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Mild Solution for the Time Fractional
Hall-Magneto-Hydrodynamics Stochastic
Equations

Hassan Khaider", Achraf Azanzal? and Abderrahmane Raji!

Abstract In this paper, we establish the existence and uniqueness of mild
solutions for the time fractional hall-magneto-hydrodynamics stochastic equa-
tions with a fractional derivative of Caputo. Initially, we focus on the existence
and uniqueness in the deterministe case. Using the Mittag-Lefller operators
{Qa(—t?T) : t > 0} and {Qq,o(—t*J) : t > 0} and applying the bilinear fixed-
point theorem, we will prove the frist result. Next, by It6 integral, and by
similair analogy we will establish the existence and uniqueness in the stochas-
tic case in EN¥ NNZ%,.

Keywords Time fractional hall-magneto-hydrodynamics equations, It6 inte-
gral, derivative of Caputo, stochastic
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1. Introduction
The hall-magneto-hydrodynamics equations (HMHD) describes the evolution of a
system consisting of charged particles that can be approximated as a conducting
fluid. The HMHD equation is given by:
v+ (V- Vv + pu(=A)Pv+Vr=(b-V)b in R® x R,

b+ (v-V)b4+v(=A)b+V x (Vxb)xb)=(b-V)v inR3 xRt

(1.1)
V-v=0 V-b=0 in R3 x RF,

U|t=o = o, b|t=0 = by in R?’,

where v = (v1, v2, v2) represents the velocity field of the flow, b = (b1, ba, b3) denotes
the magnetic field, m denotes the pressure function, p > 0 denotes the viscosity

fthe corresponding author.
Emailaddress:hassankhaider1998@gmail.com(H.
Khaider),achraf.azanzal@uhp.ac.ma(A. Azanzal), rajiabd2@gmail.com(A.
Raji)

ILaboratory LMACS, FST of Beni-Mellal, Sultan Moulay Slimane University,
Morocco.

2Laboratory of Education, Sciences and Techniques - LEST, Higher School of
Education and Training Berrechid (ESEFB), Hassan First University, Avenue
de I"Université, B.P :218, 26100, Berrechid, Morocco.


http://dx.doi.org/10.12150/jnma.2025.1369

1370 H. Khaider, A. Azanza & A. Raji

coefficient, and v represents the diffusivity coefficient, vy and by are respectively the
initial velocity and the initial magnetic field with free divergence (i.e V-v9 = 0 and
V -by = 0). The operator (—A)? is the Fourier multiplier of symbol |K|?? given by

F((=A)%v) = |KI*P F(v),

where F is the Fourier transform. To simplify and without loss of generality, we
consider only the case where p =v = 1.

The fractional calculus has a long history, going back to the early days of differ-
ential calculus. Many mathematicians like Abel, Liouville, Euler, Riemann, Leibniz,
I’Hopital, and Fourier have discussed and studied it. In the last forty years, several
rechearchers have studied it deeply and made amazing discoveries. At first, it was
seen as something abstract and not useful in the real world. But recently, scien-
tists have found that it can be applied to many different domains of science. This
new usefulness comes from the unique way fractional calculus deals with nonlocal
characteristics.

Much work has been done on fractional calculus, please refer to the complete
study [9] and associated references. For instance, regarding its applications in
physics, more specifically in electromaginetism, see [7,21] and for viscoelasticity
see [1,2,5,18,26]. Yimin Xiao in [29] gives an important application to stochastic
processes induced by fractional Brownian motion. For further examples, see the
extensive survey [9,27] and the references therein.

In this respect, and by the same reasoning as Shinbrot [20], we can show some
lemmas about the regularity of the fractional derivative of HMHD equations.

