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Entire Solutions for Certain Class of Non-Linear
General Difference Equations
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Abstract In this paper, we investigate the entire solutions for a certain
class of non-linear difference equations of the form: f™ 4 ¢(2)e?® Ly (z, f) =
a1(2)eP1®) £ as(2)e”2®) | where L1(z, f) is the generalized linear difference op-
erator, a1 (z) and as(z) are non-zero small functions of f, ¢(z) and Q(z)(non-
constant), f1(z) and fB2(z) are non-zero polynomials. Our results improve
upon and generalize some previously established findings.
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1. Background information

Assuming the reader’s familiarity with conventional notations and core outcomes
of Nevanlinna’s theory on meromorphic functions (see [9]), in this paper, we consis-
tently refer to meromorphic functions as those meromorphic in the entire complex
plane C. For a meromorphic function f and @ € C = C U {oo}, any 2 such that
f(2) = ais termed an a-point of f. In 1926, the Finnish mathematician Rolf Nevan-
linna made a noteworthy breakthrough in complex analysis by investigating mero-
morphic functions over the complex plane. He demonstrated that a non-constant
function can be uniquely determined by five distinct pre-images, including infinity,
without considering multiplicities. This finding is particularly interesting because
it has no counterpart in the real function theory. Later, Nevanlinna went on to
prove that when multiplicities are taken into account, four points are adequate for
determining the uniqueness of a pair of meromorphic functions. In such cases, ei-
ther the functions coincide, or one is a bilinear transformation of the other. These
seminal discoveries marked the beginning of research into the uniqueness of pairs
of meromorphic functions, especially when one function is related to the other.
Two meromorphic functions f(z) and g(z) share a CM(Counting multiplicity) or
IM(Tgnoring multiplicity) if f — a and g — a have the same set of zeros counting
multiplicities or ignoring multiplicities, respectively. Further recall that the order
of f is defined by

o(f) = lim supw.

r—o0 logr
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Establishing the existence of solutions for complex differential equations represents
a significant and challenging problem. Nevanlinna theory has found extensive appli-
cation in analyzing the properties of such equations. In recent times, an increasing
number of researchers have employed Nevanlinna theory to study the solutions of
complex differential equations. Moreover, certain topics related to complex differ-
ence equations or complex nonlinear differential-difference equations have also been
explored using the difference analogs of Nevanlinna theory (see [16], [10], [17]). No-
tably, in 1964, Hayman [9] examined the behavior of nonlinear differential equations
of the following form:

fn+Pd(Z7f) :g(z)’ (11)

where Py(z, f) is a differential polynomials in f of degree d with meromorphic
coefficients of growth S(r, f) and n > 2 is an integer.

In 2004, C.C. Yang and P. Li [20] demonstrated that the differential equation
4f3+3 f” = —sin 3z possesses precisely three non-constant entire solutions, namely
fi1(z) = sin(z), f2(2) = @cos(z) — 1sin(z), and f3(z) = —@ cos(z) — 3 sin(z).
Since sin(3z) can be expressed as a linear combination of €3 and e~3%| this result
has stimulated the interest of numerous scholars to investigate the more general
differential equation

fn + Pd(z7 f) = plealz + p26a2z7

where Pj(z, f) is a polynomial in f and its derivatives with meromorphic coefficients.
Subsequently, it was demonstrated in [19] that the equation:

PP +a2)f(z+1) = p(2),

where p(z) and ¢(z) are polynomials, does not admit any transcendental entire
solutions of finite order. As a result of the interest generated by the initial findings,
numerous investigations have been undertaken by examining various forms of the
function g(z) in the non-linear differential equation (1.1). For a more comprehensive
overview and additional details regarding non-linear differential equations, one may
consult [1,11,15,23,24].

Several authors have been intrested in investigating the solution of the following
type of equation

F+ Pa(z, f) = a1 (2)e™ ) + ag(2)e), (1.2)

where Py(z, f) is a differential polynomials in f of degree d and a;(z), as2(2), B1(2)
and f3(z) are polynomials. Several works pertinent to the topics discussed can
be found in [3,4,7,12,22]. For instance, Liu et al. [14], in their study referenced
therein, investigated the existence of meromorphic solutions for the equation (1.2)
and derived the following result.

