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1. Introduction

In this paper, we study the existence and multiplicity of nontrivial solutions for the
following discrete anisotropic problem

) - é A(|Ay(t — 1)PiE=D=2Ay(t — 1)) = h(t,y(t)), t € [1, N]z,

y(0) =y(N +1) =0,

where N > 2 is an integer, [1, N]z is the discrete interval given by {1,2,3...,N},
Ay(t) = y(t + 1) — y(t) is the forward difference operator, h: [1,N]z x R — R is
a continuous function in the second variable and p1, ps : [0, N|z — [2, 00].

As usual, a solution of (P) is a function y : [0, N + 1]z — R which satisfies
both equations of (P).

We would like to point out that issue (P) is a discrete equivalent of the variable
exponent, anisotropic problem

N 2 9 Oy Oy
- — (1= pii@-2 2L ) — p )
ppors (15272 ) = o), = e

J

y(x) =0, x € 09,

where 0 C RN, N > 3, is a bounded domain with a smooth boundary, h €
C (2 xR,R) is a given function that satisfies certain properties, and p; j(z) are
continuous functions on §, with p; ;(x) > 2 for (4,7, 2) € [1,2]z x [1, N]z x Q.
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The theory of nonlinear difference equations has been widely used to study dis-
crete models appearing in many fields such as computer science, economics, neural
networks, ecology, cybernetics, mechanical engineering, statistics, optimal control,
electrical circuit analysis, population dynamics, biology and other fields; (see, for
example [1, 21,22, 26]). The existence and multiplicity of solutions to boundary
value issues for difference equations with the p(.)-Laplacian operator have recently
attracted more attention. Fixed point theorems in cones are typically used to get
these results on this issue (see [3,19,23,24] and references therein). It is widely
recognized that, variational methods, critical point theory and also monotonicity
methods are powerful tools to investigate the existence and multiplicity of solutions
of various problems, (see the monographs [4,6-12,14-18,20,27-30]).

In this paper, we shall study the existence and multiplicity of nontrivial solutions
of (P), via min-max methods and Mountain Pass Theorem.

To state our main results, we use the following notation:

+ — . .
T = max p;(t - = min p;(t), fori=1,2;
b= ]>V<]sz( ), p; tem’wm( )

Prnax = Max{p{, 03 }, Prax = max{p;,ps }, Py = min{py,py ;.
The following theorems are the key findings of this paper:
Theorem 1.1. Assume that

+
Pmax

(Hy) there exists § > 2PmaxTL(N 4 1)™%* such that

~ H(t
lim it PonfBT) o, 1, Nlz,

|| =00 ‘xlprtax

where "
H(t,x) = / h(t,s)ds for (t,z)€ [1,N]z xR.
0

Then the problem (P) has at least one solution.

Example 1.1. Let us consider a continuous function h : [1, N]z x R — R given
by the formula
+ pj—nax
h(t,x) = 2Pt 2t Pmax () 5B pl -2,

min

Clearly
2p$ax+2t prtax +
H(t,x) = ——— (N +1) 2 |g|Pmax,
Prin
It is easy to see that
~H t, p;;ax p;;ax
lim inf pmmifm) = 2Pmax P2 (N 4 1) 75 > oPmaxt2 (N 4 1) 25
|z|—o00 |x Pmax

Pihax
2

Then H(t,z) satisfies the condition (Hy) with § = 2Pmaxt2 (N + 1)
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Theorem 1.2. Suppose that (Hy), (Hz) and h(t,0) =0 for any t € [1, Nz, where

(H,) tm 20D

|I“)O |I|pmax

=0, Vte [LN]Z-

Then the problem (P) has at least two nontrivial solutions, one of which is non-
negative and the other is non-positive.

Example 1.2. Put h: [1,N]z x R — R by the formula

m ax

2pmax+2pmdx (N —+ 1)
h(t,z) = Prin
9P +2 max Pmax (N + 1)

min

‘a’:lpmax Qxet, ‘.’I}| >1,te [LN]Zv

Pmdxxet ‘a;‘l <l1l,te [17N]Z

By the expression of h, we have for all t € [1, N]z

2pmax+2 2pj;1a&v+3 P;ltmx
(N + 1) p"‘dxet — D (N + 1) 2 e
H(t, ZL') = pmm +pmin (pmdx + 2)

gp;axw—@ax (N41) 2 2t |z <1
— + ) — N
pmin(pmax + 2)

Direct calculations yield

. X )
inf P (0 ) g0t h2 (1) 5= ot 5 opthuct2 (v 4 1)

lim

|z|—o00 ‘.73 Pihax

and

H
lim (t,2)

|z|—0 |;17|P$ax

=0.

