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Entanglement of Several Classical and Dynamic
Estimates with Unified Approach on Time Scales

Faryal Chaudhry! and Muhammad Jibril Shahab Sahir®

Abstract In this research article, we present several generalizations of Qi’s
inequality on time scales. We establish dynamic versions of Callebaut’s in-
equality and Cauchy-Schwarz’s inequality on time scales. To establish our
results, we apply the diamond-alpha integral and the time scale A or V-
Riemann-Liouville type fractional integrals. Our findings unify and extend
discrete, continuous and quantum analogues.
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1. Introduction

The calculus of time scales was initiated by Stefan Hilger [13]. A time scale is
an arbitrary nonempty closed subset of the real numbers. This hybrid theory is
also widely applied on dynamic inequalities, see [2,15-20,23,24]. The basic ideas
concerning the calculus of time scales are given in [7,8].

The following Qi’s inequality is proved in [12].

Let r > 1 and ® be a nonnegative continuous function on [¢,w] such that 0 <
®(\) <7r(w— &)~ Then we have the following inequality

(/: (ID()\)d)\)T < Z—:exp ([J <I>()\)d>\) < (w_i)H /: ST (L1)

The following Callebaut’s inequality is given in [11].
Let z, > 0, y > 0 and wy, > 0 for any k € {1,2,...,n} with > w, = 1. If
k=1

there exist the constants m, M > 0 such that 0 < m < ’5—’; <M ; oo for any
ke{1,2,...,n}, then
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< <<m> )wai‘l DR wnatyp Y, (1:2)
k=1 k=1

for any v € [0, 1] and 6 = max{1 — v, v}.

The following Qi’s inequality is proved in [12].

Let 0 <p<qg<1 7r>0and T,® be measurable nonnegative functions on
[€,w] such that fg} T (v)®9(y)dy < co. Then we have the following inequality

[(/f“”‘l“’”””ﬁ <5 (/;nwdv); " exp (/5 T(v)éq(v)dv);

(1.3)

We shall unify and extend (1.1) and (1.2) in the calculus of time scales by
applying the diamond-alpha integral. We shall also unify and extend (1.3) in the
fractional calculus of time scales.

2. Preliminaries

Now we present a short introduction to the diamond-« derivative as given in [1,21].
Let T be a time scale and ®(A) be differentiable on T in the A and V senses.
For A € T, the diamond-« dynamic derivative ®°« () is defined by

% (N) = ad®(\) + (1 - a)dY(\), 0<a<l.

Thus ® is diamond-« differentiable if and only if ® is A and V differentiable.

The following definition is given in [21].

Let £,k € T and ® : T — R. Then the diamond-« integral from & to x of & is
defined by

/: B(A) ou A = a/:cp(A)AA +(1-a) /: BV, 0<a<l,  (21)

provided that there exist delta and nabla integrals of ® on T.
The following inequality is given in [6,22].
Let r > 0 and z > 0. Then the following inequality is valid:

2" < —e”. (2.2)

The following well-known Young’s inequality holds:
For Q,x > 0 and v € [0, 1], we have

Q'Y < (1 —0)Q + vy (2.3)
Kantorovich’s ratio is defined by

(h+1)2

K(h) = T

where h > 0.
The following inequality is given in [14].
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For any Q,x € [m, M] C (0,00) and v € [0, 1], we have
M
(1—-v)Q+ovy < K° <) Q' Uy, (2.4)
m

where 0 = max{1 — v, v}.

The following definition concerning the time scale A-Riemann—Liouville type
fractional integral is given in [3,5].

For a > 1, the time scale A-Riemann—Liouville type fractional integral for a
function ® € C.4 is defined by

Te(x) = /E ek, 0 (7)) B (1) A, (2.5)

which is an integral on [£, k)T, see [9] and h, : T x T — R, a > 0 are the coordinate
wise rd-continuous functions, such that ho(x, () =1,

host (k) = /C ha(7,Q)Ay, ¥C,k € T. (2.6)

Notice that .
710 (x) = /5 B(1)Ar,

which is absolutely continuous in x € [£, w|T, see [9].

The following definition concerning the time scale V-Riemann—Liouville type
fractional integral is given in [4,5].

