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1. Introduction

In this paper, we consider the following nonlinear boundary value problem

A (w(m)(|Au|p(w)_2Au + |Au|Q<w>—2Au)) — L(u) = M(z,u) in Q,
u=Au=0 on 082,

(1.1)

where € is a smooth and bounded domain of RY | the variable exponents p, ¢ : RN —
(1, 00) are continuous functions with 1 < p(z) < ¢(x), the weight w is non-negative
locally integrable function on €, A is a real parameter and f(x, s) is continuous on
Q x R and

L(u) = div (w(x)(wu\p(w)*?vu + |vu\q@>*2vu)) .

In the last few years, elliptic equations with variable exponents have been widely
performed and have got a considerable amount of attention . They have contributed
to the progress in elasticity theory and electrorheological fluids dynamics (see [6,34]).

Problems involving p-Laplacian and (p, ¢)-Laplacian operators in bounded or
unbounded domains have been studied by many authors, for instance [1,3, 14,20~
22,29,30,32]. However, very few works have concerned p(z)-Laplacian and p(x)-
Biharmonic type problems with singular weights i.e, with not bounded weights or
not separated from zero in Q (see [11,23,24,28]). In that case, the above operators
are called degenerated operators. We note that similar degeneracy can be physically
connected with the equilibrium of continuous anisotropic media [7].

The study of double phase phenomena in partial differential equations is crucial
because it extends the understanding of complex systems where material properties

fthe corresponding author.
Email address: abdessamad.elkatit@Qump.ac.ma(A. El katit), elam-
rouss@hotmail.com(A. R. El Amrouss), kissifouad@hotmail.com(F. Kissi)
IDepartment of mathematics, Mohamed first University, E1 gods, 60050, Mo-
rocco.

2LaMao, Faculty of sciences, El qods, 60050, Morocco


http://dx.doi.org/10.12150/jnma.2025.1416

Double Phase Phenomena in Navier Boundary with Degenerated Operators 1417

exhibit phase transitions, such as in elasticity or fluid dynamics. In such systems,
the governing equations have coefficients that vary according to two different phases.
The double phase framework is also significant in understanding models where en-
ergy densities switch between two distinct behaviors.

In the constant case, the authors in [9] have treated the following bifurcation
problem involving degenerated p-Laplacian

(1.2)

— div (a(2)|Vu[P2Vu) = Xb(2)[ulP?u+ f(\,z,u)  in Q,
u=0 on 0.

Also, for weight w satisfying the Muckenhoupt condition, the following fourth order
elliptic equation has been treated

A (w(z)(|AufP~? Au + |AulT? Au))
— div (w(2)(|VulP2Vu + |Vu|?2Vu)) = f(z) — div(G(z)) in Q, (1.3)
u=Au=0 on 09,

where f € L' (Q,w /®D) and G € {Lp/(ﬂ,w’l/(q’l))rv (see [5]). The au-
thor has shown the existence of unique solution in the weighted Sobolev space
W2P(Q,w) N WP (Q,w) .

In the variable case, the Dirichlet problem involving degenerated p(x)-Laplacian

—div (w(x)|Vu|p(w)*2Vu) = pg(x)|ulP@ 20+ f(\, 2z, u, Vu)  inQ,
u=0 on 09,

has been studied (see [25]), where w,w ™/ ®@)=1 are locally integrable functions
on  and w satisfies the hypothesis (¥) mentioned in (2.4).

The novelty of this paper is in extending the problem (1.3) using critical point
theory (see [2,10]), which requires a particular kind of weight depending on the
variable exponent ¢, and a more complicated non-linearity. For this reason further
analysis has to be realized.