So it is not surprising to start studying this topic by proposing hall-magneto-
hydrodynamics equations with a time fractional differential operator in time:

Dfv+ (v Vv + p(=A) v+ Vi = (b- V)b in R? x R,
DEb+ (v- V)b +v(=A)b+V x (Vxb) xb)=(b-V)v inR>xR*,

(1.2)
V.ov=0, V:-b=0 in R? x R,

U|t:0 = Yo, b|t:0 = bo in R3,

where °Df* is the Caputo fractional derivative of order a € (0,1) defined by

“Diwlt) =g (W lott) ~ w0} =5 { sy [ (¢ 97" 1e0) — wlOlas}

11—«

where Ww(t) is the Riemann-Liouville fractional integral of order a of a function
w € LY(0,T; X) given by

1 t
Wow(t) i= faxw(t) = — [ (t—s)* " w(s)ds, te]0,T],
Falt) i= farolt) = oz [ (=9 w(o)ds, te0.7)
and I'(«) is the Euler’s Gamma function for any positive value of a while g, is

defined as follows:
_1 ja-—1
gult) = @ 10,
0, t < 0.
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Note that, replacing the classical time differential operator with the time frac-
tional differential operator gives a new description for the MHD equations.

In this paper, we will use the integral equation for the equations (1.2) which
contain a set of operators called Mittag-Leffler operators for proving the mild solu-
tion.

Therefore, we have a strong interest in the following equations:

Dev + (v- Vo + p(—=A)Pv+ Vi — (b- V)b = Gy (t,0,) W@ i R3 x RY,
Db+ (v- V)b + v(=A)b+V x (V xb) xb) — (b-V)v
= G2 (t,bt) ‘dvgt(t) in R x R,
V.o=0, V-b=0 in R® x R,
'U‘t:o = Yo, b|t:o =bo in R3.

(1.3)

Here G;(i = 1,2) is a random external force and W (t) is a standard Brownian mo-
tion/Wiener process on a complete filtered probability space (Q,]—" , {]:t}tzo,P),
where P is a probability measure on €, F is a o-algebra, {Fi}i>0 is a right-
continuous filtration on (2, F) such that F; contains all the P-negligible subsets and
W(t) = W(w,t),w € Qis astandard Brownian motion defined on (Q, F AF h>o0, ]P’) .

The remainder of the paper is organized as follows. In Section 2, we review some
fundamental preliminaries about the functional framework where we will treat our
problem. Section 3 is concerned with the first result of our paper, which concerns
the existence and uniqueness of mild solutions to the Eq. (1.2) (deterministic case).
Finally, in Section 4,we give our basic assumptions, and we will state and prove the
second result of this research cancerning the stochastic case.

2. Preliminaries

In the analysis of Eq. (1.2), we will use the theory of the Besov-Morrey spaces and
fractional derivation theory. For convenience, we only recall some basic facts which
will be used later. We refer to [4,23,30] for more details.

We begin by recalling some properties of functional spaces M¥#.

Definition 2.1. Let 1 < a < o0 and 0 < p < d. The homogeneous Morrey space
M* is defined by

MER?) = {$ € Lj,(R?), ¢l pze < o0}
with

6|l pgp = sup sup R™ ||| Lo (B(ao.R))» (2.1)
CEDERdR>0

where B(y, R) is the open ball in R? centered at y and with radius R > 0.
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The space M# endowed with the norm ||¢[|»4» is a Banach space and has the
following scaling property

6B gz = B~ I ¢(@) gz for — u>0.
In the case of p = 1, the norm |- |z1 in equation (2.1) corresponds to the total
variation of the measure ¢ on the ball B(y, R), and the space M# is regarded as a
subset of Radon measures. When p = 0, M¥# is equal to L°.
Let ¢ € C5° with supp(¢) C Do = {K € R" : 271 < |K| < 2} such that

i ¢(2_klc) = i ék(’c) =1, forall K#0,

k=—o00 k=—o00

where ¢y, is defined by means of Fourier transform as ¢y (K) = ¢(27%K) for all
integer k. For f € S’ we define the quantity

1
b

Z(2ks\|¢k>«<fHMg)b) 1<a<o0, 1<b<oo, seR,

flns,, =4 ke
sup(2°|| gy * fllpn) »  1<a<oo, b=o0, s€R.
keZ
It should be noted that the pair (N;,p.,lﬂ |- Il . ,) is a Banach space.
For 1 <a < oo and s > 0 we have the following equivalence [8]:

11y = suptE | T() f | ra (2.2)
’ t>0

where {T'(t)} is a fractional heat semigroup.

