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Abstract In this paper, we are interested in proving a general fixed point
theorem for multivalued mappings in fuzzy b—metric spaces. The results pre-
sented in this paper not only generalize the findings from [23], but also yield
additional specific outcomes. We present an application to establish the exis-
tence of a solution to the integral equation, demonstrating the significance of
our result.
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1. Introduction

Zadeh [26] first introduced the concept of fuzzy sets in 1965. A fuzzy set M in X is
a function with domain X and values in [0, 1]. Heilpern [16] introduced the notion
of fuzzy maps and established some fixed-point theorems for them.

In 1975, Kramosil and Michalek [17] proposed the idea of a fuzzy distance be-
tween two elements of a nonempty set, using the concepts of a fuzzy set and a
t-norm.

A binary operation T : [0,1] x [0,1] — [0, 1] is a continuous ¢-norm if it satisfies
the following conditions: T is continuous, associative and commutative, T'(a,1) = a
for all @ € [0,1] and for all a,b,¢,d € [0,1] if a < c and b < d then T'(a,b) < T(c,d).

Typical examples of a continuous ¢-norm are T, (a, b) = a.b, Tin(a, b) = min{a, b}
and Ty (a,b) = max{a + b-1,0}. George and Veeramani [11] generalized the con-
cept of fuzzy metric spaces introduced by Kramosil and Michalek [17]. Given a
non-empty set X, and T is a contnuous ¢-norm, the 3-tuple (X, M, T) is said to be
a fuzzy metric space [11], [12] if M is a fuzzy set on X x X X (0, 00) satisfying the
following conditions for all z,y,z € X t,u > 0 :

1) M(z,y,t) >

2) M(z,y, )—M(y,m,t) =1 iff z=uy,

3) M(z,z,t+u)>T(M(z,y,t), M(y, z,u)),

4) M(z,y,.) is left continuous function from (0,00) — [0, 1].
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In mathematics, the study of fixed point theory in metric spaces has several
applications, especially in solving differential equations. Many authors have studied
the new class of generalized metric space, known as b-metric space, introduced by
Bakhtin [5] in 1989. For example, see [1]- [4], [6]- [9], [20]. The relationship between
b-metric and fuzzy metric spaces is considered in [15]. Conversely, [24] introduced
the concept of a fuzzy b-metric space, substituting the triangle inequality with a
weaker one.

In this paper, we prove the existence and uniqueness of the fixed point in fuzzy b-
metric spaces. We present an application to determine the existence and uniqueness
of a solution to an integral equation, demonstrating the significance of our result.

Throughout this paper, C(X) will denote the family of nonempty compact
subsets of X. For all A,B € C(X) and for all ¢ > 0, we define a function on
C(X) x C(X) x (0,00) by

Hy (A, B, t) = mln{;relgM(a,B,t),bléllng(A,b,t)},

where M(C,y,t) = sup M(z,y,t).
zeC

The fuzzy b-metric induces Hp;, which we refer to as the Hausdorff fuzzy b-metric.
The triplet (C(X), Hy, T') is referred to as the Hausdorff fuzzy b-metric space.
We define also dxs(A, B, t) as follows:

om(A, B,t) = inf{M(a,b,t), a€ A be B}, t>0.
It follows immediately from the definition of d,; that
dm(A,B,t)=1 <= A=B={}and

M(a,b,t) > 6y (A, B,t) Yae A VYbe B, t>0.

2. Preliminary

Definition 2.1 ( [24]). A 3-tuple (X, M, T) is called a fuzzy b-metric space if X
is an arbitrary nonempty set, 7' is a continuous t-norm, and M is a fuzzy set on
X x X x (0,00) satisfying the conditions for all z,y,z € X, t,u > 0 and a given
real number s > 1 :
b1
ba

(1) M(z,y,t) >0,

(b2)

(b3) M(x,y,t) = M(y,=,t),
(ba) M

(bs)

M(z,y,t) =1 if and only if z =y,

by (x,z,8(t+u)) >T (M (x,y,t), M(y,z,u)),

bs) M(x,y,.): (0,00) — [0, 1] is continuous.