Phax
Thus H(t,z) satisfies the conditions (Hy) with § = 2Pmaxt2 (N 4+ 1) 2 and (Ha).
Theorem 1.3. Suppose that (Hz) and (Hs) hold, where

9p—
(Hg,) hm <H(t,x) - ﬁA;x|P$ax) =400, foranyt € [1,N]z where
A} = max { A, AP}, with
N+1

_ > [Ay(t - 1)
AW = sup =t - lyc BN i lyl| > 1, fori=1,2; (1.1)

t; ly(t)[P!

Ny 0N+l —R [y0)=y(N+1) =0},  (L2)

N+1 1
lyll = <Z [Ay(t — 1) >

Then the problem (P) has at least two nontrivial solutions.

and
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Remark 1.1. It is easy to see that /\?\} > 0 and we will see later that )\?\} is finite.

Example 1.3. Let us consider a continuous function h : [1, N]z x R — R given
by the formula

h(t,z) It + 1)(1 + pihag In 2] [2[Prex =22, |2] > 1, € [1, N]z,
) =
In(t + 1)|z|Pmex L, lz| < 1,t € 1, N]z.

Clearly, we have

Hit,2) = (¢ + 1)(jefPre Info] + =L, o] > 1t € [1, Nz,
’ D P, o] < 1,t € [L, Nz.

After a simple calculation, we get

H(t
lim (H(t,x) Pinax /\+|x|pmaX> +ooand lim (t, 2) =0, for any ¢ € [1, N|z.

|| =00 (pmin) || —0 |1;|pmax

Then H(t,x) satisfies the conditions (Hz) and (Hj).

The structure of this paper is as follows: Section 2 contains some preliminary
lemmas. The main results will be proved in Section 3.

2. Preliminary lemmas

The vector space BV defined in (1.2) is an N-dimensional Hilbert space with the
inner product

y(t — 1)Az(t —1), Vy,z € EVN,

uMz

while the corresponding norm is given by

N+1 3
lyll = (Z |Ay(t — 1)2> ,

t=1
We list also some inequalities that will be used later.
Lemma 2.1. (see [13]) Let p : [0, N]z — [2,00[. Then put

p" = max p(t) and p~ = min p(t).

tE[O,N]Z tE[O N]Z

For every y € EN, we have

NA1 + .

(A1) t; |Ay(t — 1)t , with [[y| < 1.
N+1

(Az) > |Ay(t— 1) — (N +1), with |y| > 1.
t=1

N N+1
(43) @)™ < NN+ 5 Ayt = 1)|™, ¥m > 1.
t=1

t=1
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. [N+1 P 1 1
(A0 s o< W0} (X 189- D) o> Lot 0=,
tE[lN]Z t=1 p q

(As) E Ay(t— 1) < Qmi WO, Ym > 2.

(Ae) 3" [Ay(t— DPED < (N + Dllylle + (V + 1),

t=1

N+1
(A7) ;1 [Ay(t = D™ < (N +Dy[™, vm > 1.

N+1
(As) ;::1 Ay(t =)™ > (N +1)"

m

yl|™, Ym > 2.

Remark 2.1. From (4g), it is easy to see that A}, defined in Theorem 1.5 is finite.
The functional associated to problem (P) is defined by ® : EY — R,

N+1 2
=20 oyl - ey - ZH (1)), (2.1)
=1 i=1 t=1

Since h: [1, N]z x R — R is a continuous function, then ® is well defined, of classe
CY(EN,R) and its Gateaux derivative is given by

N+41 2 N
).z = Z Z |Ay(t—1)[P D2 Ayt — 1) Az(t — 1) Z h(t ), (2.2)
t=1 i=1 t=1

for any z € ENV.
By the summation by parts formula, ®' can be written as

2= | = 2 AlAY(E = DIFTITEAY(E = 1)) = bt y(1) | 2(0),

for any z € EN.
Finding the solutions to the problem (P) is equivalent to getting the critical
point of the functional ®.
Now, we consider the truncated problem
2
=2 A(|Ay(t = 1PN AY (¢~ 1)) = ha(ty(1), ¢ € [1N]z,
(P+) i=1
y(0) =y(N +1) =0,

where

h(t,z), if+xz >0,
hi(t,z) = (2.3)
0, otherwise.