Definition 2.2. Let 1 < a < oo and 0 < p < 3, the function space EN*(R?) is
defined as follows:
ENGR®) = {h e S, |[hllgarn < oo},

1
2
IR ez = (SupER(E)] ez )
t>0
We are now presenting the Holder’s inequality.

Lemma 2.1. ( [16]) (H6lder’s inequality)
Let 0 < pq, po, s < m and 1 < ri,7r9,r3 < 00, such that % = % + % and

B3 — M1 B2 Then we have
T3 T1 T2

19l s < ILF I aeea gl gz - (2.3)

Lemma 2.2. ( [16]) Let 1 <7y <ry < o0 and 454 < &L2 Then
ME2(RT) — MEH(RY).

By combining [25, Lemma 3] with [8, Lemma 2.3], we can derive the subsequent
lemma.
Lemma 2.3. Let 1 < ¢ < g2 <00, 0< pu<d and v = (y1,72) € (NU{0})2. If
f € S'(RY), then there exists a constant C' depending only on d such that

—t(—A)ﬁ _L(M_u)
e fllme, <Ct7 2 a0 fll -

"Y|7L(d—lt d—p

||ave—t(—A)Bf||Mg2 < Ot 28728

w )| fll e, -
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2.1. The Mainardi function

Letting « € (0,1) , the Mainardi function U, is a mapping from C to C given by
Up(z) =G _n1-a(—2), 2 €C, (2.4)

where Gp ,(z) is the Wright function defined by the following convergent complex
series in the complex plane:

o0
xn

ge,n(fﬂ) = Zm Ve > —-1,neC.

n=0

The U, function is introduced by Mainardi in his book [6] as a specific instance of
Wright’s function.

The following proposition gives two important properties of the Mainardi func-
tion.

Proposition 2.1. For —1 < g < oo, we have:
o Uy(x) >0 forall x>0.

o [ s (o = Lat D)
/0 Uale)d Iag+1)

2.2. The Mittag-Leffler operators

This subsection is devoted to introducing Mittag-Leffler operators. Let ) be a
Banach space and —J: D(J) C Y — Y be the infinitesimal generator of a semigroup
{T(t):t > 0}. For any « € (0,1), we define the Mittag-Leffler families { Q,(—t*J) :
t >0} and {Qq.o(—t*J) : t > 0} as follows:

Qo (—t4]) = /000 U (T)T (Tt%)dr, (2.5)
and
Qu.a(—t¥]) = /0Oo Ty (T)T (Tt%)dr. (2.6)

It is remarkable that the Mainardi functions link the classical theories and the
abstract fractional. More detail can be found in [3].

Remark 2.1. e Note that in the definition of the Mittag-Leffler families, it is
important to specify that @ < 1, because if not, it would lose its coherence.
Although [30, Theorem 5] provides sufficient information on these families for
our objective, it is essential to realize that they do not form semigroups.

e It is important to note that for every fixed x € Y, the function t — Qg o (—t*J)x
stays continuous (and analytical when {Q(t) : ¢ > 0} forms an analytical semi-
group) and fulfills:

DEQ(—t* Nz = —JQu(—t*])x, t>0.
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3. Deterministic case

This section is devoted to proving the existence and uniqueness of mild solutions to

the Eq. (1.2).
- (14550 29) gty (3552
o é+3;u_25 3+3 593
X = ME NN Namﬂ .
Notation: Let X; , X2 be Banach spaces. We denote || - || x,nx, == || - lx, + | - | x-

Theorem 3.1. Let 5, pu, a satisfy 0 < pu <3 and % < B < 1. Then, there exists
a positive constant § = &(a, u, a), such that for the initial velocity (vo, by) € MH(R?)
satisfying divvg = divbg = 0 and

[[(vo, bo)l| pas < 6.
The equations (1.2) have a unique mild solution (v,b) satisfying
[o(2), b(8)[|x < 2[[(vo, bo)l| s -

In order to solve the equations (1.2), we consider the following equivalent integral
equation coming from Duhamel’s principle

v = Qu(—t*(=A) vy — /O (t—s)'PV - Qaa[(t — ) (=A) ] (v@v —b@Db)(-,s")ds
= Af(vvb)7
b= Qu(—t*(=A)?)by — /t(t — )PV Qaa[(t— ) (-A) (v @b — bR v)(-, 8" )ds’

t
7/ (t =)'V Qaa[(t — ) (=A)T((V x b) x b)(-,8")ds" := A5 (v,b),
’ (3.1)
where P = Id— VA~ 'div is the Leray-Hopf projector, which is a pseudo differential
operator of order 0.
We will first estimate the Mittag-Leffler families.