Remark 2.1. In this paper we will further use a fuzzy b-metric space in the sense
of definition 2.1 with an additional condition tlim M(z,y,t) =1.
—00

Note that every fuzzy metric space is a fuzzy b-metric space with s = 1. However,
the following example illustrates that the converse need not hold true.
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Example 2.1 ( [10]). Let M(x,y,t) = e~ ty‘p, where p > 1 is a real number,
and T'(a,b) = a.b for all a,b € [0,1]. Then (X, M, T) is a fuzzy b-metric space with
s=2r"1

Definition 2.2 ( [24]). We say that a t-norm T is of H-type if the family {7, (x)}nen
is equicontinuous at x = 1, that is,

Vee (0,1)Iae(0,1): z>1—a=T,(z) >1—¢e,VneN,

where Ty (z) = T'(z,z), Tp+1(z) =TTz, ), for every n > 1.

The t-norm T},;, is a trivial example of t-norm of H-type.

Proposition 2.1 ( [23]). Let (x,) be a sequence in [0,1] such that lim z, = 1,
n—oo

and let T be a t-norm of H-type. Then lim T2° x; = lim T % 2,41 =1,
n—oo n—oo

where Tz = v, Tyx; = T(TI S oy, w0) = T(21, 2, s ).
Definition 2.3 ( [10]). A function f : R — R is called s-nondecreasing, if © > sy
implies fx > fy for each z,y € R.

Lemma 2.1 ( [10]). Let (X, M, T) be a fuzzy b-metric space with constant s. Then
M(z,y,t) is s—nondecreasing with respect to t, for all x,y € X. Also,

M(x,y,s"t) > M(z,y,t), VYneN.
Definition 2.4 ( [24], [25]). Let (X, M,T) be a fuzzy b-metric space.

(i) A sequence (z,,) converges to x if M(z,,x,t) — 1 as n — oo for each ¢ > 0.

In this case, we write lim z, = x.
n—oo

(ii) A sequence (z,) is called a Cauchy sequence if for all ¢ € (0,1) and ¢ > 0,
there exists ng € N such that M (x,, z,,,t) > 1 — ¢ for all n,m > ny.

(iii) The fuzzy b-metric space (X, M,T) is said to be complete if every Cauchy
sequence is convergent.

(iv) A subset A C X is said to be closed if every sequence z, € A such that
z, — x we have ¢ € A.

(v) A subset A C X is said to be compact if every sequence z,, € A has a
convergent subsequence.

Lemma 2.2 ( [24], [25]). In a fuzzy b—metric space (X, M, T) we have

(i) If a sequence (x,,) in X converges to x, then x is unique.
(i) If a sequence (x,,) in X converges to x, then it is a Cauchy sequence.

Proposition 2.2 ( [25] Prop 1.10). Let (z,,) be a sequence in a fuzzy b-metric space
(X, M, T) with constant s, and suppose that (x,) converges to x. Then we have

t
M (y ) < lim sup M(zn,y,t) < M(z,y, st),
S

n—oo

t
M (x,y7> <lim inf M(z,,y,t) < M(z,y,st).
s

n—oo
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Lemma 2.3 ( [23]). Let (zy) be a sequence in a fuzzy b-metric space (X, M,T)
with constant s. Suppose that there exists A € (0, %) such that

t

M(xn7xn+17t) > M (mnbxnu /\) ) ne Na t> 07

and v € (0,1) such that lim T2, M(zo,x1,5) =1, t>0. Then (zy,) is a Cauchy
sequence. e

Lemma 2.4 ( [19]). In a fuzzy b-metric space (X, M,T), if the function M is
continuous with respect to one of its variable, then it is continuous with respect to
the other.

Lemma 2.5 ( [19]). Let (X, M, T) be a fuzzy b-metric space and let A C C(X). If
M is continuous with respect to one of its variables, then for all x € X, there exists
Yo € A such that

M(x7 A’ t) = SupM(x) y? t) = M(xﬂ y()?t)’ t > 0'
yeEA

Proposition 2.3 ( [19]). Let (X, M,T) be a fuzzy b-metric space with constant s.
Then Hyy is a fuzzy set on C(X) x C(X) x (0,00) satisfying the conditions for all
A,B,C € C(X), t,u>0:
(Hl) HM(Aa B, t) > 0,
(H2) Hpy(A,B,t) =1 if and only if A= B,
(Hg) HM (A, C,s(t—l—u)) > T(HM (A,B,t) ,HM(B,C7’U,)),
(Hy) Hp(A,B,.) : (0,00) = [0,1] is continuous,
(Hs) tlim Hy (A, B,t) =1 if and only if tlim M(z,y,t) =1.
bade el — 00

3. Main results

Lemma 3.1. Let (X, M,T) be a fuzzy b-metric space with constant s.
For allk € (0,1), x € X, t >0 and A, B € C(X).

