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Abstract The ongoing COVID-19 pandemic, caused by the highly contagious
coronavirus, poses significant challenges to public health worldwide. Effective
control measures are essential to mitigate the spread of the virus and pro-
tect vulnerable populations. This study aims to develop novel mathematical
models using fractional derivatives to analyze the dynamics of the COVID-19
outbreak. By employing modified mathematical procedures, we explore the im-
pact of quarantine and isolation as control measures on the disease’s transmis-
sion dynamics. We investigate a system representing COVID-19 through three
different arbitrary-order derivative operators: the Atangana-Baleanu deriva-
tive with the generalized Mittag-Leffler function, the Caputo derivative with a
power law, and the Caputo-Fabrizio derivative with exponential decay. Using
fixed-point theory, we assess the existence and uniqueness of solutions for the
arbitrary-order system. Our analysis includes numerical simulations that re-
veal how varying the fractional order influences the behavior of the epidemic.
The results demonstrate that increasing the fractional order generally slows
the disease’s progression, reflecting the memory effect inherent in fractional
derivatives. Specifically, higher values of the fractional order correspond to a
more gradual spread, reducing the peak number of infections and extending
the outbreak’s duration. The work highlights the critical importance of using
fractional order models to capture the complex dynamics of disease spread and
emphasizes that the implementation of quarantine and isolation for treatment
significantly decreases the cumulative number of new cases and the overall
transmission rate of COVID-19. This research underscores the effectiveness of
utilizing fractional-order models to better understand and control the complex
dynamics of disease transmission.
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1. Introduction

An extension of integer-order derivatives and integrals to arbitrary-order deriva-
tives is known as the calculus of arbitrary-order derivatives. In the field of applied
mathematics, fractional calculus has become a potent tool for solving real-world
problems. Compared to classical integer-order operators, arbitrary-order operators
offer a greater capacity to capture the memory and inheritance aspects of real-world
situations.

The applications of arbitrary-order derivatives are extremely varied and include
signal processing, biomathematics, engineering, and physics [1,2], among other do-
mains [3-9]. Numerous arbitrary-order derivatives in fractional calculus (FC) ex-
ist and are typically classified into two types in the literature: singular and non-
singular.

The most widely used of them are the Riemann-Liouville and Caputo opera-
tors [10], which are based on the power law kernel. The idea of arbitrary-order
differentiation and integration incorporating a power law kernel has recently un-
dergone historical evolution, where the power law kernel has been examined and
modified by a non-singular kernel [11,12].

In fractional modeling of real-world problems, two widely used derivatives are
the Caputo-Fabrizio (CF) derivative, which involves the exponential law kernel [12],
and the Atangana-Baleanu (AB) fractional derivative, which was developed based
on the Mittag-Leffler kernel with non-local and non-singular properties [11].

Numerous investigators have focused on the scientific applications of these variab-
le-order derivative operators to identify the mathematical systems that these three
kinds of kernels are used to describe [13-19].

It can be difficult to pinpoint a specific remedy to an issue at times. Many
researchers are naturally more interested in finding fractional operators and us-
ing numerical techniques to solve problems as a result of this predicament. The
arbitrary-order differential equations can be solved using a variety of numerical
methods [20—-24].

Researchers have focused more on modeling and analyzing infectious diseases
in the bio-mathematical sciences using fractional operators in recent years; some
notable studies in this area may be found in [25-32]. Many nations have recently
experienced an epidemic of COVID-19, a deadly disease that goes untreated. Since
the start of the pandemic, the number of cases of SARS-CoV-2 disease, also known
as COVID-19, has been rapidly increasing, making it a serious concern. The recently
identified virus from the SARS-CoV-2 virus family is the cause of the respiratory
disease COVID-19.

The most typical signs and symptoms of COVID-19 include fever, exhaustion,
dry cough, and dyspnea. Human-to-human transmission of the disease is mostly
through tiny droplets released during coughing, sneezing, or talking. After being
originally discovered in Wuhan, China, in December 2019, the SARS-CoV-2 virus
quickly spread to other parts of the world. Numerous people have died as a result
of the new outbreak throughout many nations.

Humanity was thrust into a state of extreme fear by the novel COVID-19 out-
break, which compelled people to concentrate their efforts on studying and fore-
casting the disease’s future course. When it comes to understanding how diseases
spread, predicting the future, and making decisions to stop the spread of infectious
diseases, mathematical systems have been extremely important.
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Different mathematical approaches have been developed specifically to explore
the COVID-19 pandemic as seen in the works of [33-38]. Also, Khan et al. [39]
developed a mathematical model for COVID-19 dynamics using both integer order
and Atangana-Baleanu derivative approaches, analyzing stability through fractional
Lyapunov functions and implementing numerical solutions via modified Adams-
Bashforth scheme. Kumar et al. [40] investigated COVID-19 dynamics using three
different fractional derivative approaches (Caputo, Caputo-Fabrizio, and Atangana-
Baleanu), analyzing existence and uniqueness through fixed-point theory and pro-
viding numerical solutions with varying arbitrary power values. Ghanbari and
Kumar [41] studied a fractional predator-prey-pathogen model using Atangana-
Baleanu operators, analyzing equilibrium stability, solution uniqueness, and chaotic
behaviors through numerical simulations with various fractional derivative values.
Kumar et al. [42] analyzed COVID-19 spread in India using Hermite wavelets basis
for solving a fractional-order model with Caputo derivative, employing operational
matrix with collocation scheme and providing numerical simulations for different
fractional orders. Kumar et al. [43] developed a three-dimensional fractional host-
parasitoid population model using Caputo operator, investigating chaotic behaviors
and providing numerical solutions through Adam-Bashforth-Moulton and Toufik-
Atangana schemes. Veeresha et al. [44] investigated fractional generalized nonlinear
Schrodinger equation using v-homotopy analysis transform method with Atangana-
Baleanu derivative, proving the existence of solution and demonstrating numerical
validations through case studies.