For a > 1, the time scale V-Riemann—Liouville type fractional integral for a
function ® € (4 is defined by

T ®(k) = /: ha—1(k, p(7))®(7) V7, (2.7)

which is an integral on (&, &]r, see [9] and Ay : T x T — R, o > 0 are the coordinate
wise ld-continuous functions, such that ho(x, () =1,

}ALoHrl(KvC) = A ila(77 C)V’Y, VC7 k€ T. (28)

Notice that .
7w = [ @)
which is absolutely continuous in k € [, w]r, see [9].
Theorem 2.1 ( [1]). Let&,w € T and n1,n2 € R. Suppose U € Crq([€, wT, (N1,12))
and T € Crq([€, w]T, R) with wa [T(N)|JAXN> 0. If F € C((m,n2),R) is convez, then

(fgw T(A)I\I’(A)M> - Je& TV (T(N) AN
Eemiax ) T Fiemian

(2.9)

If F is strictly convex, then the inequality < can be replaced by <.

In this paper, it is assumed that all considerable integrals exist and are finite.
Let T be a time scale, {,w € T with £ < w and an interval [¢,w]r means the
intersection of the real interval with the given time scale.
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3. Integral inequalities

First, we give an extension of Feng Qi’s inequality by using the diamond-alpha
integral.

Theorem 3.1. Letr > 1 and T, ® € C ([§,w]r,R —{0}) be o4-integrable functions
such that 0 < [T(A\)®(N)| < r(w — &)~ on the set [€,w]r. Then

(lwnww¢uﬂoaA)r_:;em)Qéwnwné@noaA)

e [ moe e G

N

< r
T (w=9) ¢
Proof. From the given condition, we have

wa [TN)PN)| 0o A <7 and r~"(w—&)" < [TN)PN)|".
Applying (2.2) to z = f;} [T(AN)P(A)| 00 A, we have

= ([ roveoren )
< e | IR

< er,rfr(w o 6)7177’7](0‘] o é-)lJrr

e'l',r'l‘ w
< TA)P(N)| 7" oq A
g [ e
The proof of Theorem 3.1 is completed. O

Remark 3.1. Let T =R, T =1 and ® > 0. Then inequality (3.1) reduces to
inequality (1.1).

Remark 3.2. Let a =1, T=2Z, (=1, w=n+1,T=1and &(k) = a2 > 0,
k=1,2,...,n. Then inequality (3.1) reduces to

n T r n o n
(Z xk> < Z—rexp <Z xk> < (ij Zx;r. (3.2)
k=1 k=1 k=1

Throughout this section, we will assume that neither ® = 0 nor ¥ = 0. Now, we
present Callebaut’s inequality [10] and reverse Callebaut’s inequality on time scales
by applying the diamond-alpha integral.

Theorem 3.2. Let T, 0,V € C([{,w]r,R) be on-integrable functions. Assume

further that 0 < m < I“ig\\%ll < M < o on the set [§,w]r. Let v € [0,1]. Then

/: TR [ o A/: TR 2 () o, A
SLINMWMW%AL|nMWQV%A

5 % ? N 2(1—v) 2v
<K (( ))/§ L)) P [T 00 A

m
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x /w TP TN PA 0q A, (3-3)
¢

where § = max{1l — v, v}.
Proof. For A, v € [, w]r, it is clear that

P R _
S e e =M (34

Let Q()\) g(i‘\g‘; and x(v) = :igg‘;, A,y € [§,w]r. Using (2.3) and (2.4), we have

PN WY L BE | (e)P
( ) ( ) SU=gRE T YE6)7
)

’ (M) [2()*\"
(( ) ) (2 A)P) (ww) - B39
Multiplying by [¥(A)|?[®¥(y)[%, A,y € [£,w]r, (3.5) takes the form
[P [T (N2 (7) 2 1w (7) P
<1 =)@ P + [T (V)2 @(7)[
<K ((Anf) ) PP P, (36

Multiplying by | T ()| and integrating (3.6) with respect to A from & to w, we obtain

</§ TR PE TN 0 A) 1 () [2° W (7))