(L1) 1If,
Hy (A, B, kt) > Hyy (A, B,t),  then A= B. (3.1)

(L2) 1If,
on (A, B kt) > 6y (A, B,t), then A= B={}. (3.2)

(L3) If ,
M (A, x,kt) > M (A, z,t), thenx € A. (3.3)

Proof. (L1) By (3.1) we have

HM(A,B,t)ZHM (A’B’ktn)’ n € N.
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Now

t
HM (A,B,t) > lim H]V[ (A,B, ) =1.
n—00 kn
By using the Proposition 2.3 (Hs) it follows that A = B.
(L2) Similarly by (3.2) we have

O (A, B,t) > lim oy (A,B, t) _
n—o00 kn

Then, dp (A4, B,t) = 1, hence A= B = {.}.
(L3) Similarly by (3.3) we have

M (A z,t) > lim M <A,x,t> =1.

n— oo

So, x € A. O

Definition 3.1. Let T be a t-norm, and ®7 be the set of all continuous functions
o7 (t1,ta,t3,ta,ts5,t6) : [0,1]® — R such that

(¢11) : ¢r is nondecreasing in variable ¢; and non-increasing in variable ts, t4, t5, tg.
(¢12) : Yu,v,w € [0,1] ¢r(u,v,v,w,T(v,w),1) > 0= u > min{v, w}.

(¢13) : Yu,v,€ [0,1] ¢r(u,1,1,v,v,1) >0 or ¢r(u,v,1,1,0,0) >0 = u>w.

Example 3.1. ¢T(t1,t2,t3,t4,t5,t6) = tl — tQ.

Example 3.2. ¢r(t1,t2,13,t1,15,t6) = B(t2) — B(t1), with 5 : (0,1] — [0,00) and
B(1) =0 is a continuous function strictly decreasing.

Example 3.3. ¢T(t1, tg, t3, t4, t5, t6) =1t — min{tg, t3, t4}.
Example 3.4. ¢r(t1,t2,t3,t4,t5,t6) = 2t1 — t3 — t4 + [t3 — t4].
Example 3.5. ¢T in (t17t2,t3,t4,t5,t6) = tl — min{tg,tg,t4,t5,t6}.

m

Example 3.6. ¢r, (t1,12,t3,t4,15,t6) = t1 — min{ty, t3,t4, /15, v/T6}-

Theorem 3.1. Let (X, M,T) be a complete fuzzy b-metric space with constant
s. We suppose that M is continuous with respect to one of its variables, and let
F: X —C(X).

Suppose that there exist k €]0,1[, zo € X and v € (0,1).
lim T2 M(xg, 21, %) =1, 1 € Fxg. Let ¢ € @1 such that: Vz,y € X, >0,

n—oo

Hy (Fx, Fy,kt), M (xz,y,t), M (Fz,z,t), M (Fy,y,t),
by M ( y, kt), M (z,y,t), M ( ), M (Fy,y,t) S0, (3.4)
M (I7 Fy7 QSt) 7M (FI’ y’ t)

Then F has a fixed point x € X.
Moreover, if x is absolutely fized for F ( which means that F(x) = {z}), then
the fixed point is unique.

Proof. Existence. Let 2o € X, and 1 € Fxy. For x = 29 and y = x; in (3.4)
we have:

p Hy (Fag, Foy, kt) , M (xo,x1,t), M (Fxo,x0,t), M (Fxy,21,t), -0
T = U.
M (g, Fzq,2st) , M (Fxg,21,t)
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Since 1 € Fzg, then
M(Fxo,xo,t) > M($1,$07t) and M(Fxl,xl,t) > H]w(F.’El,F.T(),t), Vvt > 0.

According to (¢r1) we have

(b HM (Fx()nylakt) 7M($07‘T17t) 7M($1a‘r07t) 7HM (F{Eo,F.’El,t), >0
T > 0.
T(M (mo,xl,t) ,M(l‘l,F.’L‘l,t)), 1

This implies

(b HM (FxOMFxlakt)7M(m0;xlat),M(anxlvt),HM (FanFl'lat)v >0
T = U.
T(M (.%'07$1,t),H]\/[ (F$O7F$U1,t))7 1

By (¢12) we have
Hy (Fao, Fxy, kt) > min {M (zo,21,t), Hyy (Fxg, Fap,t)} .