Despite the aforementioned research works on modeling the transmission dynam-
ics of COVID-19, there still exists a significant gap in devising measures to reduce
the burden of the disease. Thus, the novelty of this research lies in investigating the
effect of fractional order on the transmission dynamics of COVID-19 in the presence
of quarantine and isolation for treatment as control measures. In achieving this aim,
we examine the COVID-19 mathematical system within the structure of fractional
derivative operators using three distinct kernel types with the specific aim of investi-
gating the effect of fractional order, quarantine, and treatment on the transmission
dynamics of COVID-19. The advantages of the suggested approach using fractional
operators over existing methods are significant. First, fractional order derivatives
can approximate real data with greater flexibility than classical derivatives. Second,
this approach accounts for non-locality, a feature that classical derivatives cannot
capture. Additionally, fractional order derivatives exhibit a memory effect with re-
markable characteristics that cannot be replicated in classical models. The memory
effect in fractional models can be adjusted to achieve various degrees of responses,
providing a more nuanced understanding of the system being studied. Also, the
fractional derivative epidemic models provide powerful and hereditary properties
of the system, which are neglected or difficult to incorporate in classical models.
Futhermore, when fitting data, the fractional models have one more degree of free-
dom than the integer-order model, which gives several better responses. This can
be seen in the work of Chen et al. [45], where they demonstrated that the fractional
order model can predict the number of infectious people accurately and help con-
cerned bodies, such as policymakers, stakeholders, and health professionals, make
well-informed decisions in preventing and controlling an epidemic.

Using the recommended numerical techniques, the approximate solution is ob-
tained for all the fractional operators that are proposed. A significant limitation of
using fractional order models to analyze the spread of infectious diseases is the risk



COVID-19 Dynamics with Three Fractional Operators 1277

of over-fitting, as their flexibility can capture noise rather than meaningful patterns.
To address this, we implemented cross-validation techniques to evaluate model per-
formance on unseen data, ensuring robust generalization. We also simplified the
model by reducing the number of parameters, enhancing its predictive capability
as seen in table (1) and table (2). Additionally, we conducted temporal and spatial
validation to confirm that the model generalizes effectively across different time pe-
riods and geographical contexts. The remaining portion of this work is defined as
follows: The mathematical preliminary for the fractional order derivatives is given
in Section (1.1). We presented in Section (2), the mathematical model formulation
for both classical and fractional orders. Numerical methods for fractional Caputo
derivative with power law and that of Caputo-Fabrizio derivative with an expo-
nential law were presented in section (3), with the existence and uniqueness of the
model solutions examined alongside the numerical scheme in the same section.

The analysis of the COVID-19 fractional order model via the Atangana-Baleanu
(AB) derivative operator and the model simulation are provided in Section (4). In
Section (5), conclusion and numerical findings are presented.

1.1. Fractional calculus preliminaries

Some basic definitions and results needed for this study are presented in this section.
Important definitions involving the different kernels required for this research are
discussed briefly. [46-52].

Definition 1.1. [10]. The Liouville-Caputo fractional order derivative of order
6 € [0,1) is defined as:

t
1

’W/“—ngﬁ () dv. (1)
70

Definition 1.2. [12] The Caputo-Fabrizio (CF) derivative that has no singular
kernel of a function z (¢) of the fractional order 6 € (0,1) is defined as:

§ Dix(t) =

N @) | 0 (t— d
50t =1 [ew | -1 Lo wyan, (12)
0
where N (6) = N (0) = N (1). Secondly, z € Q' (0,T),T > 0.

Definition 1.3. [53]. For the function z (t), the fractional order integral with
order 0 € (0,1) is defined as:

6 Iz (t) = mx(t) + (292)9N(m /33(1/1) dip. (1.3)

Definition 1.4. [11]. The Atagana-Baleanu (AB) fractional order operator of
order 0 € (0,1) in Caputo sense is defined as:

p 8
ABCDIy () = éB(z; /fyo [—W} %x(d}) dy, (1.4)
0
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where 7y is a Mittag-Leffler function and is defined as:

Yo (m) i(mk),eec,z%(e) >0,m e C,

k=0 ’W

also AB(#)=1-60+ (%,%) represents the normalization function.
The fractional order integral discussion related to the Atagana-Baleanu deriva-
tive is defined as:

aBpo, gy~ 1=0) 4 t Ol
0= 50O / (o) e @) (15)

2. Mathematical model formulation

We divide the human population into five compartments, the Susceptible Individuals
(5), the Exposed Individuals (E), the Quarantined Individuals (Q), the Infected but
Isolated for Treatment Individuals (I7) and the Recovered Individuals (R).

Susceptible Individuals (S): The population of susceptible individuals is re-
cruited at a constant rate, denoted by A, which represents the birth rate and immi-
gration into the population. The class decreases due to natural mortality at a rate
1, reflecting the average lifespan of individuals. Additionally, susceptible individu-
als can become infected through two main routes: contact with exposed individuals
at a transmission rate 31, and contact with infected individuals who are isolated for
treatment at a transmission rate 8. The parameter 5; models the rate at which
exposed individuals, who are in the incubation phase, transmit the disease to sus-
ceptible individuals. On the other hand, 2 accounts for the possibility that isolated
infected individuals may still transmit the virus under certain circumstances, such
as ineffective isolation or late detection. The susceptible population also increases
when recovered individuals lose their immunity and re-enter the susceptible class
at a rate w, representing the waning immunity observed in some individuals after
recovery. Furthermore, individuals who were quarantined but found to be free of
COVID-19 after diagnosis may return to the susceptible population at a rate A,
indicating the reintroduction of these individuals into the community after being
cleared of the disease. The dynamics of this class is therefore formulated as:

% =A—p1SE — B35 + AQ + wR — .
Exposed Individuals (E): The population of exposed individuals increases as a
result of new infections, which occur when susceptible individuals come into contact
with exposed individuals and infected but isolated individuals at rates 5, and fs,
respectively. The exposed class decreases at the rate o, representing the progres-
sion of exposed individuals to fully infected status, at which point they are moved
to an isolation center for treatment. Another significant reduction in the exposed
population occurs at the rate 7, which corresponds to the quarantine of individuals
whose COVID-19 infection status is not yet confirmed. This parameter 7 reflects
the rate at which individuals exhibiting symptoms or identified as potential cases
are temporarily removed from the general population to undergo diagnostic testing.
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This process helps to prevent further transmission while awaiting confirmation of
the disease. If these quarantined individuals are diagnosed as negative, they may
return to the susceptible class; otherwise, they progress into the appropriate infec-
tion categories. Finally, the exposed class also decreases due to natural mortality
at the rate u. The overall dynamics of the exposed population are thus formulated
as:

% = 01SE + BoSIr —an B —T7E — uFE.