Proposition 3.1. Let 1 < a < p,a € (0,1) and 0 < 8 < 1 Then, there ezists a
positive constant C, Co such that

3u

_a (1l (3=p __
IV Qe (T (—2)%) fll s < Crr 350+ D) il o (3.2)

—u

1Qa (7% (=A)7) fllpe < Cor~ 555 £l (3.3)

Proof: Let us show the first estimation (3.2). By using the Lemma 2.3 we obtain

IV - Qo (T(=2)7) fll pas S/O IVasta (s)S(s7%)(—2)° | sz ds

[e’e) 3—p_ 3—p
<cfw%<%3a”)(/ Ue(s)s™ 5505 17 ey

([ talrs o1 ) .

< (Ot 2 (a3t



Mild Solution for the Time Fractional Hall-Magneto-Hydrodynamics Stochastic Equations 1375

Since 55 (26 —1— (s q - 3_—“)) > —1, it follows from Proposition 2.1 that

Qa0 (7%(=2)%) fll pg
r(1+26-1- (3¢ =u
<Or S GHEFE-) ( +26 0 ‘ ))
T+ 528 - 1- (352 - 25))
) £l e

We are now in the position to prove the estimation (3.3)

190 (7% (= 8)%) L s < / U (7S (57) | s ds

} 1 11aez

+(3FE -

<Cyr#(Et

g&—ﬁ(%ﬁ—i“)(/ Un(s)s™ 57555 ) | ) ey
0
Since —%(% - ?VT“) > —1, it follows from Proposition 2.1 that

1Qa (T%(=A)P) fll e < O~ 57555

,ﬂ)r(l +—gp(22 - 3;“))
: 1l

< Cor BT | £

Before proceeding to demonstrate Theorem 3.1, let’s initially establish the bilinear
estimate of equation (3.1) as presented in the following Lemma 3.1.

Lemma 3.1. Let 5, pu,a satisfya >1, 0<pu<3 and 0< g <1. Then, there
exists a positive constant C3 such that

[B(v, b)| < Callv] aas 161 gz (3-4)

o 3—
N2 [f( +Egh - 2‘3)

where
B(v, b) = /O (t— ) PV Qaa[(t — ) (~A)] (v @ b) (s, 2)ds.

Proof: Since P is bounded in M4 (R?) [25], it follows from Proposition 3.1 and
Holder’s inequality, we have

BBl < [ (6= I7 - Qual(t = )7 (A)] (00 8) (5L aezls
: C/ B0 e (o) g

t 3—
< Clfoll ez 5] pez / (1 — oy 8 (325 20) 14y
0

Multiplying t35 ((17+3;“ —28 ) on both sides of the above two inequalities, we get

[B(v, )|

Ng

(orome ) < Callolaag Wl

T m“?
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Remark 3.1. By following a similar argument used in Lemma 3.1 we can show

190 (T%(=A)?)all ez < Callaol| ae- (3.5)

Lemma 3.2. Let 5, p, a satisfya>1, 0<pu<3 and 0< B <1. Then, there
exists a positive constant Cs such that

S C5||b||3\/[g,

(3.6)

H/ )V - Qua[(t— &) (=A)P)(V x b) x b)(s',2)ds’

a,p

where s := %(%—&—3?7“—25),

Proof: Using the Proposition 3.1 and Hélder’s inequality, we have

H/ )* IV - Qaa[(t = 8")*(=A)PT((V x b) x b)(s', x)ds’