If Hyr (Fao, Fxy, kt) > Hyp (Fxg, Fzq,t), t > 0, then by Lemma 3.1 it follows
that z; € Fxg = Fz1. So,

Hy (Fxo, Fxy, kt) > M (zg, 21, 1), t > 0.
Since z1 € Fxg, we get
M (21, Fxq, kt) > Hpy (Fxg, Fay, kt) > M (29, x1,t) .
By Lemma 2.5 there exists xo € Fxr; such that:
M (z1,z2,kt) = M (z1, Fx1,kt) > M (20, 21,1) .
By recurrence, we construct a sequence (x,,) such that z,1 € Fx,, which satisfies:
M (zpi1,Tn, kt) > M (2, xp-1,t), neN" t>0.

By Lemma 2.3, (z,,) is a Cauchy sequence in X. Since (X,M,T) is complete, hence
there exists x € X such that lim M(z,,z,t) =1, ¢>0.

n—roo

Next we show that z € Fz, indeed, by (3.4) we have:

P Hy (Fay, Fx, kt) , M (xp,x,t) , M (Fxy,x,t), M (Fz,z,t), -0
T = U.
M (zy,, Fa,2st) , M (Fax,,x,t)

According to (¢71) we have

¢ M(In—i-lnyakt)7M(znax7t)7M(In+17xvt)vM(FI7xat)7 >0
T = .
T(M (xp,x,t) , M (z, Fx,t)), M (X111, ,1)

Letting n — oo,

or (M (@, Fa,kt) 1,1, M (Fe,a,1), M (2, Fe,1),1) 2 0.
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y (¢r3) we get
M (Fx,x,kt) > M (Fz,z,t), t>0.

By Lemma 3.1, x € Fx.
Unicity. Suppose that y € X is another fixed point of f, then by (3.4) we have

(]5 HM(Fx,Fy,kt),M(x,y,t),M(Fx,x,t),M(Fy,y,t), >0
T
M (x, Fy,2st) , M (Fx,y,t)

= b Hy ({z}, Py, kt), M (@, y,1), M (@, 2,8), M (Fy,y.8), )

T(M (z,y,t), M (y, Fy,t)), M (x,y,t)

Since Hpr ({2}, Fy, kt) = in}f M{x}, z, kt) < M(x,y, kt), by (é11) we get
zeFy

o1 (M (e,y.kt) M (2,9,8) 1,1, M (@,5,8) M (2,.8) ) 2 0.

y (¢r3) we get
M (x,y,kt) > M (z,y,t), t>0.

By Lemma 3.1, z = y. O

Theorem 3.2. Let (X, M,T) be a complete fuzzy b-metric space with constant s
and let F: X — CL(X).

Suppose that there exist k €]0, %[, zo € X and v € (0,1),
lim T2, M(zg,x1, Ui) =1,z € Fag. Let ¢p € O such that: Ve,y € X, >0,

i=n
n— oo

oy (Fa, Fy, kt), M (x,y,t), M (Fz,z,t), M (Fy,y,t),
or M ( y, kt), M (z,y,t), M ( ) (yy)zo. (3.5)
M (z, Fy,2st) , M (Fx,y,t)

Then F has a fized point © € X.
Moreover, if © is absolutely fixed for F ( which means that F(x) = {x}), then
the fixed point is unique.

CL(X) will denote the family of nonempty closed subsets of X.
Proof. Existence. Let zp € X, and define the sequence (x,,) of elements from X
such that: z,; € Fa, for every n € N.

According to (3.5), with = z,_; and y = z,, we have

Orm (Frn—1,Fxn, kt) , M (xn-1,2n,t), M (Fxn_1,Tn-1,t), M (Fn,zn,t), >0
T > 0.
M (zn-1,Fxn,2st), M (Fxp_1,%n,t)

Since z,, € Fx,,_1 and z,41 € Fz, we get

M(an—hxn—lvt) 2 M(lEn,qu_l,t), M(Fxnaznat) Z M(:En-‘rlamnat)
and Oy (Fxp_1, Frp, kt) < M (Tn, Tny1, k).
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By (¢11) we have

(b M(mnvwnJrlakt)7M(mn717xnvt)aM(xnvxnflat) 7M(xn+1;xn7t)v >0
T =
T(M (xnflaxnyt) 7M($n7Fxn»t))7M(xnvxn>t)

M (xnal'n+1»kt)7M (l'nflvxnvt)aM (xnvxnflat) , M (mn+1;xnat) ,
= ¢r > 0.
T(M (xnflvx’rht) 7M ($n5$n+17t))a 1

According to (¢r2) we get
M (zp, Tpa1, kt) > min {M (z,—1,2n,t) , M (Xp, Tpt1,t)} .