Quarantined Individuals (Q): The population of quarantined individuals in-
creases at the rate 7, which represents the transfer of unconfirmed COVID-19 cases
from the exposed class into quarantine for diagnostic testing. This quarantined
class decreases as individuals who are diagnosed to be free of COVID-19 return to
the susceptible population at a rate A. The parameter A captures the reintegration
of these individuals into the community after testing negative, thereby reducing the
number of quarantined individuals. Additionally, the quarantined class decreases
at the rate ag, which accounts for the progression of those diagnosed as COVID-19
positive. These individuals are transferred to an isolation center for medical treat-
ment to prevent further transmission and to receive care. Finally, similar to other
classes, the quarantined population is subject to natural mortality at the rate pu.
The overall dynamics of the quarantined population are thus formulated as:

% B30~ Q- Q.

Infected but Isolated for Treatment Individuals (Ir): The population of
infected individuals who are isolated for treatment increases through two main
processes. First, exposed individuals who become fully infectious are transferred to
this class at a rate oy, representing the progression from the exposed stage to active
infection requiring isolation. Second, quarantined individuals who are confirmed to
be COVID-19 positive after diagnostic testing are moved to the isolation center for
treatment at a rate as. These transfers help in segregating infectious individuals
from the general population to reduce transmission risks. The size of the isolated
infected population decreases due to recovery after treatment, which occurs at a
rate ¢. The parameter ¢ reflects the effectiveness of medical treatment in reducing
the number of active cases. Additionally, this class reduces due to deaths caused
by the disease at a rate o, representing disease-induced mortality, and from natural
deaths at a rate y. Together, these factors shape the overall dynamics of the isolated
infected population, which are formulated as:

dé—f =1 E+as@Q — ¢l —oly — ply.
Recovered Individuals (R): The population of recovered individuals increases
at a rate ¢, which corresponds to the recovery of infected individuals following
treatment. This recovery signifies the transition from the isolated infected class
back to the recovered class, reflecting the effectiveness of medical interventions in
curing COVID-19. However, the recovered population also experiences a decrease
as individuals lose their immunity and become susceptible to reinfection at a rate w.
This parameter w captures the phenomenon of waning immunity, where individuals
who have recovered from COVID-19 may not maintain long-term protection against
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the virus. Finally, the recovered class decreases due to natural mortality at a rate
1, which affects all individuals in the population regardless of their infection status.
The dynamics of the recovered population are thus formulated as:

dR

— = ¢Ir —wR — uR.

7 ¢lr %
The flow diagram that is associated with the above description is shown in Fig. (1)

- _ - - —rﬂR

g e m]

b J

J7AY 20

Figure 1. Flow diagram for the COVID-19 model

The mathematical model associated with our assumptions and the above model
description is given by
98 — N\ — B1SE — BoSIp + AQ + wR — S,
‘% = 1SE+ BoSIp — a1 E —TE — pE,
99 — 1B —2\Q — a2Q — pQ, (2.1)
U = B+ aoQ — ¢plp — olp — plr,
4R — ¢Ir — wR — pR.

2.1. Fractional COVID-19 mathematical model

We extend in this section the integer model presented in equation (2.1) as follows:

DS (t) = A — BiSE — BaSIr + AQ + wR — 4,
DE (t) = p1SE + 2SIy —anE — 7E — uE,

DiQ(t) = TE — AQ — a2Q — p@, (2.2)
DIy (t) = a1 E 4 a2Q — ¢Ir — olr — plr,
DR (t) = ¢Ir —wR — uR,
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with initial conditions

So (t) = S<O)7 Ey (t) = E(O)’ Qo (t) = Q(O)v I (t) =Ir (0)7 Ry (t) = R(O)

Model (2.2) is therefore re-modeled by replacing the classical derivative (D;) us-
ing (DY), (§¥DY) and (#2“DY) which represents the Caputo derivative with
fractional order 6, Caputo-Fabrizio derivative with fractional order 6 and Atagana-
Baleanu derivative with fractional order 6 respectively.

The modified COVID-19 model with Caputo derivative of fractional order 6 with
power law is presented as:

§DIS (t) = A— B1SE — 3511 + AQ + wR — S,
SDYE (t) = B1SE + BoSIr — o E — TE — pE,
§D{Q (1) =TE = A\Q — a2Q — pQ, (2.3)
§DYIr (t) = anE + asQ — ¢Ip — olp — plr,
SDYR(t) = ¢pIr — wR — uR.

The modified COVID-19 model with Caputo-Fabrizio derivative of fractional order
0, which has an exponential kernel law is presented as:
§FDIS (t) = A — B1SE — BoSIp + AQ + wR — puS,
gFDfE (t) = B1SE + B2SIr —anE — 7E — uE,
§7DIQ (1) =TE - \Q — a2Q — pQ, (2.4)
§FDYIr (t) = a1 E + asQ — ¢lr — olr — ply,
SFDYR(t) = ¢Ir — wR — puR.

)
)

Also the modified COVID-19 model with Atagana-Baleanu-derivative with gener-
alized Mittag-Leffler function is presented as:
SBEDIS (1) = A — B1SE — BoSIr + AQ + wR — 1S,
GPCDIE (t) = B1SE + 2SIy — an E — 7E — uE,
07DIQ (1) = TE = AQ — 2Q — pQ, (2:5)
GBODy (t) = a1 E 4 a0Q — ¢lp — olp — plr,
FBCDYR (t) = ¢l — wR — uR.

3. Numerical method for the Caputo derivative

We introduce briefly the predictor-Corrector type numerical algorithm to solve
COVID-19 model with Caputo derivative of fractional order (9).

§DVx(t)=F (t,x(t),0<t<T,

(3.1)
2™ (0) =2 n=0,1,2.k—1.