Theorem 1.1. [1/] Let n > 3 be an integer and d < n — 2 be the degree of
differential polynomial Py(z, f). Consider the polynomials 1(z), B2(z) of degree

k(> 1) and a1(2), as(z) be two small non-zero meromorphic functions of e If
(5

@ ¢ {ﬁ, "771, -1, 1}, and any one of the following occurs

(Z) Pd(zvf) ?_é 07
(i) Paz ) =0, Zp ¢ {2, 41,

B
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then (1.2) does not have the meromorphic transcendental solution f with N(r, f) =
S(r. f).
Subsequently, in 2013, L.W. Liao et al. [13], in the referenced work, investigated
differential equations of the form
FUf'+ Palz, f) = q(2)e?), (1.3)
and derived results by considering g(z) as a non-zero rational function and Q(z) as
a non-constant polynomial.

Theorem 1.2. [13] Let f be a meromorphic solution of (1.3) with finite number
of poles. Then Py =0, f(z) = s(z)e%, for d < m—1 and the rational function
s(z) satisifies s"[(n+1)s" + Q's] = (n+ 1)q.

In 2017, M.F. Chen et al. [5], investigated the existence of finite-order entire
solutions for the following non-linear difference equations

M +a(2)Af(z) = al(z)eﬁl(z) + a2(2)652(2), n>2

and

P4 q(2)eRP f(z 4 ¢) = a1 (2)e* + ag(z)e™, n>3,
where ¢, ) are non-zero polynomials, and ¢, A\, «;, B; (i = 1,2) are non-zero
constants.

Over the past two decades, researchers have primarily focused their studies on
three distinct aspects concerning the solutions of shift, delay-differential, or differ-
ential equations:

1. existence and non-existence conditions,

2. order of growth,

3. different types of forms of solutions.

2. Preliminaries

The first lemma is the difference analogues of Logarithmic derivative Lemma [9]
which plays an important role in the study of complex difference equations.

Lemma 2.1. [6] Let f(z) be a non constant meromorphic function with finite
order o and c1, co be two complex numbers such that c; # co then for each € > 0

m (r, m) —0 ().

Lemma 2.2. /8, Clunie’s Lemma] Let f(z) be a non constant finite order mero-

morphic solution of f™(2)P(z,f) = Q(z,f) where P(z, f) and Q(z, f) are dif-

ference polynomials in f with small meromorphic function as coefficient, and let

c€C, § < 1. If the total degree of Q(z, f) is a polynomial in f and its shifts are at

most n, then

Lertlclf)
7o

m(r, P(z, f)) = o +o(T(r, f))
()

for all r outside of a possible exceptional set with finite logarithmic measure.
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Lemma 2.3. [21] If fr(z), 1 <k <m, and gx(2), 1 <k < m, m > 2 are entire
functions that meet conditions listed below

15 (e =0,
i=0
2. The orders of fi(2) are less than that of e91(*)=9n()
for1<k<m, 1<k<l<n<m, then fr =0 for1 <k <m.
Lemma 2.4. [21] Let f be a non-zero meromorphic function. Then
f/
m (T, f) =O(logr) as r — o
if [ is of finite order, and

m (7’, jj;) =O(logT(r, f)) as r — o©

possibly outside a set E of r with finite linear measure if f is of infinite order.

3. Main result

We now introduce the generalized linear difference operator of f(z) as,

k
Li(z f) =) bif(z+c)(#0), (3.1)

i=1

respectively, where b;, ¢; are non negative integers, cg = 0. In view of the above
discussion it is quite natural to characterize the nature of exponential polynomial
as a solution of certain non linear difference equation.

Consider the following non linear difference equation of the form

"4 a(2)e? P L1 (2, f) = an(2)e™D) + ag(2)e™ ), (3-2)

where n is an integer, a1(z), as(z) are non zero small functions of f and ¢(z), Q(z)
(non constant), 31(z), B2(z) are non zero polynomials.

Theorem 3.1. If f(2) is a finite order transcendental entire solution of (3.2) with
n > 3 and deg 1 # deg o, then the following holds:

(i) Suppose deg 81 < deg B2 and p(f) = deg 1. Then every solution of f satisifies
p(f) < max { deg 1, deg B2} = deg Q(2) and f = Ne'® | where 4™ = a.
(i1) Suppose deg B1 < deg B2 and p(f) > deg B2. Then every solution of f satisifies

p(f) = deg Q(z) > max { deg 51, degf2}.
Similarly we can get for deg 81 > deg B2, p(f) > deg 1.