If M (xp, Tpy1, kt) > M (xp,, Tpt1,t) then by Lemma 3.1 it follows that
Ty = Tpy1 € Fx,. So
M (z,, xpi1,kt) > M (x—1,20,t), neN* t>0.
By lemma 2.3, (z,) is a Cauchy sequence in X. Since (X,M,T) is complete, hence
there exists x € X such that lim M(x,,z,t) = 1, ¢ > 0. Next we show that
n—oo
x € Fz, indeed, by (3.5) we have:
oy (Fap, Fa,kt) , M (2, x,t) , M (Fxy,2,t), M (Fx,x,t),

or > 0.
M (2, Fx,2st) ,M (Fa,, z,t)

According to (¢r1) we have

¢ M(In—i-lnyakt)7M(znax7t)7M(In+17xvt)vM(FI7xat)7 >0
T -~ U.
T(M (xp,x,t) , M (z, Fx,t)), M (X111, ,1)

Letting n — oo,

o1 (limsupM(mn+1,Fx,kt),1,1,M(Fx,x,t),M(x,Fx,t),l) > 0.

n—oo

By (¢r3) we get
limsup M (zy,41, Fz,kt) > M (Fz,z,t), t>0.

n—o0

By proposition 2.2 we get
limsup M (241, Fx, kt) < M (Fz,z,skt), t>0.

n—o0
Then
M (Fz,z,at) > M (Fz,z,t), a=ske(0,1), t>0.
By Lemma 3.1, x € Fx.
Unicity. Suppose that y € X is another fixed point of f, with by (3.5) we have

¢ 5M(F£C,Fy,k't),M(:L',y,t),M(Fl‘,l’,t),M(Fy,y,t), >0
T
M (z, Fy,2st) , M (Fx,y,t)
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= or (M (a,y. kt) M (2,58, 1,1, M (2,,8), M (2,3,) ) 2 0.

By (¢r13) we get
M (z,y,kt) > M (x,y,t), t>0.

By Lemma 3.1, z = y. O
As a consequence of Theorem 3.2, if F' = & is single-valued mapping, then we
obtain the following.

Corollary 3.1. Let (X, M,T) be a complete fuzzy b-metric space with constant s,
and let & : X — X. Suppose that there exist k € (0, %), zog € X and v € (0,1)

such that lim T2, M (xo, Sxo, Ui) = 1. Let ¢p € O, for all z,y € X, t > 0, such
n—oo
that
M (Sz, Sy, kt) , M (z,y,t), M (Sz,z,t) , M (Sy,y,t),

or >0. (3.6
M (z, Sy, 2st) , M (S, y,t)

Then S has a unique fixed point x € X.

Example 3.7. Let X be the subset of R? defined by X = {4, B,C, D}, where
A = (1,0,0), B = (0,1,0), C = (0,0,1) and D = (2,2,2). T(c,d) = c.d for all
¢,d €[0,1] and (X, M, T) is a complete fuzzy b—metric space such that:

—d(z,y)

M(z,y,t)=e" ¢ , z,y€ X, t>0,

where d(z,y) denotes the Euclidean distance of R3.
Let S : X — X be given by $(A) = H(B) = 3(C) = 4,3(D) = B.
To show that for all xz,y € X, k € (?, 1).

s M (Sz, Sy, kt), M (z,y,t), M (Sz,z,t), M (Sy,y,t) <0
T =Y
M(x7 %y7 2t) 7M (\SI, y’ t)

Indeed: If z,y € {A, B,C} we have M (Sz,Qy, kt) = M (A, A, kt) = 1.
So B(M (z,y,1)) — B(M (Sz, Sy, kt)) = B(M (2,y,t)) = 0.
If x € {A,B,C} and y = D we find

=3
3

M (Sz, Sy, kt) = e and M (z,y,t) =e

3k — V2
So (M (a.1.1)) — A (32,8, kt)) = B V2 5 ¢
For zg € X, we have ILm M (z0,Szo, 15) = 1, then
V3

lim T2 M(zo, Szo, v3't) = 1, with k = -
n— o0

1
Now, all the hypotheses of Corollary 3.1 are satisfied and thus & has a unique
fixed point, that is x = A.

Remark 3.1. From Corollary 3.1 and Example 3.1 we obtain Theorem 2.4 [23].
Remark 3.2. From Corollary 3.1 and Example 3.3 we obtain Theorem 2.5 [23].
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4. Application
Let X = C([a,b],R) be the set of real continuous functions defined on [a,b], and

T(c,d) = c.d for all ¢,d € [0,1] and let (X, M,T) be a complete fuzzy b—metric
space with s = 2 and fuzzy b—metric

sup o (u)—y(u)|?
u€la,b]

M(z,y,t)=¢ @ , x,ye X, t>0.

