Fig. 4(a)-4(e).

Finally, we investigate the effects of control variables in the co-infection model
equations. Admissible control values are assumed as lies between 0 to 0.9. Other
control parameter values are taken as in Table. 3. As we have seen earlier, control
parameters u;(t) are assumed in the reinfection rates of R; (i = 1,2, 3) respectively.
Numerical simulations are performed for model equations with and without con-



864 Z. Siosemardan, N. Nyamoradi, S. Hariharan & L. Shangerganesh

[-E,(Ry<1 & DE)|
_E,(Rg>1)
...E,(Ry<1 & DE)
_E,(R>1)

R

Population

S-S )

50 100 ° 10 20 30 40 50 60
Time Time

(a) (b)

1(R,<T & DE) 1
—1L(R>1) .
...1,(Ry<1 & DE) 08
< <
8 —I,(Ry>1) ]
5 T 0.6
3 0. 3
2 2
o, £04
0.2
50 60 70 80 90 100 v 10 20 30 40 50 60 70 80 90 100
Time Time

() (d)

Population

15 20 25 30
Time

(e)

Figure 4. Plot (a) represents the evolution of S of the model (1.1). Plot (b) represents the evolution of
’Ey & Es‘ of the model. Plot (c) represents the evolution of 'I; & I3’ of the model. Plot (d) represents
the evolution of "R; & R»’ of the model. Plot (e) represents the evolution of I3 & Rg3’ of the model.
Here DE in the label denotes the condition S171A < p(11 + pd + p) (o + p).

trol variables. Computationally identified results are shown in Fig. 5(a)-5(c) for
each class R; (i = 1,2,3) respectively. It is observed that the recovery population
increases with the control variable; see Fig. 5.

7. Conclusion

A co-infection of a human or a pig with human influenza or COVID-19 strains
and H5N1 strain may result in a pandemic strain, causing a widespread deadly
pandemic. So, in this paper we consider the new model for co-infection of two
pathogen strains such as COVID-19 (rapid virus) and HIV (slow virous) diseases.
First, the model and its parameters are introduced in a detailed manner. Then, the
wellposedness (Loosely speaking, a differential equation model such as the model
(1.1) is well posed if through every point (initial condition), there exists a unique
solution.) of the model was studied with the non-negativity and boundedness of the
solution variables. Further, the basic reproduction number and the local stability for
all possible equilibrium points were derived. Also, a sensitivity analysis of the model
parameters was performed. A control problem was introduced for the proposed
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Figure 5. Plot (a) shows the change in the recovery population (R1) of pathogen-1 (COVID-19) of
the model (1.1). Plot (b) shows the change in the recovery population (R2) of pathogen-2 (HIV) of the
model (1.1). Plot (c) shows the change in the recovery population (R3) of co-infection model.

Table 3. Parameter values for the optimal control (1.1)

Umin Umax P1 P2 P3 €1 €2 €3

0 09 02 05 03 01 02 0.15

model and analyzed with numerical computations.
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