Proof. Let us assume that f(z) is a transcendental entire solution of finite order
for the equation (3.2). To establish the proof of the theorem, we shall consider the
following cases:

Case 1. If p(f) < max{deg b1, degﬁg}, then from (3.2) and Lemma 2.1 it
follows that

B1(z) B2(z) _ fn
T(r,eQE)) =T (T’ a1 (2)eP1?) + as(z)e f >

9(2)L1(2, f)
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<T (r, ozl(z)eﬁl(z) + ag(z)eﬁQ(z)) +nT(r, f)+ T (r, ¢(2)L1(z, f))
+S(r, f)

<T (r, o (2)ef1 ) 4 ag(z)eBQ(Z)) +m (T, ﬁl(? f)) +m(r, f)

+nT(r, f) + S(r, f)
< T (ra1(2)e” + az(2)e* ) + (0 + VT, f) + S, ).
That is T(r,e®*) < T (r, oy (2)ePr () 4 az(2)e?2(2)) | which implies

deg(Q(z)) < max { deg 1, deg 32 }. (3.3)

Concurrently, from equation (3.2) and Lemma 2.1, we deduce the following:

T (ra1(:)e” 9 +as(2)e% D) =m (1 f" + () L1z, )% ) + S(r. f)
< (n+D)T(r, f) 4+ T(r,e®®) + S(r, f)
< T(r,e9®) + S(r, f).

This implies that
mazx{ deg f1, deg 2} < deg(Q(2))- (3.4)

From (3.3) and (3.4), we have

deg(Q(=)) = maz{ deg fy, deg By} and p(f) < deg(Q).

By differentiating (3.2), we get

nfr 4 qL1(z, f)eQM = al(z)eﬁl(z)/\/ll + 052(2)662(2)./\/12, (3.5)

where M = Cﬁll(é’f;/)) + %/ +Q, My =081+ Z%, My = 5+ Z—i are small functions
of f.

Eliminating the terms e* and e®? from (3.2) and (3.5), we obtain the following
expression

Myf™ —nfr 4 (Mg — M)gLi (2, £)e®F) = (M — My)eP2as. (3.6)
Similarly,
Maof™ —nf" ' + (Mg — M)qL(z, [e®® = (My — My)ePray. (3.7)

Given that deg(f1) # deg(B2), it is evident that My — Ma # 0. We have deg(f1) <
deg(f2) and deg(81) = p(f). Upon differentiating equation (3.6) and eliminating
the term e”2, we arrive at the following expression:

AeQ®) 4 Ay =0, (3.8)
where
Ar = [ My~ (B2 + M)| (Mo = Mgl (2, ),
Ay = f172 [(MaMs = MY f2 = n(My + Ma) ff +n(n = 1) (f)? +nff'],
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M _M ’ ’
My=U4=2e) gy g 22
Since p(f) < deg(Q), by equation (3.8) and Lemma 2.3, we get A1 = A = 0.

From A; = 0, we must have either M; —M =0 or M4 — (% + M) =0.
Subcase 1.1. Supposing M; — M = 0, we have

qe? DL (z, f) = yrare™, y1 #0. (3.9)

If y1 = 1, then by substituting (3.9) into (3.2), we get f* = agef?. Since
p(f) < deg(B2), which is absurd.
If y1 # 1, then by substituting (3.9) into (3.2), we get

4+ qe?P Ly (2, f) (1 - ;) = e’ (3.10)
1

On differentiating (3.10), and eliminating e?2, we get
Aze@® 4 A, =0, (3.11)

where

A (1 - ;) (Ms — M)qLa (= 1),

Ay =" fMy—nf].

Analogous to Case 1, we obtain A3 = A4 = 0. From the condition A3 = 0, we
must have My — M = 0. However, since y; # 1 and ¢qL41(z, f) # 0, we arrive at
My = M, which is a contradiction.
This implies that My — My = 0.

Subcase 1.2. Suppose My — (% + /\/l) = 0. By integrating we get

(My — M)qu(z)ﬁl(Z’f) = yo(M; — Mg)a2652, yo 7 0. (3.12)
Substituting (3.12) into (3.6), we have

Myf —nfr Ll = (1 — yo) (M1 — Ma)age. (3.13)

Given that f is a transcendental entire function, by invoking the Hadamard factor-
ization theorem, f can be expressed in the following form:

f(2) = H(z)e"®). (3.14)

In the representation above, H(z) denotes the canonical product formed by the
zeros of f, and v(z) is a non-constant polynomial satisfying deg(v) = p(f).
Substituting the expression (3.14) into (3.13), we obtain:

(H(2)e?CN™ My — nH(V' (2) + 1)) = (1 — y2) (M1 — My)age™. (3.15)

Combining (3.15) with deg(v) = p(f), we see that deg(v) = deg(52), which is a
contradiction.
Therefore yo = 1. From (3.13) we have

Mif —nf' =0. (3.16)
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On integrating, we get ™ = ysan e, y3 # 0, and we claim that y3 = 1; otherwise
by substituting (3.16) into (3.2), we get

(y3 — 1)041651 = el — QGQ(Z)£1(27f)~ (3.17)

Since deg(52) = deg(Q(z)) > deg(B1) and by Lemma 2.3, we get (y3 — 1)ay = 0,
and since a1 # 0, we must have y3 = 1. Similarly we can prove another case as
well.

Case 2. If p(f) > max{deg(B1), deg(B2)}, it follows from Lemma 2.1 and (3.2)

o1 (2)eP1®) 4 ay(z)ef2() — fn
Q(Z)El(z,f) ) +S(Taf)
< m(r, ) +mr, %) + (n+ m(r, )+ S, )

T(r,e?®) =m <r,

ie.,

T(r,e?®)) < (n+ 1)T(r, f) + S(r, f).

This implies that deg(Q(z)) < p(f).

We now prove that deg(Q) = p(f). Otherwise, if deg(Q) < p(f), denoting
D =qeQ and P = ay(2)e” ) +ay(2)e@) . T(r,P) = S(r, f) and T(r, D) = S(r, f),
substituting D and P into (3.2), we have f* = P—DL;(z, f) and using Lemma 2.2,
we get m(r, f) = S(r, f) and N(r, f) = S(r, f), therefore T'(r, f) = S(r, f), which is
absurd.

Therefore

deg(Q(2)) = p(f) > max{deg(51), deg(f2)}-
Case 3. If p(f) = max{deg(51), deg(B2)}, it follows from Lemma 2.1 and (3.2)
that
T(r,e?®)) = m(r,e®®) + S(r, f)
T(r,e®) + T(r,e) 4 (n + 1)m(r, f) + S(r, f)
2p(f) +5(r, f),
which implies that deg(Q(z)) < p(f).

We now prove that deg(Q(2)) = p(f), if deg(Q(2)) < p(f) and denoting £ = ge?,
then T'(r, &) = S(r, f) and (3.2) becomes

<
<

P4+ ELL(2, f) = a1 (2)eP P 1 ay(2)e23), (3.18)
Differentiating the above equation and eliminating e’!, we get

len — nf"_lf’ + gl (Z, f) = 042./\/13662 (319)
Maof™ —nf" L 4 Go(z, f) = —a1 M3z, (3.20)

where
Gi(z, f) = MuELy (2, f) — (EL1 (2, f)),
Go(z, f) = M2EL1 (2, f) — (EL1(2, f)) and Mz = M| — Ms.

On differentiating (3.19), we get

P2 [ MaMy = MY 2 = n(Ma + M) Ff +n(n = 1)(F)? +nf"f]
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=G1(z, f) = MaGi(2, f). (3.21)
For the sake of simplicity, we denote
D(z) = (MsMy — MY) 2 = n(Ms + M) ff' +n(n—1)(f)? +nf"f,

U(z2) =G| — MsGy,

Mo

M3 N M4 (65)

+ B3.

Therefore,
fre(2) = U(2). (3.22)

Suppose ¥(z) = 0, we have G; — M3G; = 0.

If G, = 0, on integration we get £L£1(z, f) = yaa1e where y4 # 0, from this we
have f(z) = H1(2)e?(?), where H,(z) is the canonical product formed by zeros of
f and v1(2) is a non constant polynomial which satisifies deg(vi) = p(f).

This implies that deg(81) = deg(v1) = p(f) > deg(B2), which is a contradiction.
Therefore G; # 0, then we have G| (z, f) = M3Gi(z, f), which implies that G (2, f) =
ysMszage’, ys # 0. Substituting this into (3.19), we get

FUEMy - nf] = (1 - 1) Gi(=. ).
Ys

Since n > 3, whether or not y5 = 1, we get from Lemma 2.2 that fM; —nf’ = 0.
On integrating we get f* = ygane®, yg # 0 and p(f) = deg(B1), which is a
contradiction.

Therefore Go(z, f) # 0 and it follows that ®(z) # 0.