Consider the following integral equation

b
x(u) = g(u) +/ G(u,v)f(v,z(v))dv, u € [a,b], (4.1)

where f : [a,b] x R — R and ¢ : [a,b] — R are two continuous functions and
G : [a,b] X [a,b] — RT is a function such that G(u,.) € L'([a,b]) for all u € [a, b].
Consider the operator F: X — X defined by

b
Fz(u) = g(u) —|—/ G(u,v)f(v,z(v))dv, wu € a,b]. (4.2)

Theorem 4.1. Suppose that the following conditions are satisfied:
(H,) there exists 6 : X x X — RT for all v € [a,b],

| fv,2()) = f(v,y(v) | < O(z,y) |2(v) —y(v) | Va,y € X,
(Hz) there exists A € [0, 3), such that
b
sup / G(u,v)0(x, y)dv < V.
u€la,b] Ja

Then the integral equation (4.1) has a unique solution in X.

Proof. It is clear that any fixed point of (4.2) is a solution of (4.1). By conditions
(Hy) and (Hz), we have

b b 2
s [Falu) ~ Fyl = s | 6ot s - [ Gl sy
b 2
= s | [ Gl 0)lf(0,2(0) - f(oy(w))de
u€la,b] |Ja

IA

b 2
sup ( / G, 0)6(z, ) |2(v) — y(v)| dv>

w€la,b]

u€la,b] u€la,b]

b 2
< sup Ja(u) — y(u)l? x ( sup / G(u,vw(x,y))dv)

<A sup a(u) —y(u)”.
u€la,b]
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This implies

sup | Fa(u)—Fy(u)|? =X sup |z(uw)—y(u)|?
u€(a,b] u€la,b]

e~ t >e 7 , xz,ye X, t>0.

Therefore,

M (Fz,Fy,\t) > M (x,y,1),
> min{M (z,y,t), M (Fx,z,t), M (Fy,y,t)} z,y€ X, t>0.

For zg € X, we have lim M (zg, Fzo,2"t) = 1, then lim T2°, M (o, Fxo,2t) = 1.
n— oo n—oo

Then all conditions of Corollary 3.1 are satisfied with ¢ as in Example 3.3. Thus

the operator F' has a unique fixed point, which means the integral has a unique

solution in X. O

Example 4.1. The following integral equation has a solution in X = (C[1,e],R).

1 ¢ In(u.v)
x(u) Jr/l z(v)dv, ue€l,el]. (4.3)

T lra? e
Proof. Let F: X — X defined by

Fz(u) ! + /16 ln(u'v)x(v)dv, u € [1,€].

T 1+ w2 e2
o In(u.v) .
By specifying G(u,v) = 5> f(v,z) =2 and g(t) = ;77 in Theorem 4.1,
e

we get :
(1) For all z(.),y(.) € X, it is clear that the condition (H;) in Theorem 4.1 is
satisfied with 8 = 1.

(2)

sup /16 ln(u-U)dU = iz sup /j(ln(v) + In(u))dv

2
u€ll,e] e €7 uell,e]

= — sup [vin(v) —v+vin(u)y

; u€[l,e]
1

= — sup (In(u)(e—1)+1)
€ u€(l,e]

zlgﬁ, \e (121>
e e?’ 2

Therefore, all conditions of Theorem 4.1 are satisfied, hence the mapping F' has a
fixed point in X, which is a solution to equation (4.3). O

5. Conclusion

In this paper, we are interested in proving a fixed point theorem for multivalued
mappings in fuzzy b—metric spaces. Some examples in this space are presented.
Additionally, some new fixed-point results in this space are formulated and proven,
which extend the results of [23], and the existence and uniqueness of the fixed point
in such a space are demonstrated.

The approach proposed may pave the way for new developments in generalized
metrical structures and fixed-point theory.
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