For y € EN, we denote by y* = max(y,0) and y~ = max(—y,0) the positive and
negative parts of y.
1
It is clear to see that y* > 0,9y~ >0,y =yt -y, yTy~ =0, y* = §(|y| +y)
and y* < [y].
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Lemma 2.2. All solutions of (Py) (resp. (P-)) are non-negative (resp. non posi-
tive) solutions of (P).

Proof.
Define o, :EN — R,
N+1 2 1 N
y(y) = ZWIAW*I) pi(t=1) *ZHi(ty(t))
=1 i=1 Pi t=1
N+1 2 N
= ZﬁlAy(t—Ul’”“‘” —ZH(t,yi(t))7
=1 i=1 Pi t=1

x

where Hy (t,2) = / hi(t,s)ds.

It is easy to see that
Ayt (t—1)Ay (t—1) <0, Vt€[l,N +1]z.
Now, we show that
[Ay=(t—1)] < |Ay(t —1)|, Yte[1,N +1]z.
Indeed,
Ay (= 1)) = Iy (@) —y (6~ 1)
=[5y — 9(0)) ~ 5 (¢~ DI~ ot~ 1)
< 5 ) — (¢ = DIl + ly() — gt~ 1)
< Ay(t - 1)

Let y be a solution of (Py), or equivalently y be a critical point of ®,. Taking
z=y in

) N+1 2
(@4(y).2) = X 2 1Ayt —1)

we have

M=

Pilt=D=2 Ay (t — 1) Az(t — 1) — 3 by (t,y(t)2(t),

t

I
-

N+1 2
(@ (y),y7) =D > 1Ayt = 1P D2 Ayt — 1) Ay~ (t - 1)
t=1 i=1
N+1 2
=SS Ay )
t=1 i=1
N+1 2

=D D 1Ay - P AY (- ) Ay (- 1)

t=1 t=1

— Ayt —1)

P A G (1 - 1)~y (£~ 1) Ay (t 1)

PO Ay (- 1)

Therefore, we deduce that

N+1 2

S5 Ayt - 1)

t=1 i=1

pi(t—1)—2 [7Ay+(t - DAy (t— 1)]
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N+1 2

+3 0> Ayt -1)

t=1 i=1

P=D=2 Ay~ (t = 1)) = 0.

Since,
~AyT(t—1DAy (t—1)>0, Vt€[1,N + 1]z,
then, we get
|Ay(t — )P D"2(Ay= (£ —1))2 =0, V(i,t) €[1,2]z x [1, N 4 1]z.
On the other hand,
Ay~ (¢ = DD = [Ay~ (=)D (Ay (£ - 1))
< |Ay(t - P2 Ay~ (k- 1)) =0,

for any (i,t) € [1,2]z x [1, N + 1]z.
Soy~ =0 and y = y* is also a critical point of ® with critical value ®(y) =

P4 (y).
Similarly, nontrivial critical points of ®_ are non-positive solutions of (P). The

proof is complete. O

2

Definition 2.1. Let E be a real Banach space and ® : E — R be a C! functional.
We say that a functional ® satisfies the Palais-Smale (PS) condition, if every se-
quence (y,) C E such that (®(y,)) is bounded and ®’(y,,) — 0 as n — oo, contains
a convergent subsequence. The sequence (y,,) is called a (PS) sequence.

Lemma 2.3. (see [25] ) Let E be a reflexive Banach space. If a functional ® €

CY(E,R) is weakly lower semi continuous and anti-coercive, i.e. | |}im O(y) =
y||l—r o0
—00, then there exists § € E such that ®(y) = sup®(y) and u is also a critical

yeE
point of ¥, i.e ®'(g) = 0.

Lemma 2.4. (Mountain Pass Lemma [2])
Let ® be a C* functional on a Banach space E that satisfies the (PS) condition and
®(0) = 0. Suppose that:

o1) there exist p, o > 0 such that ®(y) > « for all y € E with ||ly||lg = p,

o2) there exists e € E, with |le|| g > p such that ®(e) < 0.