< / (t = )"V - Qual(t = )7 (AP)(V x ) x B)(s'sa) |, d

<C/ al%%(*

< Cbll s bl ne / (6 — )-8 (325 -2) 150
0

)b ® b)(s', ) g s’
2

Multiplying t35 (%+3 ‘ ) on both sides of the above two inequalities, we get

H/ )TV Qaa[(t = 8)*(=A)P](V x b) x b)(s',2)ds’

< Cs 10|34

a,p

Proof of Theorem 3.1. It is simple to verify that the indices 3, 4 and a provided
in Theorem 3.1 satisfy the assumptions of Lemma 3.1 and Lemma 2.3. Suppose
(vo,bo) € M#(R3) with divergence free. Then, Let us introduce the map ® and the
complete metric space (Y, d), defined as follows:

Y = {(v,0) € X(R*)?, [|(v, b)[| ¢ < 2[[(v0, bo)llaez }
d(ﬁlﬂ%) = H191 - 192”2\?;
O(v,b) := (AT (v,b), AS(v,b)).
Applying the inequalities (3.5) and (3.6), then for all (v,b) € Y, we have
AT (v,0) || < Callvollaez + Calloll% + 116]1%).

Similary, we obtain

145 (v,0) 2 < Callboll sz + 2Cs(|[ollx + Bl x) + C5]1b]%-
Then, we can see

10(v; b)llx < Call(vo,bo) [l mz + Csll(v, )13 + Csl(v,0) 1%

< Call(vo, bo) |l mz + Csll(vo, bo)l| sz
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Then, ther exists a constant ¢; = max(Cly, Cs) such that

1€(v, b)[|x < exl[(vo, bo) || as- (3.7)

On the other hand, for any (v1,b1), (v2,b2) € Y, ther exists a constant e such
that

| AT (v1,b1) — AT (v2, b2) || %
<|[B(v1,v1) — B(vz,v2)||lx + |[B(b1, b1) — B(ba, ba)||x + Csllbr — ba|3
<|IB(v1,v1 — v2) —B(v1 —v2, v2)|| x+ || B(b1 — b2, b2) — B(b1, b1 — ba)||la + [|b1 — b2 /%

<ea{ (lvllx + Jozlle)llon = valla + (bl + o2l + llby = Ballo)1br = bl |
<ea{ (101, b)llx + 102, b)) (llor = wallze + by = ball) |

<26a]| (v, o) Lves {lon = vl + [1B1 = bl |-

Therefore,
10(v1,b1) = (v, b2l < 262l (w0, b0) gz {01 = valle + b1 = bl ). (38)

Now, let us assume that initial velocity (v, bo) € N§ ,(R?) satisfies

b

1 1
b , < min{ — —
[l (vo, 0)||Mg > 111111{46277 e

we get from (3.7) and (3.8) that
16, b)llx < 2/ (vo, bo) | e
1
161,b1) = Oz, ba)llx < 5{llen = valla + 161 = ball }-

Thus, applying the contraction mapping principle, we can conclude that there
exists a unique solution (v,b) € Y that satisfies (3.1) for all ¢ > 0. This completes
the proof of Theorem 3.1.

4. Stochastic case

In this section, we show our main result concerning the mild solution for time-
fractional hall-magneto-hydrodynamics stochastic equations.

We begin by stating the assumptions imposed on the external forcing terms in
our equations (1.3). Let G : [0, +00) x MI(R?) — MH(R?) and assume that :
(Hy) For each 1 € M#(R?), the mappings t € [0, +00) — G(¢,1)) are measurable.
(H2) G(-,0) =0 (for simplicity).

(H3) There exist positive constants Ag, such that, for all ¢ € [0,00) and ¥, ¢ €
M (R?)
IG(t,¥) — G(t, O) A re) < Acll — Dl jus ey

We can now establish a mild solution to equations (1.3).
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Theorem 4.1. Under the conditions of Theorem 3.1, let (Hy)-(Hs) hold and
(Q,]:, {ft}tZO,P> be a filtered probability basis. Then there exists a positive con-

stant 1 that if (vo,by) is Fo measurable and satisfies ||(vo,bo)||enn < 1, the equa-
tion (1.3) admits a unique global mild solution (v,b), such that ||(v, b)”g_/\/'gmN{zla“ <