Equation (3.1) is the same as the Volterra integral equation.
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|o]—1 ¢
1 [ F@, @
w(t)=Y af’ =+ / ( (1_3)) . (3.2)
n=0 ’I’L. W 0 (t - w)
Setting P = %, t, =rp,(r=0,1,2,3, ..R).
We therefore discretize equation (3.2) as follows:
101-1 k
Ty (try1) = Z :;1968”)+ ) F (tri1,2p (tr41)) + Zbi,kHF(tuIr )],
n=0 + i=0

(3.3)
where z,, (t,4+1) is called the predicted value which is evaluated using the arbitrary
Adams-Bashforth method as given below:

0|-1 ., k
wh (try1) = lz t;j,lxém o S it F (i (1)) (3.4)
n=0 ’ ’m i=0
where
Ot (r = 0) (r+1)",i =0,
bigr1 =4 (r—i+2)"" + (- =2 —i+ 1) 1<i<r,
Li=r+1,
and

PO
dips1 = ((r+1fi)07(r7i)9) 0<i<ki=123

3.1. Predictor-corrector numerical method for the COVID-19
model with Caputo fractional derivative

From our model (2.3), we employ the predictor-corrector numerical method to solve
the fractional operator. Model (2.3) to this end is discretized as follows:

pY b
Srq1 = 5(0) + ] By (trs1, Sy, By QY I, RV + Zbi‘kJrlFl (ti, Si  Ei, Qi Iri, Ri) |
i=0
Pg k
E,41 = E(0) + ] Fo(trs1, Sy, BV QY oy Iy, RY 1) + Zbi,kHFQ (t:, 5, B, Qi ITi, Ri) |,
i=0
PG k
Qr+1=Q(0) + 7] F3(tr1, 81, By, QY y Iy, RY ) + Z biks1Fs (b, Siy Ei, Qi Imi, Ri) |
i=0
po u
Ip,q1 =Ip(0) + m Fytrs1, SYq, BY oy, QYoys Iy, RV ) + Zbi,k:JrleL (tis Si, Bi, Qi Iri, Ry) |
i=0
po b
R.y1 = R(0) + Fy(trs1, Sy, BY 1 QVy I, Y)Y biger1 Fs(ti, Si By, Qi Iriy Ry) |-
|6+ 2] =

(3.5)
SYH, EYH, Q}/H, TQYT,H, RYH are therefore written as follows:
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k
SYi=5(0)+ % {Zo di k11 (ti, Sy Es, Qi Iy, Rz):| )
_’_k: I
EY = E(0)+ ﬁ z%)di,k+1F2 (ti, Siy By, Qiy Iri, Ri) |
JT{: =
QY1 =Q(0)+ ﬁ Z:Odz k+1F3 (ti, Si, By, Qiy Iriy Ry) |
_z_k i
Iy = I7 (0) + ﬁ {;) di k+1F} (ti,Si,Ei,Qi,[TuRi)] ;
- ki -
RY+1 = R(O) + % Z:Od k+1F5 (tuSszvaITza z) )
where
Fl (t,S,E,Q,IT, ) A— ﬁlSE BQSIT+)\Q+WR :U’S
FQ (t,S,E,Q,IT, ) ﬂlsE+ﬂ2SIT*OquTE7uE,
Fg(t,S,E,Q,IT, )_TE )‘Q_OQQ /~LQ7
F4 (t7 S7Ea Qa IT7 ) - OélE + OéQQ (bIT - UIT - l’LIT7
F5(t7S7EaQ7[Ta ) ¢IT_WR—MR

(3.7)

3.2. Existence and uniqueness of solutions for the modified

COVID-19 model with Caputo-Fabrizio derivative

In this section, we employ the fixed point theorem to investigate the existence
and uniqueness of solution for the modified COVID-19 model with Caputo-Fabrizio

derivative presented in equation (2.4).

The model is therefore transformed into an integral equation given as:

S(t)—S(0)=§F If [N — B1SE — B2SIT + \Q + wR — uS],
E(t)— E(0) =5 If [B1SE + 2SIy — on E — 7E — pE],
Q)= Q0) =T I [TE = AQ — a2Q — pQ],
Ir (t) = I (0) =57 If [ E + 02Q — ¢Ir — olr — pl7],
R(t) = R(0) =57 I? [¢Ir — wR — pR].

The kernel is defined a:

Y1 (t,5) =

Ya (t,E) = B1SE + 85Iy — a1 E — 7E — uE,
Y3(t,Q) =7E - AQ — a2Q — p@Q,
Yi(tI7) = a1 B+ a2Q —

Ys (t,R) = ¢l — wR — puR.

We obtain the following after using the arbitrary integral in equation (3.8).

s follows:

A —BiSE — BoSIr + AQ + wR — S,

¢l —olr — plr,

(3.8)
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S(t)—5(0) = (22(;)1\9/(9)5/1 (t.8) + = ~ve fYI ¢, 5)d¢,
E(t) - E(0) = 5w Y2 (4,5) + =it sz (¢, 9)do,
Q1) - Q(0) = 5w Vs (t:5) + =i ng $, ) dg, (3.10)
Ir (£) = I (0) = 255apgy Ya (£, S) + @_e)—mm (¢, ) o,

R@—R@_@%%@%mm+ﬂowwfm¢5)¢

Theorem 3.1. The kernels Y1,Y2,Ys,Yy and Ys in equation (3.9) fulfill the Lips-
chitz and contraction condition provided that the inequality given below is satisfied

0 < (Brg2 + B2ga + pg1) < 1.

Proof. Starting with kernel Y7 and assuming that kernel Y7, has S and S* as
functions, then we can say

Y1 (t,8) = Y1 (2,57
== (B1E + Bolr + 1) S — 5™
< BB+ B2 Mzl + p) IS = S7||
< (Bige + B294 + pgr) IS — 57| . (3.11)

Let Ly = (8192 + B294 + 1g1). Considering the fact that

IS < g1, 1E] < 92, QI < g3, [ T[] < ga, | R]| < g5

are functions that are bounded where g1, g2, g3, 94 and g5 are some non-negative
constants. We therefore have that:

Y1 (£, 5) = Y1 (8, 57) | < pu [1S = 57| (3.12)

Equation (3.12) means kernel Y7 satisfies the Lipschitz condition. For the contrac-
tion condition, 0 < p; < 1 settles the case.
Similarly, we can write expressions for the remaining kernels as follows:

Y2 (¢, E) — Yo (¢, E*)|| < p2 ||E — E*,
Ys (t,E) — Y3 (t, EN)| < p3 |Q — Q]|
Y3 (2, E) = Y3 (¢, E*)|| < p3 [|Q — Q7| (3.13)
1Ya (t, E) = Yo (t, E*)|| < pa || I — I77]],
Y5 (t, E) = Y5 (t, E*)[| < ps [|[R — R*| .