The problem (1.1) is stated in the weighted Sobolev space X = W24(®)(Q, w) N
W (Q,w). A function u € X is a weak solution to (1.1) if and only if for every
v in X, we have

/ w(@)(|Au[P® 2 AuAv + |Au|t® 2 AuAv) dx
Q
+ / w(x)(|Vu|P®2VuVo + |[Vu|! @ 2Vuvo)
Q
:/\/f(x,u)vdz.
Q

In order to prove the existence and multiplicity of solutions for the problem
(1.1), we assume that the weight w belongs to the class Ay )(€2) defined in (2.3),
and satisfies the hypothesis () mentioned in (2.4). Furthermore, we consider the

following conditions on f



1418 A. El katit, A. R. El Amrouss & F. Kissi

(Fo) |f(z,9)] < C(A+|s|*®)~1) a.e x € Q, and for all s € R where C' > 0,
a(z) € C4(R2) and a(z) < gj 5(w) for all z € Q, where

Ngp(x) .

x)f(x * N—2a,(2) if 2q9(x) < N,

qg(x) = M7 QQ,Q(x) _ J N=2¢o(z) . ( )

1+0(x) ) if 2g9(x) > N,

with 0(z) is given in ().
(F1) There exist zg € Q and pg, ! > 0 such that B(xg,pg) C © and
F(z,s) >0 for z € B(xg,po) and s € [0,]],
F(z,1) > 0 for x € B(xo, po/2).
(Fa) f(z,s) = of|s|"™") uniformly for a.c x € Q with ¢* < 7 < gj»(2) for all
T € Q,

Our main results are given by the following two theorems:

Theorem 1.1. Suppose that (Fo) and (F1) hold and ot < q~. Then there exists
A* > 0 such that for each A € (A\*,00), the problem (1.1) admits at least one
nontrivial weak solution uy  satisfying Ex(uy x) < 0.

Theorem 1.2. Assume that (Fo)-(F2) are satisfied. Then for each X € (A*,00),
the problem (1.1) has a second nontrivial weak solution ug x fulfilling Ex(ug,) > 0.

This paper is organized as follows. In Section 2, we recall some backgrounds
about the weighted generalized Lebesgue—Sobolev space. In Section 3, we state
and prove some auxiliary results about the weighted generalized Sobolev space and
discuss the equivalent norms in the space W24®)(Q, w) N VVOM(‘/I")(Q7 w).

In Section 4, we provide the proof of our main results. Finally we give an
example to illustrate our results.

2. Preliminaries

For the suitability of readers, we remind some backgrounds about the weighted
variable exponent Lebesgue-Sobolev spaces. By a weight w(.), we always mean a
non-negative locally integrable function on 2. Set

Ci () ={0€C(Q) : o(z) > 1 for all z € O},
o

ot =maxo(z), o = min o(z), foroe CL(Q).

Q

For a measurable positive weight w(.) and exponent ¢(.) in C1(Q), we introduce
the weighted variable exponent Lebesgue space L9(*) (Q,w) composed of measurable
real-valued functions u such that

/ w(a)|u(z)|*® dz < oo,
Q

equipped with the norm

q(z)
M dr <1y,
I

|| Late) (02,0) = Inf {,u >0 : / w(z)
Q
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then the space L4(*)(Q,w) endowed with the above norm is reflexive and Banach
space (see [25]).

At the time that w(z) = 1, we have LI®)(Q,w) = L1 (Q) and we employ the
notation L9®)(Q) in the place of L™ (Q, w).

For m € N*, the weighted variable exponent Sobolev space W™4(*)(Q, w) is
defined by

Wma@) (), w) = {u € L9@)(Q) : D e LY@ (Q,w), || < m} :
with o € N*. We can define the norm on W™4(®)(Q, w) by

[wllyym.ae) (@.uw) = [t e @) + Z | D%u| pate) (02,009
1<]al<m

Define the class LH(RY) of globally log-Hélder continuous functions composed of
measurable functions h : RY — [1,00) with 1 < h™ < h(z) < ht < oo, where

h™ = ess inf,cpvh(z) and hT = ess sup,cpn h(x) satisfying the following:
(@) = )| <~ e 3] < 1/2 2.)
~ —loglz —y|’ ’ '
— < — = |x|. 2.2
@) = h0)| < ool > I (2.2

We note that for » € C.(2), smooth functions are not in general dense in
the Sobolev space W) (Q). However, when the exponent r(.) fulfills (2.1) for
z,y € £, then smooth functions are dense in variable exponent Sobolev space.

As a result there is no confusion in defining the Sobolev space WO1 ’T(z)(ﬂ) as the
completion of C§°(Q) with respect to the norm of W (#)(Q).

Throughout this paper, we assume that g belongs to the class of globally log-
Holder continuous functions LH (RY).