<(1-v) (/E VIR 00 A) [9()P2
o (/}E VI 00 2) [000)
<K ((ﬁf)) (oo R e A ) )R

(3.7)

Again, multiplying by |Y(v)| and integrating (3.7) with respect to « from & to w,
we obtain the desired inequality (3.3). O

Remark 3.3. Let a=1,T=Z, (=1, w=n+1, &(k) =2, >0, UV(k) =y >0
and T(k) = wy > 0 for any k € {1,2,...,n} with zn: wy, = 1. Then inequality (3.3)
reduces to (1.2). =
Remark 3.4. We have the following results:

(i) If we replace v by 3(1 —v) with v € [0,1] in (3.3), then we get

| RO 00 x [T TV )] 00 A
¢ 13
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s/:I Wlle) w/ NI 00 A
<t ((ﬁf))/5 TR ) 0a A

x /w TN (A 00 A (3-8)
3

(ii) Also, if we take v = Fu with u € [0,2] in (3.3), then we get

L rreoeer o |"<>w/ N @O EN)E 00 A
3

s/:I WA w/ NE) [ o0 A
<k ((‘“ﬂf)) [ eleyE ) e

x /M\T(A)H@(A)\“I\I’(/\)IQ’“ Oa A, (3.9)
3

where ¢ = max {%w 1-— %u}

4. Fractional inequalities

In this section, we give an extension of Qi’s inequality by using the time scale
A-Riemann—Liouville type fractional integral.

Theorem 4.1. Let 0 < p < g < 1, r > 0 and T, € Crq([§,w]T,R) be A-
integrable functions such that Zg'(|Y(k)||®(k)|?) < 0o, V& € [{,w]r. Then for a > 1
and ho—1(.,.) > 0, we have the following inequality

(Ze (T ()@ (x)[7)) " < T exp (ZE(IT(R)[B(R)))7 . (A1)

1
Proof. Applying the inequality (2.2) for z = (fg [T ()| @ (v )|qA'y) *, we have

K/& IT('V)|<I>(7)I‘1A7) ;] T < Z—:exp (/5 |T(7)||<1>(7)|qm) " (4.2)

Choosing F (7) = v# in Theorem 2.1, which for 0 < p < ¢ < 1 is obviously a convex
function on [0, c0), we have

r

( /é TO)e0)PA )
(/5 |T<v>|m);_g (/5 T(w)@(v)qm);
= ([ o) e [ IT(W)I<I>(7)IQA7);

IA

IN
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Replacing | Y ()| by ha—1(k,c(7))|T(7)| in the last inequalities, we get the desired
inequality. The proof of Theorem 4.1 is completed. O

Next, we give an extension of Qi’s inequality by using the time scale V-Riemann—
Liouville type fractional integral.

Theorem 4.2. Let0<p<qg<1,7>0andT,® € Ciq([§,w]r,R) be V-integrable
functions such that JT(|Y(k)[|®(k)|?) < oo, Vi € [{,wlr. Then for a > 1 and

ha—1(.,.) > 0, we have the following inequality

Q=

(TP < = (D) exp(Te (T (4.3

Proof. Similar to the proof of Theorem 4.1. O

Remark 4.1. Let « = 1, T =R, K = w and T,® > 0. Then inequality (4.1)
reduces to inequality (1.3).

Next, we give another extension of Qi’s inequality by using the time scale A-
Riemann—Liouville type fractional integral.
Theorem 4.3. Let 2 + 1 =1 forr,s > 1 and T,®,V € Cyq ([§,w]r, R — {0}) be
A-integrable functions such that 0 < m < 2L < Af < oo on the set [, &]T,

()l
Vk € [§,w]r. Let a > 1 and ha—1(.,.) > 0. Then we have the following inequality

1

1
p

(ZE(TI@)M) ™ (Ze (TR ()])

=

M Ts
< () zrlee v,

(4.4)

[

and hence deduce that

1—1

T

=) < <J\ﬂf) (Z2(12(r) T (k)])"

(Ze(@(R)N) (Z¢ (1%(x)

<(5)  Sen@ieeue). 15)

Proof. Using the given condition, for v € [£, k|r, V& € [, w]T, we have

(v)

Multiplying both sides by ha—1(k,0(7))|YT(y)| and integrating over v from ¢ to &,
we have

r

s,

1
W(y)| =M™~

( [ et 0(7))T(7)|¢’(V)ITM> ’
£
<M ( /5 ha1<w<v>>|*r<w>|@(v)wm)mw) . (4.6)
On the other hand, we have
()] = m* | W(y)]7.