Introducing the recursive formula using equation (3.10) gives:
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t
Sr (t) = 2l Y1 (6 So1) + = [ Y3 (9. Sr-1) do,
2(1—6
ET (t) = (2_(9)7]\[%9)}/2 (taEr—l) + (2 9)N ) fY2 ¢a r— 1)d¢7
Qr (t) (22(;)1\?(9)}/3 (t Qr 1) + 2-0)N(9) g)N ) fYS Qb»Qr 1)d¢a (3-14)

—0
ITT‘ (t) = %Ya (t»ITr—l) + m ‘({\Y4 d)a ITr—l) d¢a

t
)
R, (t) = %% (t, Ree1) + m=pney OfY5 (¢, Sr-1) do,

where SO =5 (O) ,EO =F (O) 7620 = Q (0) ; ITQ =1 (TU) ,RO =R (0) are the initial
conditions for the recursive expression given in (3.14).
Equation (3.15) is obtained after taking the difference between successive terms.

wr(t) = Sr(t) - Sr—l(t) = %

Xolt) = B, (t) = By (1) = %YA@EM) + % /0 Ya(6, Er1)dg,

20 !
Yl (t, S’r—l) + (QT)]V@A Yl (¢’a Sr—l)d¢a

o (8) = Qu(t) — Qus (1) = %Yg(t Qv1) + @L / Ya(6, Qr_1)do,
O (t) = Iry(t) — Ire 1 (2) = %m In )+ m / Ya(o, Ir,_,)do,

_ o 2(1-9) 260 /
O'T(t) = Rr(t) R7>,1(t) (2 — Q)N(O) Y5(t, erl) + 7(2 — G)N(O) o }/’5(§b7 erl)d(ﬁ.
(3.15)
Expressing our model variables in terms of an infinite series, we have that
S (t) = ;1/% (t).Er (t) = ;xi (),Qr (t) = ;W
Iy (t) = 22 (1) Ry (1) = 32 04 (1)
i=1 i=1
We obtain equation (3.16) by taking the norm of equation (3.15).
[0l = 15:(2) = Se 1Ol = || Zpredsy Vit Se-1) + =iy Jo Y6, Se-1)d) |
(3.16)

Equation(3.16) is modified as (3.17), when we apply the triangle inequality

(Ol = 15:6) = Se-1 (Ol < ity Vit Se-1) | + =y || Jo Y6, 55~ 1d¢’H-

Using the Lipschitz condition which is satisfied from theorem (3.1), Section (3 2)
by kernels, we now rewrite equation (3.17) as:

[ O = 158 = Ser (D] < G250 1551 — Sroall + =gy r i [1Se1 — Sral] do.
(3.18)
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Therefore we have

0
e (@) = 15:(8) = Se 1@ < a1 [r 1 (D + =iy o1 Jo 0r—1(0)| do.
(3.19)
The following results are obtained following the same procedure used in equation
(3.19)

B 2(1—6) 26 t

I (O = 18r(t) = Sr—a (D) < PEONOG ||xr71(t)||+(7m/ [xr-1(0)l do,
_ 2(1-9)

[ (O = 15r(t) = Sr—1(B)]| < PG (|71 (t )||+ m/ 7r—1(#)ll do,
_ 2(1-6)

€9 = 119:(£) = Sr—a (D) < NG IIQM(t)H+(7p1/ [€2-1(0)| do,
2(1-6)

Hor(t)l\:HSr(t)—Sw-fl(t)HSWps l[r— 1()|I+ ps/ lor—1(e)]| de-

(3.20)

O

Theorem 3.2. The fractional order model (2.4) coupled solution exists, if there
exist some to whenever

2(1-196) 20
(2-0)N(0) (2-0)
Proof. The model variables S (t),E (t),Q (t),I (Tt) and R (t) are taken to be
bounded functions of which Lipschitz condition is fulfilled by their kernels.

We therefore obtain the following results by employing equations (3.19) and
(3.20) recursively.

p1+ pito < 1.

ler O < 15 O)l [ 2555701 + gz ent] -
I 01 < 1E O)| [ 2525502 + gy oot] -
I (0l < 1Q O [ Ehros + 25k pst] (3.21)
192 () < Iz O [ 24505501 + 25y oat]
low ()l < IR O | Ebaros + ks pst]

We assume the following so as to show that equation (3.21) is a unique solution
of the Caputo-Fabrizio derivative COVID-19 model presented in equation (2.4).

S(t) = S(0) =5, (t) — Ar (1),
E(t)-E(0)=E,(t) - B (),

Q) —Q(0)=Q(t) - Cr (1), (3.22)
Ip (t) = Ir (0) = Iy (t) — Dy (1)

R(t) = R(0) =R, (t) - F (),

such that
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14, ()l = || 2550 (Vi (1,8) = Vit Sr-1) + =gy Jo (Yi(6,8) = Yi(6,S,-1)) o)

< i IVt 8) = Vi, Sen) |l + =iy Jo 1V1(,S) = Yi(6, Sr—1)] do,

40O < G 15 = Sl + ot IS =Sl (329
Then,
_ r+1
14, @) < [(22 4 | ]\?)(9) h ij - plt] B (3.24)
When t = t3, we have that
_ r+1
14, ()] < [(22_(19) ]\?)(9) Pt 92)0]\; @ plto] E. (3.25)

Taking the limit of equation (3.25) as 7 — inf, then we have [|A, (¢)||" leading to
Z€ro.

In the same way, we can show that ||B, (¢)|| — 0, ||C- ()] — 0, |D- ()| —
0, IF, (t)] = 0.

We therefore conclude that the existence of the solution to our model (2.4) is
proved.

We now discuss the uniqueness of the solution to model (2.4) in Theorem (3.3).

O

Theorem 3.3. The fractional COVID-19 model (2.4) with Caputo-Fabrizio deriva-
tive has a unique solution whenever

2(1—-0) 20
(1‘ e-oN©®" (2—0>N<0>"’”> >0

Proof. Assuming that the fractional model (2.4) has another solution of the form
S*(t),E*(t),Q* (t), Iy (t) and R* (t), therefore

S(t) = §*(t) = giar V(. S) = Yi(t,S%) + gty Jo (V1(6,5) = Yi(9,5%)) do.
(3.26)
Taking the norm of the above equation (3.26), we have

1S(8) = S ()] € 292 Vi (2. S) — Yi(t, S| + = S 1V3(6..9) — Yi(@, 5% do.
(3.27)
Since the Lipschitz condition is satisfied by the kernel, then we have that,

15() — S* (1) < 2925 llS(1) — S* (D) + =i it IS(E) — S D)
(3.28)
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Equation (3.28) can also be expressed as

1S () — S* (1) <1 — (22(10)_]\?)(9)p1 e 0§N(0),01t> <0. (3.29)
But
15 (t) = 5™ (#)[| = 0. (3.30)
Therefore
S(t) = 5*(t). (3.31)

This implies the model solution is proved to be unique. The remaining fractions
E(),Q(t),Ir (t) and R(t) results can be obtained following the same procedure.
O

3.3. Caputo-Fabrizio derivative numerical algorithm

In this section, we discussed a numerical method for Caputo-Fabrizio fractional
order derivative following the method used in [23].