Proposition 2.1. ( [12]) The space (LY (), |u|y(x)) is separable, reflexive and
uniformly convex Banach, and its conjugate space is U’(”’f)(ﬂ)7 where ﬁ + ﬁ =

1,Yz € Q. For any v € LY (Q) and w € LP®)(Q), we have

/ vwdx
Q

Denote B(z,r) the open ball centered at x of radius r. Let us define the class
Aq()(2) to contain those weights w(.) which fulfill the following condition

qg —1
1 1 d
sup <~/~ |w(y)|q(y)dy> <~/ yq(y)) < 00,
zeQ,r>0 ‘B(SC,T” B(z,r) |B(I,T‘)| B(z,r) |w(y)|W

(23)
where |B(z,r)| is the N-dimensional Lebesgue measure of B(x,r) and B(z,r) =
B(z,r) N Q.

1 1
< (p + q) V] Late ()| W] Lee (@) < 2[v]Lae) @) 0] oo (-

Remark 2.1. We point out that if w € Aq(,)(Q), then it necessarily satisfies the
following condition

(wl) we Llloc(Q) and w1/ (@@)=1) ¢ L}OC(Q).
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This yields that L9®)(Q,w) C L}, .(Q), which makes sense to talk about weak
derivatives in L) (Q, w).

Here, define the Hardy-Littlewood maximal function, M f, for a locally inte-

grable f on Q by
M f(z) = sup / )|d
f(@) T>O|er| - y)ldy.

Proposition 2.2. ( [25]) Let ¢ € C§°(Q) and let a multi-indez v be fized. If w(.)
satisfies (wl), then the formula

Ly(u) = /Q uDY¢dz, wue L1 (Q,w),

defines a continuous linear functional L. on L‘J(I)(Q,w).
Define the modular p : LY@ (Q,w) — R, by p(u) = [,w(@)u(z)[?®). As u €

Lq(x)(Q’w) ie. wﬁu c Lq(w)(Q) and ‘w @) | = \u|Lq(m>(Q’w), then in view

La()(Q)
of [ [12],theorem 1.3], we have the following Lemma.

Lemma 2.1. For each u,,u € LI®)(Q, w), we have
- +
(1) |u|pae) (u) > 1 then ‘M%q(m)(g,w) < p(u) < |U‘qu<x>(Q,w)?

N _
(2) [l sy < 1 then [ulZ, 0 < p(0) < Jul oy
(8) limy, s 1 oo |tn — u|Lq(z>(Q,w) =0 if and only if lim,— 4 o0 p(u, —u) = 0.

Let us define the norm on X as follows:

A q(z)
|lu|| = inf {u >0 : / w(x) u(@) dr<15;.
Q H
Remark 2.2. Setting J(u) = [, w(z)|Aul? (@) dz, we also have

. - +
min(ul|*, ful|”") < J(u) < max([ull”, Jul ).

In order to ensure certain properties of the space X, we suppose that w(.) fulfills
the following

N 1
3) w @ e LY(Q) for some 0 € C,(Q) with 0(z) € (,oo) N {,oo) .
(©) (@ (9 with 0(o) € (7 =
(2.4)
Corollary 2.1. ( [25]) For g € C+(Q), if (wl) and (J) hold, then the estimate
[ul Lo (@) < €| VU] Lo ()

holds for each u € C§°(RY), where ¢ is a positive constant independent of w.
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3. Auxiliary results

In this section, we state and prove some auxiliary results about the weighted gen-
eralized Sobolev space that will be useful in the proof of our main results.

Proposition 3.1. Ifw € Aq(,)(Q), then X = W24®)(Q,w) N Wol’Q(w)(Q,w) is a
reflezive and Banach space.

Proof. Let {u,} C X be a Cauchy sequence. Hence {u,} is a Cauchy sequence in
Wo ") (Q,w) and {D;u,} is a Cauchy sequence in W(#)(Q, w) which is a Banach
space. As a result there exist u € Wol’q(z)(ﬁw) and v; € Wh4®)(Q, w) such that

Dju, — Dyu in L% (Q,w) and V(Dju,) — Vo; in LY (Q,w,RN), i=1,---,N.