Then,

= inf P >
¢ = Inf max (9(s)) = a,

where
I'={g9cC(0,1],E) | g(0) =0, g(1) =€}
is a critical value of .

3. Proofs of the main results

3.1. Proof of Theorem 1.1.

From (H;), there exists R > 0 such that

1
(8 — &)[aPmax, W(t, |2]) € [1, N]z x | R, +o00[,

Prin
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where

Pmax

0<e<§—2Wnatl(N +1)7%> (3.1)

+
2 .

1
On the other hand, by the continuity of 2 — H(t,z) — —— (8 — &)|x|Pmsx, there

exists d > 0 such that

1
H(t,x) — —— (5 — &)|a|Pmox > —d, V(t,|z|) € [1,N]z x [0, R].

min

Thus, we deduce that

b

H(t,x) (5 — )|z|Pmex —d, V(t,z) € [1,N]z x R. (3.2)

Prin
According to (As), (Ag) and (3.2), we obtain

N

(6—¢) & +
D H(Ey(1) = == [y(t)[Pmex — dN
t=1 Prmin 3=1
2-phay (5 —
> 2 Prax (N 4+ 1) 2 (_75)”@/ Phax — dN. (3.3)
Now, using the preceding inequality and (Ag), we have
AN+1), 0 2P s N1
(y) < ——[jyl|Pmex — (0—e)(N+1) 2 |y|[Pmex + =————= +dN
2~ Pimax 2=phax Fax
ST (V)T 2 (N )T (6 ) | [yl
Prin
2(N +1
WD .
Phin

Then, in view of (3.1), ®(y) — —oo as |ly|| — oco. Thus, ® is anti-coercive and

bounded from the above, hence there is a maximum point of ® at some y* € EV

ie., ®(y*) = sup ®(y), which is a critical point of ®. Hence y* is a solution of (P).
yeEN

The proof of Theorem 1.3 is complete. O

3.2. Proof of Theorem 1.3.

To apply the Mountain Pass Theorem, we will do separate studies of the (P.S)
condition compactness of @1 and its geometry.

Lemma 3.1. Assume that (Hy) holds. Then the functional ®, satisfies the (PS)
condition.

Proof. Let (y,) C EV be a (PS) sequence for the functional @, i.e.,
[P (yn)| < C and ¥/, (y,) — 0 as n — oo,

where C is a constant. Let us show that (y,,) is bounded in EV. Since y,, = y;F —vy;7,
we will prove that (y,}) and (y,, ) are bounded.
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Suppose that (y;, ) is unbounded. Then there exists an integer ny > 0 such that
lyn || > 2(N 4+ 1) for n > ng. (3.4)

Since Ay (t—1)Ay; (t—1) <0 and [Ayy (¢t—1)] < [Aga(t—1)], V¢ € [1, N + 1]z,
then, we have

N+1 2
(@ (Yn)sun) = D DAyt = D[P D72 Ay, (= 1) Ay, (t— 1)

t=1 i=1

N
= i (tyn(®)yy (1)
t=1

N+1 2

= Z Z |Ayn(t - 1)

t=1 i=1
- ‘Ayn(t - 1)
N+1 2

<= ) 1Ay, (t-1)

t=1 i=1

PUTDZ A (= 1) Ay, (t - 1)

P2 Ay (t - 1))

pi(t—1)

Using the above inequality and (As3), we obtain for any n > ng

2— 2—

_ Pl e Py =

This implies that

2

Py R
N7y, ["r + N

2-py
2

lym 172 = 2(N + 1) < (yn), —3) < 197 () 1 |-

Therefore,

2-p7 _
N2y, 1P < 125 (yn)lllyn | +2(N + 1),

and

2

N7y [Py = < |9/ (ya) || + 1. (3.5)

Since @/, (yn) — 0 as n — oo, then for any ¢ > 0, there exists an integer n; with
ny > ng such that

19 (yn)l| <&, ¥n > na1.
Combining the preceding inequality and (3.5), we get

Py —2

Hy;”pfil <(e4+1)N"z for any n > nq,

which means that (y,, ) is bounded. Thus we obtain a contradiction.

Now, we will prove that (y;) is bounded. We argue by contradiction. Suppose
that ||y,5|| — oo as n — .