OCFDfx )=y (t,z(t). (3.32)

Using the calculus fundamental theorem we now have,

o) =2 0) = Fvte®) + 5o [vwa@)i. ()
0

For a general case (3.33) becomes

2 ltria) =2 (0) = ey (rina (i) + 5 [ 9o Ot (334
0
Secondly,
() =2 (0) = g a0 + g [t @ (339
0

(i) = 2(te) = S50 Wt (1)) = y(te1,2(t1))) + 557 J " y(t (t) dt,
(3.36)
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try1 tria

(t?”axT) y(tr—lazr—l)

(tat)d = [ |2t g,y - Lor=b =l g

’ / [ P P (3.37)
%y (tra xn) - gy (tr—h xr—l) .

From equation (3.36), the following solution is obtained

o tr0) =2 () = 10 0 (0) =yt 1)
(3.39)
0 3P P
R | B e )~ Syt
Therefore,
(=0 P i
sttt = (S + sy ) ¥ e ) .
(S + o) wltra o),
N @) 2N ()
Equation (3.39) has the solution of the form
() =2 () = (S + 2395 ) v (o (1) .10

1-6
_ ((N(e)) + W) y (trfl, x (trf1)) .
This is the two-step Adams-Bashforth-Moulton numerical method for the Caputo-
Fabrizio fractional order derivative.

3.4. Caputo-Fabrizio derivative COVID-19 model numerical
method

We now employ the above two-step Adams-Bashforth-Moulton numerical algorithm
proposed to obtain the approximate solution of model (2.4).

St = Se+ (Sp + 23955 ) v (tr: S0 B, QT Ry)
— (‘}V;f)) + 2N(9))y1(r 1801, Er 1, Qr—1, Irp -1, Ry 1)
Briy = o+ (Sa) + 5355 ) v2 (b, v, B, Qo T, )
- ((]{,Zg)) + 2](3,?9)) Y2 (tr—1,Sr—1, Er—1, Qr—1, ITr—1, Ry 1) ,
Qri1=Qr + ( N 9) + 2‘;’3&) y3 (tr, Sr, Er, Qr, I7r, Ry)
— (%{ff +2]€,1(39))y3(tr 1801, Er 1, Q1 Irp 1, Ry 1)
Iryi1 = Iy + (O(;)) + de(P >y4 (tr, Spy By Qry I7r, Ry)
((]{,(g)) + QN((,)) Ya (tr—1,Sr—1, Er 1, Qr—1, I7r—1, R 1) ,
Ry1 =R, + ((Ji,(gg)) + 2‘}3\?5)) s (tr, Sy, Erv, Qry Iy, Ry)
- ((1(9)) + 01(3 )) Ys (tr—1,Sr—1, Br1,Qr—1, ITr—1, Ry 1) .

(3.41)

=
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4. Adams-type predictor corrector numerical method

with Atagana-Baleanu-derivative fractional order
model

In this section, we employ the Adams-type predictor corrector numerical method
used [54] to obtain an approximate solution of our COVID-19 model (2.5).

Recall that our COVID-19 model in the sense of Atagana-Baleanu-derivative
with the generalized Mittag-Leffler function is given as:

SBEDIS (1) = A — B1SE — BoSIr + AQ + wR — 1S,
ABCDOE (t) = B,SE + BoSIp — an E — 7E — pE,
0P¢DIQ (t) = TE = A\Q — a2Q — pQ,

8BCDYIr (1) = a1 E + a2Q — ¢plp — olr — plr,
ABCDOR (t) = ¢Ir — wR — uR.

)=
) =

This can also be written as:

ABCDYS (1) =y, (t, S, E,Q, I, R)
ABCDGE (t)=y2(t, S, E,Q, I, R),
éBCDG (t) =3 (t,S,E,Q,IT,R), (41)

0BCDI I (t) = ya (t, 5, E,Q, I, R)
éBCDfR (t) =UYs (ta Sa E7 Qa IT7 R) .

Applying the Atagana-Baleanu (AB) fractional order integral on both sides of the
equation.

S(t) = So(t) + Myl(tv S7E7Q31T7R) + / yl f S E, Q IT7 )(t_q/})e 1d1/}

AB(9) AB’
E(t) = Eo(t) + (j?’(g))yz(t, S,E,Q,Ir,R) + AB‘ ‘ / y2(t, S, E,Q, I, R)(t — )"~ *dy,
Q) = Qu(t) + g 0.5, .Q . ) + AB‘(Q ‘/ o(t, 5. B Qu I, R)(t — )" d,
Ir(t) = Io(t) + SB;(;)M(@ S,E,Q,Ir,R) + W/ ya(t, S, E,Q, I, R)(t — )"~ *dy,
RU6) = Ro) + {7 (6. S.B. Q. I )+ AB‘ ‘/ 5(t, 5. B, Q. I, R)(t — ) 1dv.
(4.2)

To investigate the above fractional order integral numerically, we therefore ap-
proximate the fractional order integral numerically. Employing the Adams-type

predictor-corrector method presented in [54] for Atagana-Baleanu fractional inte-
gral, we now have
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A1) = ey — 2 / r () (t— )y (43)
0

by letting P = %ﬂfr =rp,(r=0,1,2,3,...R).
We therefore consider the solution in the interval of [0, T].

Therefore the corrector formula for the Atagana-Baleanu fractional-integral ver-
sion is presented as:

_9)p?
Ty (trt1) = 2o (tr1) + %y (try1, 2y (trg1))

k
op° ) 4 4
+ape) T 2 Lir+ty (b op (1),

where
POt — (r—0) (r+1)°ifi =0,
Tiri1=4 (r—i+2)" ™+ - —20r—i+ 1) 1<i<,

le=r+1.

Similarly, the predictor z¥ (¢,1 1) is expressed as given below:

—0
% (ti1) = 20 + S5y (e e (1)

k
WYETIOK Z%J Airiry (i zp (1))

where

PG
A”H:7((r—i—l—i)e—(r—i)a),ogigr.