Multiplying both sides by hn—1(k,0(7))|T(y)| and integrating over « from & to s,
we have

( | K ha1<w<w>>|r<v>|wwvmf
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s

<m~w (/: ha-1(k, 0(7))|T(7)|@(7)‘1’(7)A7) : (4.7)

Combining (4.6) and (4.7), we get (4.4).
When T = 1, then (4.4) takes the form

@ =

@ o) @ewr) < (3) Z(ewew). @

Applying (2.2) to z = Z¢(|®(x)¥(x)|), V& € [, w]r, we get (4.5) from (4.8). This

completes the proof of Theorem 4.3. O
Next, we give another extension of Qi’s inequality by using the time scale V-

Riemann—Liouville type fractional integral.

Theorem 4.4. Let + + % =1forr,s >1 and T,®,¥ € Cyy ([§,w]|r,R —{0}) be

V-integrable functions such that 0 < m < Egml < M < oo on the set [€,K]r,

Vi € [, w]|r. Let a > 1 and Ba_l(., .) > 0. Then we have the following inequality

1

Tl @Eeeleer)’ < (5) g el e

(4.9)
and hence deduce that
(22001 (T (w00 =5) ™ < (3] (et we))”
-1,
<(3)  Lewn@(aeD). ()
Proof. Similar to the proof of Theorem 4.3. [

Now, we give an extension of Cauchy—Schwarz’s inequality by using the time
scale A-Riemann—Liouville type fractional integral.

Theorem 4.5. Let T,®, U € Cpq ([§,w]T,R) be A-integrable functions. We assume
that m,n, M, N € (0,+00) such that (N|¥ ()] — m|®(7)|)(M|®(y)] — n|¥(y)]) >0
on the set [&, k|r, VK € [,w]r. Let o > 1 and ho—1(.,.) > 0. Then we have the
following inequality

Ze (1T (w)[| (k) [)Z¢ (| T (x )II‘I’ _1
Ze (I (r)Zg (|7 ()12 (1) W ( =3 <\/> \/>> (4.11)

Proof. From the given condition, for v € [¢, k|1, V& € [€,w]r, we have

(MN +mn)|®(y)¥(y)| = Mm|®(7)]* + Nn|¥(y)]*. (4.12)

Multiplying both sides of inequality (4.12) by |Y ()| and integrating over + from &
to k, we obtain

(MN + mn) /g )@ T ()| Ay
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ZMm/N [TN@(y) Ay + Nn/n T2 ()[*Ay. (4.13)
¢ 3

From Jensen’s inequality (2.9), we have

(/ T Av) ([ reias) ([ eeepas), @
(/ T Av) ([ reeias) ([ reeonwepas). @

By using inequalities (4.14) and (4.15) and applying the AM-GM inequality, the
inequality (4.13) takes the form

(1 o) ( | renias) ( | IOl E )l
am ([ IT(7)|@(7)|A7)2 e ([ o)

vt / rreleeias) ( / TEeea). @9

Replacing |Y(v)| by ha—1(%,0(7))|T(7)| in (4.16), we obtain the desired claim. O
Next, we give an extension of Cauchy—Schwarz’s inequality by using the time
scale V-Riemann-Liouville type fractional integral.

Theorem 4.6. Let T, P, ¥ € Ciy ([§,w]r, R) be V-integrable functions. We assume
that m,n, M, N € (0,+00) such that (N|¥(y)| — m|®()])(M|®(y)| — n|¥(y)]) >0
on the set [¢,k]r, Vi € [€,w]r. Let a > 1 and ho_1(.,.) > 0. Then we have the
following inequality

T (L)1 2 () ) T2 (X >||\1/ .
TETD T (TR 2(r) T 2<F \/7 ) (4.17)

Proof. Similar to the proof of Theorem 4.5. O

2
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