By Remark 2.1, Proposition 2.2 and the following relation
/ D;u, Vo dr = —/ V(Dj;uy,).¢ dx,
Q Q
it follows that
/ DiuVedr = —/ Vu;.p dx, for every ¢ € C5°(Q).
Q Q

As Vu; € L1@(Q,w,RY), we obtain that V(D;u) = Vv;. Hence the Cauchy se-
quence (u,) converges to u in X and thus X is a Banach space. Since W) (Q, w)
is a reflexive space (see [25]), and there exists an isometry T defined as follows:

N
T:X — WO (Q,0) x (W0 (Q,w)) " =,

u— (u, Vu).

This yields that T'(X) is a closed subspace of Y which is a reflexive space, hence
both T'(X) and X are reflexive spaces. This completes the proof. O

Theorem 3.1. Assume that w(.) fulfills (3) and belongs to the class Zq(,)(ﬂ). Then
in the space X, the norms ||.|[y2.a@) (@w) and |A |pa@ (0w are equivalents.

Proof. Let uin 7w = C§°(Q2) and define R (u)(x) = f\:cfy|>e On 2 u(y)dy.
Let k(x,y) = C’N%. The authors in ( [33]) have shown that k is a stan-
dard kernel and satisfies (a) and (b) of [ [8], Proposition 4.3], then it follows from

Proposition 4.3 that for every s with 2 < s < oo, the operators R! are uniformly
bounded on L*(RY) with respect to e. Furthermore

R'(u)(z) = lim R(u)(x) = lim ke(x, y)u(y)dy, (3.1)

e—0t JrN

exists almost everywhere and lim._,o+ R(u) = R'(u) in L*(RY). In particular R!
is continuous on L0 (RN).

From [ [8], Remark 4.4], the operator R’ defined in (3.1) is a Calderon Zygmund
operator. Now, consider the extension @ of w defined by @ = w in 2 and @ = 0 in
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RNM\Q. Thus & € flq(_)(RN). From [15], it follows that R’ is a bounded operator in
LI@)(RN ©), ie.

|Ri(u>|L‘I(l)(RN,@) < C'“lL‘I(m)(RN@) Vue LQ(x)(RNa@)a

where C' is a positive constant.
Since |Rl(u)|LQ(‘1)(RN,0J) = |Rl(u)|L‘1(m)(Q,w) and |U|La<w>(RN7w) = |u‘L’1(ﬂ°)(Q,w)a it
follows that R’ is a bounded operator in the space LQ(I)(Q,w), ie.

|Ri(u)|Lq<w>(Q,w) < C|U‘L<1(”)(Q,w) Vue Lq(x)(QaW)~

In view of ( [31]), we know that 8328“1]_ = —R'R/(Au). Consequently, for any u in
7 C LI®(Q,w), we get

= ‘RiRJ (A’U,) |Lq(l)(Q,w) < C|Au|Lq(1)(Q’w)7 (32)

‘ 0%u
La(®)(Q,w)

8$i8$j

Let T" be a Newtonian potential. According to [13], we have

\Vu| = | DT#(Aw)| < Ci I (Au) = / %dy,
Q |93 - ZU|

where C depends only on N. It is well known (see [4,26]) that I (Au) < CoM(Au),
where Cy only depends on © and N. Therefore |Vu| < CsM(Aw). In view of [ [26],
Theorem A], the Hardy-Littlewood maximal operator M is bounded in L4(®)(Q, w),
hence for every u in 7 C L9®)(Q, w), one has

IVulpae) (@,0) < C3lM(AU)|Law (uw) < CalAu|pae) @y,  Ca > 0. (3.3)
From Remark 2.1, Corollary 2.1 and (3.3), for every w in 7, we get
[ul L) () < C5 VUl Lae) (9,0) < CslAu[ e (0.w), (3.4)

where C5,Cg are two positive constants. Combine (3.2), (3.3) and (3.4), we can
claim that

|AU| La@) (.w) < [Ullw2a0) @w) < C71AU] Lo (0,0 (3.5)

Since 7 is dense in X, the inequality (3.5) holds for any » in X, thus the proof is
completed. O

Lemma 3.1. ([12]) Let a,r € C4 (). Assume that a(x) < r3(z) for every x € Q.
Then there is a continuous and compact embedding from W2"(*)(Q) N Wol’r(x)(ﬂ)
into L*®)(Q).