We therefore present our model (2.5) as given in (4.4) using the Adam-type predictor-
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corrector numerical method.

(1-9)P°

Sri1=25(0)+ AB@)[(672)

(1-9)P°

Er1=FE(0)+ ABO[67)

(1-9)P°

Qr+1=Q(0)+ ABO)[(07D)

o\ pb
Ipryr = I7 (0) + 1-6)P

(1—6)P°

B = RO+ 550 o

v \s 14 \4 v
Y1 (t7‘+17Sfy-+1 7E7~+1 7Qr+171T7‘+17R7‘+1)

k
+AB(9) D) igoTl,’r+1y1(t’LaS’L$E17Q11[leR7.)

Y v \ v \4
yQ(tT'+1’Sr+17ET+1’QT+1’IT7‘+17R7‘+1)

k
orY ST S, E.O, I R,
+ AB(6)|7(9+2) = Tz,r+1y1 (t’L7SZ7E’LaQ’L>IT'L7R'L)

v v v % v
Y3 (tT‘Fl asr+1 B 7Q'r'+l ATt 7R7-+1)

0
+ 6P

AB(0)((642)

k
W 7;;0 T7‘,,r+1y1 (tiysiinyQiaITuRi)

\% v \% \%4 \%
Y3 (tr+1 7S7‘+17E’7‘+17Q’7‘+1 vITr+1er+1)

k
opf ) S B O: I R
+AB(9) T igo Yirs1y1(ti,S:,Ei,Qi,I1i,R;i)

v v v v v
y4(tr+17ST+1,ET+17QT+17ITT+17RT+1)

0 )
P
+ 9

k
W igo Ti,r+1y1 (t'iasi7Ei7Q'i7ITi7Ri)

where SY, 1, EY, 1, QY 1,1}, 1, RV, are the predictors given as:

k
1-6 0
SY.1=5(0)+ ( )yl(tm Sry Ery Qry Iy, Ry) + ——5—— Z A ki (tis S, Biy Qiy Iiy Ry),
AB() @[ aBe) =
v (1-0) 0 -
B/ =E(0)+ Ya(trs Sry Epy Qry Ires By) + ——5——— ZALHlZ/Z(tu Si, Ei, Qi, Iri, Ry),
AB(6) (@[ aBw) =
v (1-6) 0 u
i1 = Q0) + AB(0) y3(tr, Sr, Er, Qr, Irr, Ry) + ﬁ ZAi,kJrlyii(ti» Si, Ei, Qis Iri, Ry),
@ aBo) =
v (1-0) 0 -
Ipppy = Ir(0) + Zraevalte, Se, Br, Qr, Ire, Ry) + 3 > A keyryalti, Si, Biy Qi I, Ry),
©) @ | aBo) =
(1-0) 0

RYH = R(O) +

5 r7E'r7 7‘7] Ty Alr
AB(e)yo(t’mS Q T R)+

k
T E— Z A k195 (s Siy By Qi Iis Ri).
( @) ] AB(0) =0

(4.5)

4.1. Fractional order COVID-19 model simulation

In this section, we present the numerical simulation of the COVID-19 model employ-
ing the three differential operators used. The values of our model variable(parameters)
used for this simulation are presented in Tables (1) and (2) below.
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Variables Description Values/day  Sources
(Parameters)

S Susceptible individuals 100 [30]

E Exposed individuals 70 Estimated

Q Quarantined individuals 50 Estimated

Ir Infected but isolated for treatment 20 Estimated

R Recovered individuals 10 Estimated

A Recruitment rate 400 [58]

B4 Contact rate of S and E 0.3 [55]

Ba Contact rate of S and It 0.4 [58]

A Rate at which the quarantined be- 0.05 Estimated
comes susceptible
Table 1. Description of Variables and Parameters

Variables Description Values/day  Sources

(Parameters)

w Rate at which the recovered be- 0.001 Estimated
comes susceptible

a Rate at which the exposed becomes 0.35 [56]
infectious and taken for treatment

Qg Rate at which the quarantined who 0.45 [30]
develops symptoms and are taken
for treatment

T Rate at which the exposed are 0.003 [57]
quarantined for diagnosis

0] Rate at which those treated recov- 0.1 Estimated
ered

o COVID-19 disease induced death 0.002 [58]
rate

o Natural death rate 0.0005 [58]

Table 2. Description of Variables and Parameters

The multifaceted depiction of all compartments — Susceptible (S), Exposed (E),
Quarantined (Q), Isolated for Treatment (Ir), and Recovered (R) — presented on
a single graph, while varying the fractional order (6), offers a comprehensive explo-
ration of the epidemic’s dynamics under differing memory effects. As 6 is increased
to 0.95 as observed in Figures (2(a)),(6(a)) and (10(a)), the epidemic response
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Figure 3. Human Population

is characterized by a substantial memory influence, engendering smoother transi-
tions between compartments. This manifests as a gradual ascent and decline of
each population, effectively elongating the outbreak’s duration and tempering the
zenith of infections. The pronounced memory effect facilitates a more discernible
progression of the epidemic, allowing for more measured responses and potentially
enhanced management of healthcare resources. This enables healthcare systems to
anticipate and allocate resources such as hospital beds, medical supplies, and health-
care personnel more effectively over time, preventing sudden surges that overwhelm
the system. However, this smoother trajectory might also imply a prolonged pe-
riod of susceptibility and a more protracted recovery phase as the epidemic wanes.
Conversely, when 6 diminishes to 0.85 as observed in Figures (2(b)),(6(b)) and
(10(b)), the memory effect weakens, precipitating sharper transitions between com-
partments. This intensifies the initial surge of exposed and quarantined individuals,
suggesting a potentially more rapid transmission and response dynamics. The sharp
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rise indicates that interventions like quarantining or isolation must be implemented
promptly to prevent rapid virus transmission. This surge also underscores the ur-
gency of enforcing social distancing or other immediate measures. The accelerated
rise in these populations might reflect a more urgent need for containment mea-
sures and resource allocation to curb the spread of the disease. However, despite
these intensified efforts, the isolated for treatment population experiences a delayed
peak, indicating an extended strain on healthcare infrastructure. This delayed peak
underscores the complexities of managing the epidemic, necessitating sustained vigi-
lance and adaptable healthcare systems to address evolving demands. Although the
initial phases may show sharp increases, the delayed peak for the treated population
indicates that hospitals will face sustained pressure over an extended period, necessi-
tating consistent preparedness and effective resource management. Notably, amidst
these variations in 6, the recovered population exhibits a consistent upward trajec-
tory, illustrating the enduring progression of immunity within the population. This
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resilience in the recovered population underscores the potential for long-term im-
munity and serves as a beacon of hope amidst the challenges posed by the epidemic.
The intricate interplay between 6 variations and epidemic dynamics using the three
different differential fractional order operators unveils a spectrum of scenarios, each
presenting unique challenges and opportunities for public health intervention. These
insights are invaluable for guiding public health policies, as they enable flexibility
in strategies based on disease progression. Slower dynamics prioritize long-term
public health interventions, while faster dynamics require immediate containment
measures. These insights gleaned from the comprehensive analysis of all compart-
ments on a single graph serve as a valuable guide for policymakers, enabling them
to tailor interventions, allocate resources judiciously, and foster resilient healthcare
systems capable of effectively managing epidemics amidst evolving circumstances.