Consider

O(2) = haf* + haf f' + ha(f')? + haf f”, (3.23)

where h; = MsMy — MY, hg = —n(Ms3+ M), hg = n(n — 1), hy = n where hy
and hs are meromorphic functions that are non zero with T'(r, h;) = S(r, f), i = 1, 2.
We now turn into the following cases.

Subcase 3.1 If f has a finite number of zeros, then it is possible to assume that
f is of the form f(z) = Ri(2)eR2(*) where Ri(# 0), R2 are polynomials, and

deg(Rz2) = deg(B2), deg(R2) = deg(Q(2))-
Substituting f(z) into (3.19), we get

[MiR1 — nRY™HRY + R1RY)] €™
k
+ Z {MERL (2 + i) — E' (RY(2 + ¢i) + Ri(z + ci)Rh (2 + ¢;)) } eR2Fed)

=1
=a2M36ﬁ2. (3.24)

If [MiR1 — nRY ™ (R} + R1Rj)] "2 = 0, then on integrating we get

/

(5{ + Zl) Ri—nRY™H(R] + RiRy) ™2 =0,
1

y7041€ﬂ1 = R?enR27 Y7 # 07
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and since deg(f1) < deg(Ra), it follows from Lemma 2.3 that a3 = 0, which is
absurd.

Therefore [MiR1 — nRy ™ (R) + R1RY)] e"R2 0.

Suppose Ra(z) = dpz™ + -+ -+ ag and B2(z) = anz™ + -+ - + by where d;, a;(0 <
i <n) are constants and d,,, a, # 0. This implies that

[M1R1 - nR?il(Ra + R1R/2)] e(ndn—an)z"+-+(ndo—ao)

k
+ Z {MIERL (24 ¢;) — E (Rh(z+ i) + Ri(z 4 )R (2 + ¢;)) } eRe (e =2
i=1

:OZQM?,.

From (3.3), we get a contradiction.
Subcase 3.2. Suppose f has infinitely many zeros. Then by (3.23) and Lemma 2.3
we can get m (7", %) = S(r, f), which implies that m (r, %) = S(r, f). From (3.23),

we get

Wo(n ) e (n ) 5o
<T(r,®) +S(r, f) = S(r f), (3.25)

where N, (7‘, %) is the counting function of f for zeros with multiplicity minimun

2. Thus, we have

T f) =T (n }) + S f)=m (n }) N (r, }) + S0 f)

= Ny <r, ]10) + S(r, f).

Therefore we deduce that f has infinitely many simple zeros. By differentiating
(3.23) we get

@' (2) = f2hy + (2hy + hh) '+ ha(f))? + haf f& + (2hs + ha) f'fP + ha f £,

(3.26)
From (3.23) and (3.26), we get
f ((hzq) — h3®) f' + (2h3 + h4)<I>f(2))
=f[(h®" = K@) f + (ha® — (2h1 + h3)) f'
+ (hy® — ho®) fP) — hy® O], (3.27)

If zp is a simple zero of f and not the zero and pole of the coefficient of (3.27),
substituting zg into (3.27), we observe that zj is a zero of (ha® — hg®') f' + (2h3 +
hy)® .
Let
(ho® — h3®') f' + (2h3 + hy) D f2)
7 .

J(z) = (3.28)
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Then we can deduce that T'(r, J) = O(logr) by Lemma 2.4, so J(z) is a rational
function. It follows from (3.28)

B —hso n(n — 1)9’ , Jf
A <n(2n -1) + n(2n — 1)<I>> Fr n(2n—1)® (3:29)

Substituting (3.29) into (3.23), we obtain

D(z) = wi f? + wa f f' + ws(f')?, (3.30)

where w1, = hl + ﬁ, Wo = (n — 1) [2?1h21 + (2n‘i”) :| , w3 = n(n — 1) are
rational functions and

T(r,w;) = S(r, f). (3.31)
By the similar argument of [2, (from the equation (3.19) to (3.20))] we get

@/
wg(wg—4w1wg)Eﬁ—wgwg—4w1w2w3+w§wg—4w1w3wé = w3 (w3 —4wyws)’, (3.32)

representing w3 — 4w, ws = ¥. Now we will discuss the following cases.
Subcase 3.2.1. If ¢(2) # 0 then we get 2 = ¥y %2 On substituting all
the parameters and integrating, we get
IC —(2n—1)
Bi+B2 _ —==— Hn—1
e = — 2 @ e S(r, f).
e (r.)