Next, we will prove a compact embedding theorem for the weighted variable
exponent Sobolev space.

Theorem 3.2. Assume that w(.) satisfies () and belongs to the class /qu(_)(Q),
then we have the compact embedding

X < LY®(Q),

ng(x)) for all x € Q.

provided that v € C4(Q) and y(z) < g5 »(7) = N—205 (5]



Double Phase Phenomena in Navier Boundary with Degenerated Operators 1423

Proof. Firstly, the embedding X < W2 (@) (Q) N Wol’qe(z)(Q) is continuous.
Indeed, let u in X, we have
6(x)

_0(x) _ =)
/ |Au|?®) dg < 2 ’w9<w>+1 |Au|q"(z)‘ o+1  |w T@FT
a L0 (2

LO@+1(Q) :

By () and Lemma 2.1, we have

1

0_+1
< (/ w0 (2)dx + 1> < K.
LO@+1(Q) Q

e
’w G(z)+1

This implies that

0(2)
/ |Au|?®) dr < K ’weww |Au[ @ g . (3.6)
Q L 0@ (Q)
Without loss of generality, we can assume that [, |Au|? @) > 1. Tf Jow( (z)|Aul1®) dg
< 1, then from (3.6) and Lemma 2.1, we have
9= 6"
|Au Leq;gi) /|Au|qe(w
o
. 1+6—
<K (/ w(m)|Au|q(")dm>
Q
6"
K‘AU‘EQ(I; Q w)’
ie.
|AuU| pag ) () < K|AU| Lat) (00,0)- (3.7)

On the other hand, if [, w(z)|Au|?®dz > 1, then from (3.6) and Lemma 2.1, we
have

a6~
|Au| ¢ </ | Au|% @) dy;
Q

L@ (Q) =
ot
1+6+
<K (/ w(x)|Auq(x)dw)
Q
gtot
-
< K|AU|LB/Q(J’;)1(Q,Q)7
ie.
|AU|L‘18(I)(Q) < K|A“|iq<z>(g,w)v (3.8)
where ¢ = 9+i+1 qfe_ From inequalities (3.7) and (3.8), we get Au € L% @) (Q).

Following the same lines as above, one can also show that Vu € L%®)(Q),
and D € L%@)(Q), with |a| = 2. Thus, we conclude that X < W% (@) n

Wol’q"(x)(ﬂ,w) continuously. Furthermore, as y(x) < gj (), it follows from Lemma
2.2 that
W2 @) (Q) 0 W (Q) = L@(Q).

Therefore X < L7(*)(Q) compactly, this completes the proof. O
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4. Proof of main results

For u € X, the functional energy associated with problem (1.1) is defined by
E\(u) = T(u) — A¥(u), where

T(u):/w( AuP@)  _— |Au|q(ﬂc> /w(V p(z) | Vutz%))
o ™ [ (i 7 + 17
U(u) = / F(z,u)dz.
Q
The functional T is Gateaux differentiable, and for u,v in X,
< T (u),v >=< N,y(u),v >+ < Ny(u),v > + < My(u),v > + < My(u),v >,

where
< Np(u),v >= / w(z)|Au[" D2 Aulv dz,
Q

< My(u),v >= / w(x)|Vu|" D ~2VuVv dz, for r =p,q.
Q

Now we shall prove that T is continuous. For that purpose, we only prove that
N, is continuous. Similarly one can show that N,, M, and M, are continuous. Let
{un} be a sequence of X converging to u in X. For v € X, we have

|< Ny(un) = Ny(u), v >|

|

<2 (Wm (|Aun|q<f>—2Aun — | Auf)2Au)

w(x) (|Au 9@ =2 Ay, — \Au\q(””)*QAu) Avdx

(180 12 A0ty — [ Au|19)=2 Au) () 1 Avda

1
wa@ Av

L' (@) (Q) ’ La®)(Q)

<2 '|Aun|q(‘”)72Aun — |Au|*™® 2 Ay

\AU|LW> (Qw)

La' (@) (Q,w)
=2 ’|Aun|‘J($)_2Aun — \Au|Q($)_2Au

Ld' @) (Q
Since u,, — v in X, i.e, Au, — Au in L‘I(z)(Q,w), we get

| At ™72 Auy — | Au?™ 72 Auin L9 0(Q, w).
Therefore, from the above inequality, it follows that N, is continuous on X.