[ (vo, bo) llears -

To solve the equations (1.3), we consider the following equivalent integral equa-
tion coming from Duhamel’s principle

v = Qa(—t*(=A) )y — /0 (t— )PV Qaa[(t — ) (=A) ] (v v —b@Db)(-, 8" )ds'
+/O (t— )PV - Qaa[(t — 8)*(=A)P]G1(s,bs)dW (s) := Dy (v, b).
b= Qu(—t*(—=A)")by — /t(t — )PV Qaa[(t — ) (-A) ] (v@ b —b®v)(-, s)ds

—/0 (t— )1V Qo [(t — ) (~AY]((V x b) x b)(-, s')ds’

+ /Ot(t — )PV - Qaa[(t — 8)*(—A)°]| Ga(s,bs)dW (s) := D5 (v,b).
(4.1)

Proof of Theorem 4.1. We begin by estimating the solution D?(v,b) which is
defined in (4.1). For t > 0 we have

E\IDf(ub)IIM
< E[Qa(=t*(=2)%)vo|1% s
t
+E|| / (t—5)"PV - Qualt — ) (—A) ] (v@v—b@b)(,s)ds |0
0

+E| /O (t— )PV - Qoo [(t — ) (—A)°] G (5, be)AW (5)] 3

<K+ Ko+ Ks.
(4.2)
For estimate K1, by using Proposition 3.1 it is simple to see that
K1 < C7E|lvol[34s
< C7supyep+ E”U()H?\Ag (4.3)

< Crllvollenns-

For K2, by Proposition 3.1, (H;)-(Hs) and Fubini’s theorem, we obtain

Ky < E(/O (t — 52 2PV - Qua [t — ) (=AY ] (0@ v —b® b)(s’,x)HMgds’)

< CE( (1 sy (hei) - / /
< Cs (t—s) T (v @ —b@b)(s' x)|laey ds
0 b

3—np

t
ScétQQ(l—ﬁ_ﬁ(i-F a ))/ (E”('U@’U—b®b)(8l,$)||M/;d8)
0 %

< Cétm(l—i—%ﬁ(é-*-g%))”v”

ent 10l Exrs-
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For K3, by Proposition 3.1, It6’s isometry and (H;)-(Hs), we have

Ks :EH/O (t— )2 PV - Qua[(t — ) (— )] G (5 b)dW ()]

t
< Cg]E/ (t = )22V Qu [t = 5)*(=A)] G (5,0,) |3, s
0
t 4.5
< CgAGl/ (t — 8)2*72(|0s] 34 ds (4.5)
0 P
< CyAg, sup t2)|0] 5
teR+ P

< CQAG1H98H12\13?‘L~

In the ensuing part, our aim is to evaluate the solution D5 (v,b) as described in
equation (4.1). For t > 0 we have

E|| D5 (v, b)|2

< EHQa(:t“(—A)ﬁ)boIIM
+E| ; (t= )PV Qaa[(t = ) (=A)J(v @b~ b@v)(-,s)ds | {4
E| /Ot(t =)V Qaal(t = ) (=A)7]((V % b) x b) (-, 8')ds" | {40
+E| /Ot(t =) IPV - Qaa[(t = 8)* (= A)7] Ga(s,bs)dW (5) | 34

< Kp+ Ky + K5+ K.

The same approach used to illustrate K1, K2and/C3 is applicable here.
K1 < Chollbollgar-
Ky < CllAGznesle\Iif*“'
K < Crat® (2 = a5 52 g2 | [b] 200

It remains to estimate 5. By Proposition 3.1, (Hy)-(Hs) and Fubini’s theorem,
we obtain

Ko <E( [ 0= 922 BT - Qual(t= )" (<A) ) (V x B) x B aag

¢ 2 a (1 ,3-n
<CuB( [ (-9 2 BB ) o b)) g i)
0 2

. _ t
< C{3t2a(1—ﬁ_ﬁ(%+3a“))/ (]E”(b@b)(S,,CC)HM%a dS)
0 2

1 1 3 3—p
< Ot G+

D 0112

Following the systematic steps detailed in the proof of Theorem 3.1,we successfully
conclude the proof for Theorem 4.1.
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