From the proof of Theorem 1.1,

N 27}7$ax 5_
ST H(ty (1) > 27 Pee (N 1) 2 Ot —an,  (36)
t=1

min
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where

) pmax

0<e<d—2Pmax(N 41
By (4g) and (3.6), we have

q)+(yn)
N+1 2
=23 oy A= Y ZH (Lt
t=1 i= 1
2 + ot 2—1’;;213( (5 — 5) + +
Z |:||yn - yn Pi + 1:| — 27 Pmax (N + ].) 2 _7||yn Hprnax + dN
i=1 Z min
2N +1) Fn ST .
o [l I+l 1) + 1] —27Pmes (N+1)° Sy [
+ dN
2-pfax ot
2_pmax N 1 2 max - max
>~ ( 7+ ) 2pmax (N + 1) (1 + ||yn Il) _ ((5 _ E)
pmin ||y" H
2(N +1
gt P+ 2D gy
plnln
So, we deduce that
2- pi,ax ot
2 Prhax (N 4+ 1 b — ||\ Prhax
—-C< (N+1) P hrax (N+1) (1+||yn||> —(5—e)
Prmin [yt |
2(N+1
||y+||pmax =+ (7> +dN.

Then in view of (3.7) and the fact that (y,, ) is bounded, we get

L 1)
n +
(1 n ) (5 s>] i [P

4
pxnax

2Pl (N+1)°

+ 41 Pihax
9P max (N + ]_) 2

pmin Hy ||
+ M +dN — —o0,
Pmin
as n — o0.
This is a contradiction, hence (y;7) is bounded. It follows that (y,) is bounded.
The proof is complete. O

Lemma 3.2. Assume that (Hz) holds, then there exist r > 0 and a > 0 such that
o, (y) > «, for ally € OB, N EN, where B, denote the open ball in EN about 0 of
radius r and OB, denote its boundary.

Proof. Using the condition (Hs), for any € > 0 there exists R > 0 such that

|H(t,2)| < elafPhes, ¥(t, |2]) € [1,N]z x [0, R]. (3.8)

R
Let y € EY such that ||y| < r with r = min {N—i—l’ 1}. From (Ay) it follows

ly ()] < ly()] < max |y(t)| <R, vt €[, N
te[1,N]z
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Therefore, we deduce that

[H(ty* ()] <ely™(t)

Using the preceding inequality and (A;), (A3), (A7), we obtain

Prax < ely(t)[Prex, Yt € [1, Nlz.

N+1 2
2100 = 33 - 0 S
t=1 i= 1
pr72 Np2+72
2 2
> | Tt o NN 1P|y,
b1 Do
pT*Z p;*Z
1 N2 N =2
Let us choose € > 0 such that ¢ < T — + - . It follows
N(N + 1)Pmax P Po
that there exist r > 0 and a > 0 such that
.y (y) > a, Yy € 0B, NEN.
The proof of Lemma 3.2 is complete. O

Proof of Theorem 1.3. In order to apply the Mountain Pass Theorem, we must
prove that
d (sy) — —o0 as s — oo, for certainy € EV.

Let y€ EN,y >0, |ly|| > 1 and s > 1. From (Ag) and (3.6), we have

+
2= rhax (0 — E)Sprt,dx“y“p:]ax +dN

PT+1}72 Prax (N + 1)

i=1 b; min

2(N 1 2=phax 6 —
S,i—‘r) |:Sp$ax||y”p;;ax + 1:| — 2_p$ax (N _|_ 1) 2 gsp$ax||y”p:}ax + dN
2_p$ax 2*prtax I}ax
<2 (0 4 ) T s (B (8 ) - (5 9)) P
Pmin
2(N +1
L2NED L
pmln

max

where 0 < & < § — 2Pmax (N + 1) "% . Therefore

D, (sy) — —o0 as s — oo.

It follows that there exists y** € EV such that ||y**|| > r and ®, (y**) < 0.
According to the Mountain Pass Theorem, ¢, admits a critical value ¢ > «
which is characterized by

= inf @
©T LIy )

where
I={geC([0.1],EY)/ g(0) =0, g(1) =y*}.
Then, the functional ® has a critical point y; with &, (y;+) > «
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But, ®,(0) = 0, that is y+ # 0. Therefore, the problem (P, ) has a nontrivial
solution which by Lemma 2.2, is non-negative solution of the problem (P).