When these compartments are plotted using different fractional derivative oper-
ators — specifically, the fractional Caputo derivative operator, the Caputo-Fabrizio
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operator, and the Atagana-Baleanu operator — the resulting graphs offer nuanced
insights into the epidemic dynamics. The fractional Caputo derivative operator,
known for its widespread application in modeling complex systems with memory
effects, captures the gradual transitions between compartments, reflecting the ex-
tended duration of the outbreak and the tempered peaks of infections as observed in
Figures (3(b)), (4(a)), (4(b)), (5(a)) and (5(b)). This gradual progression indicates a
slower spread of infection, where the memory effects of past states influence current
infection rates, leading to a more controlled and extended outbreak. Such behavior
suggests that interventions can be implemented in a less reactive manner, allowing
health systems more time to adapt and allocate resources effectively. Conversely, the
Caputo-Fabrizio operator, incorporating a stretched exponential function, provides
a more nuanced representation of the COVID-19 epidemic dynamics, potentially
revealing subtle variations in the rate of change within each compartment as ob-
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served in Figures (7(b)), (8(a)), (8(b)), (9(a)) and (9(b)). This operator smooths
out abrupt changes, portraying a system where sudden shifts in infection dynamics
are less likely, making it suitable for understanding epidemics that display inter-
mediate memory effects. This reflects a more adaptive public health response, as
the smoother curve allows for gradual policy changes in response to evolving data.
Meanwhile, the Atagana-Baleanu operator, which incorporates a power-law kernel,
offers a unique perspective on the epidemic’s dynamics, possibly highlighting long-
range correlations and non-local effects that influence the spread of the disease as
observed in Figures (11(b)), (12(a)), (12(b)), (13(a)) and (13(b)). The power-law
kernel emphasizes the non-local influences, where past states of infection have long-
term effects on future disease dynamics. This leads to more prolonged epidemic
cycles, where the effects of initial infections reverberate through time, underscoring
the need for sustained long-term intervention strategies. The Susceptible Popula-
tion (S) exhibits a gradual decline over time, reflecting the spread of the disease and
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Figure 13. Human Population

the decrease in susceptible individuals due to infections and natural deaths. When
plotted using the fractional Caputo derivative operator, this decline is smooth and
gradual, capturing the epidemic’s progression. This suggests that as the memory ef-
fect increases, the reduction in the susceptible population becomes slower, allowing
for a more predictable and gradual exhaustion of susceptible individuals, which pro-
vides critical insight into how public health measures can be sustained over longer
periods. The Caputo-Fabrizio operator reveals nuanced variations in the decline
rate, while the Atagana-Baleanu operator highlights long-range correlations or non-
local effects influencing susceptibility dynamics. These long-range effects indicate
that even past exposures have an extended influence on future susceptibility, mean-
ing that early interventions can have far-reaching consequences on the susceptible
population’s long-term behavior.
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5. Conclusion

In order to comprehend the transmission of disease in a general given population, we
have evaluated a variable-order fractional COVID-19 outbreak system in the current
study. By using the fractional derivatives of Caputo with power law, Fabrizio with
exponential law and Atangana-Baleanu with generalized Mittag-Leffler function the
suggested model was made more inclusive.

For a more accurate approximation of the system, three distinct kernels were
utilized in the fractional-order derivative operators. A numerical scheme was used
to solve the alternative systems: the arbitrary-order Caputo Fabrizio derivative
was based on the two-step Adams-Bashforth method, the Atangana-Baleanu frac-
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tional derivative was based on the Adams type predictor-corrector, and the Caputo
fractional derivative was based on the Adams-Bashforth-Moulton scheme. Addi-
tionally, the current investigation’s use of fixed-point theory supported the need for
the fractional-order system for the Caputo Fabrizio to have the presence of a unique
solution. We also observed from the graphs of our numerical simulations that in-
creasing the fractional order (memory effect) generally leads to a slower progression
of the disease, reflecting the memory effect inherent in fractional derivatives. Specif-
ically, higher values of the fractional order correspond to a more gradual spread,
reducing the peak number of infections and spreading the cases over a longer pe-
riod, as seen in the dynamics of the population of the Isolated for treatment class
depicted in Figures (5(a)), (9(a)), and (13(a)). Our graphical representations inves-
tigate the efficiency and dependability of the suggested methods. The impacts of
the different arbitrary-order values have been examined and are shown graphically
in a number of figures.

The results indicate that quarantine and isolation for treatment measures sig-
nificantly impact the transmission dynamics of COVID-19. Increasing the rate of
isolation of infected individuals «; leads to a notable decrease in the cumulative
number of new cases. This is attributed to the prompt removal of infected indi-
viduals from the general population, reducing the contact rate between infected
and susceptible individuals and thereby slowing the spread of the virus. Similarly,
effective quarantine measures that quickly identify and isolate exposed individu-
als before they become infectious can substantially reduce the overall transmission
rate. The graphs clearly demonstrate that higher rates of quarantine and isolation
result in lower peaks of infections and a faster decline in new cases, highlighting the
importance of these interventions in controlling the outbreak. These findings un-
derscore the critical role of timely and effective quarantine and isolation strategies
in mitigating the impact of infectious disease outbreaks.

In summary, the model dynamics are better explained by the arbitrary-order
derivative operators that were applied.

Direction for future research

Future research could expand on this work by addressing the challenges studied
in the novel trial functions and rogue waves of the generalized breaking soliton
equation, using the bilinear neural network method developed by Zhang et al. as
presented in [59].
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