This is possible when 81 = —fs, which is a contradiction since deg(5;) < deg(532).
Subcase 3.2.2 If ¢ = 0, then (3.30) becomes

P _ L% 2 / 7\2
0= (32) 2+ wad s+ wal )

[f + “’Qf} . (3.33)

2’(U3

Let I = f/ + 12”;5, we know that I' is a non zero rational function from (3.33).

Substituting f/ =T — % into (3.19), we get

<M1 + n) P =nlf" 4 Gi(z, f) = aaMse™, (3.34)
(Mz ' ) f7 =D 4 oz, f) = an My (3.35)

If My + n;fj 0 and My + 2w3 = 0 then we get M3 = 0 which is absurd.

Consequently we claim

Otherwise, since My # 0 and a3 # 0, from (3.34), we have

N( QZ)HV(”C) ( /\;3>+N( f)=80f), i=



1250 Harina P. W. & Manjunath B. E.

Therefore from Lemma 2.4, equation (3.31) and T'(r,I') = S(r, f), there exist two
small functions (1, B2 of f such that

3

Hy = (Ml + nfj) (f = B1)" = aaMze™, (3.36)
7-[2 = (Mg + ’I’Lw2) (f - BQ)H = —Oél./\/lg,eﬁl. (3.37)
2’11]3

Based on Nevanlinna’s second fundamental theorem concerning small functions 81 =
B2, from (3.36), we get

Mo + no22-
et = TE 20 ) e S(rf),
M1+nﬁ

which is possible when 31 = (5, which is a contradiction since deg(5;) < deg(532).
Therefore

p(f) = deg(Q) = max{deg 1, deg fa}.

O
Some examples have been given to illustrate the sharpness of our result.

Example 3.1. Take £1(z, f) = f(2+2). Then the function f(z) = 2ze™* satisifies
the difference equation f3 + ze* T512f(z + 2) = 82337 + 2z(z + 2)e* , where
n=3,q0z2 =z Q) =22+2+2, a1 =82 ¢c1 =2, ¢, =00 =2to k), B1 =
—3z, B2 = 2%, ,as = 22(2 + 2). Then clearly we can see that degB; = 1 < 2 =
deg B2 and p(f) = deg 1 =1 < max{1,2} = 2 = deg Q(z). Thus the conclusion (i)
of Theorem 3.1 holds.

Example 3.2. Take £1(z, f) = f(z+1). Then the function f(z) = ze~* satisifies
the difference equation f3 + ze* 731 f(z + 1) = 23¢73%° 4+ 2(z + 1)e~*, where
n=3q(2)=2 Q) =22+2+1, a1 =23, ¢, =2, ¢; =00 =2tok), B =
—322, B = —2, ;a9 = z(z +1). Then clearly we can see that degfs = 1 < 2 =
deg 1 and p(f) = degQ(z) = 2 > deg 1. Thus the conclusion (ii) of Theorem 3.1
holds.

The following example demonstrates that a function fulfilling the conditions of
Theorem 3.1 and satisfying equation 3.2 can be constructed even in the case where

deg 1 = deg f,.

Example 3.3. Take £1(z, f) = f(z+1). Then the function f(z) = e* satisifies the
difference equation f3(2)+e?[f(z+1)] = e3*+e**T1 wheren = 3, q(2) = 1, Q(z) =
z, k=1, b1=1, c; =1, a1(2) = 1,61(2) = 32, az(z) =1, P2(z) = 22+ 1. This
example satisfies the conditions of the Theorem 3.1 with deg8; = 1 = degf2, and
p(f) =1=degp:.

4. Conclusion

In this paper, we explored the existence of transcendent entire solutions for a par-
ticular class of nonlinear difference equation (3.2). Our main result, characterizes
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the possible entire solution of the finite order in terms of their order of growth in
relation to the degrees of polynomials 81(z) and fa2(z). Specifically, if the order
p(f) is smaller than the maximum of the degrees 51 and S, either f has a smaller
order than the degree Q(z), or f takes the form f = e/ where v = a;. On the
other hand, if p(f) is equal to the maximum degree, then p(f) must be the degree of
Q(2). Our findings are demonstrated by providing examples. These results improve
and generalize some previously established results on the existence of meromorphic
solutions for related nonlinear difference or differential equations.

Open problem

1. For the class of non-linear difference equation 3.2, do meromorphic solutions
exist, and if yes, how can they be characterized?

2. What are the conditions under which the non-linear difference equation 3.2
has solutions of infinite order, and how can its growth properties be explained?

3. What can be said about the distribution and nature of zeros and poles of
transcendental solutions to these types of non-linear difference equations?
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