Similarly, using ®_, we show that there exists furthermore a non-positive solu-
tion. The proof of Theorem 1.2 is now complete. O
Proof of Theorem 1.4. From the condition (Hz), for

ot_2 +
1 N~ N~
E =
IN(N 4 1)pmax | pf 24
there exists R > 0 such that
|H(t,x)| < €|x|p$a’<, Y(t,|z|) € [1,N]z x [0, R] . (3.9)

Let y € EV, < p with p = min { ———
v B, Iyl < p with p = min { L

,1}. By (A4) it follows

) < t)| < R, Vte€[l,N]z.
Iy()\fterﬁ%ZIU()lf [1, Nz

So, we deduce that
[H(t,y(1))] < ely(t)[Pm=~, Vte[1, Nl

By (41), (A3) and (A7), we have

NPT*Z NP;*Z
2 + T2 + + +
D(y) = ——Ilyl" + —5—Illyll"? —eN(N + 1)Pmax|[y[[Pmex
1 P2
pr*2 NP;*Z
2 2 + +
> | S S - NV 4 1P | [y
b1 D2
Py —2 —2
ol o
> — y|[Prmax.
2| »f 3
| [NE2 N
2 2
Take o = — — + — ppimx > 0. Then,
2 b1 2]

d(y) > a>0, VyeEN with |y = p. (3.10)

Now, by contradiction we prove that ® is anti-coercive. Let K € R and (y,,) C EN
such that
lynll — 0o and ®(y,) > K.

Putting z, = Y one has llzn]l = 1. Since dim EV < oo, there exists z € EV

lynll’
such that

|z, — 2] — 0, as n — oo and ||z|| = 1.

In particular z # 0, we pose © = {t € [1, N|z/ z(t) # 0}.



880 O. Hammouti

For ¢t € ©, |y, (t)] — oo. Using (1.1), we have

N
K<7>‘(1)Z| |p1 _~_7/\(2 Z| |p2
t=1

- i [ (8 n(6) = 22\l >|} - Z [y (8) P
(pmm) (pmm
2 DPm al + N 2p .
Sf)\j\} |:1 — W:| Z |yn(t) Pmax — Z |: t yn _ max )\+| ( ) pmax:|
min Pmin t=1 = (pmm)
2pmax +
<=2 [HE A (D
 (Pain)?
te® min

- [H(t,yn<t>>—2pm“ Mo lyn (1)

te[lyN]Z\Q (pmln)

From the condition (Hj3), we deduce that

+
lelaX] .

2
> [ Byn(8) = 22Nyt >|pmx} — —00, as n— .
The sequence (y,(t)) is bounded for any ¢ € [1, N]z\© and H is continuous, then

there exists a constant M € R such that

-2 [H“,yn(t»— Pty <>|p$w}sM_

te[1,N]z\ © ( nnn)

Therefore, we get

K<—Z{H(t,yn(t)) 2P 3ty ()

+
pmaX} + M — —c0, as n — oo.
s (Proin)?

This a contradiction. Hence ® is anti-coercive on EV. So, we can choose e large
enough to ensure that ®(e) < 0, and that any (PS) sequence (y,) is bounded. In
view of the fact that the dimension of EY is finite, we see that ® satisfies the (P.S)
condition. Since ®(0) = 0, then all the conditions of Lemma 2.4 are satisfied. Thus
® possesses a critical value

| [nE2 N
cza=g T + = pPmax > ()
where
= il may 00
and

I'={geC(0,1],EY)/ g(0) =0, g(1) = e}.
Let y; € EY such that ®(y;) = c. Clearly, y; is a nontrivial solution of the problem
(P).
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On the other hand, since ® is bounded from the above and anti-coercive, then there

is a maximum point of ® at some yo € EV ie., ®(y2) = sup ®(y).
yeEN

Using (3.10), we obtain

®(y2) = sup ®(y) > sup P(y) > 0.
yeEN yedB,

Hence y9 is a nontrivial solution of the problem (P).

If y1 # ys2, then we have two nontrivial solutions y; and ys.

Otherwise, similar to the proof of Theorem 1.3 in [5], we get two different critical
points of ® on EV.

Consequently, the problem (P) has at least two nontrivial solutions. The proof
of Theorem 1.3 is complete. O
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