Proposition 4.1. (a) The operator T : X —» X is of (S4) type.
(b) If f satisfies the condition (Fy), then we have

(i) VU is a C* functional. (i) The operator W' : X — X is completely
continuous.

Proof. (a) Let {u,} C X be such that

Uy = u in X and limsup < T/(un),un —u><0.

n—-+oo
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It follows that

limsup < T (un) — T (1), 1ty — u >=0, limsup/ w(z)o(up,u) =0, (4.1)
Q

n—s+oo n—s+o00
where
0 (tn, 1) = (|Ap| "2 Au,, — |Au| ™72V 0) (Au, — Aw),
and @(un,u) = |Auy,| + |Aul.
In the other part, we have

/ w(z)|Auy, — Au|t® dz < kl/ w(z)o(up, u)dr,
{q(z)=2} Q

w(x)|Auy, — Au)?® dx
{1<q(z)<2}

a(z)

gkg/ w(x)o (tn,w) 2 @(Up,u)
{1<q(z)<2}

(2=aq(2) %5

Setting Qy = {z € Q: 1 < ¢(x) < 2}, by (4.1) we can consider 0 < [, w(x)o (un,u) <
1.

If [w(@)o(un,u) = 0, then since w(x)o(u,,u) > 0 in Q. It follows that,
w(z)o(un,u) = 0.

If 0 < [, w(z)o(uy,u)dr < 1, thanks to Young’s inequality

/ w(@)|Aun — Al dz
Q

q

<ka </Q
b ([ w@otunn)) [ w@ oo [ w@otmw) + o,

([ ) |t (st (i) ™ )
<ks </Q w(m)a(un,u)>% (l—l—/gzw(m)go(un,u)q(z)).

Hence J(u, —u) — 0 as n — +o00. By Remark 2.1, we conclude that w,, — u in X.
Thus T is of (S4) type.

1

w(gf)g(unv“)) /Qu)(x)o’(un,u)q(;) </Q w(:r)a(un,u)> w(un,u)@_q(z))#

q

q

aq

q

(b) (i) By condition (Fy), we have
|F(z,5)] < C(ls| + |s|*®) < C" + C|s]*@®, " >o0.

Using the Nemytski operator properties and the above implies that ¥ is a C!
function in L*®)(Q). Since there is a continuous embedding of X into L) (1),
then we derive ¥ € C1(X,R), and for every u,v € X

< (u),v >= /Qf(x,u(x))v(x) dz.

(ii) Let {u,} C X be such that u, — u weakly. Using the compact embedding of X
into L) (), there exists a subsequence, also denoted by {u,}, such that u, — u
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in L*®)(Q). According to the Krasnoselki’s theorem, the Nemytski operator defined
from L) (Q) into L* @)(Q) by Ny(u) = f(.,u) is continuous. Hence f(.,u,) —
f(,u) in L* ®)(Q). In view of Proposition 2.1 and the continuous embedding of X
into L) (Q), we get

< ) = ¥ (), 0> | < AU tn) = F)] i 0 d >0
Consequently ¥ (u,,) — ¥'(u) in X'. Hence ¥ is completely continuous. O

4.1. Proof of Theorem 1.1

The functional F) is coercive on X. Indeed by contradiction, let K € R and let
{un} C X be such that ||u,| — oo and E)(u,) < K. For n large enough, [ju,| > 1.

As a(z) < g ,(x) for all x € Q, then X — L*®)(Q) continuously and from
(Fo), one has

K > E\(un) = T(u,) — \C [1_/ |un|a(z)dx+/ |und4
« Q Q
1

2 T(Un) - \C |:a|un|%m(w)(g)d$ + |un|L1(Q):|

[[un "

>
qr

C1 =
= AC [ | + callunll]

o
Since ¢~ > at > 1, passing to the limit, we get a contradiction. As the functional
E) is weakly lower semi-continuous, it follows that E) admits a minimum point
u1,x» € X. Then u; y is a weak solution to (1.1). Now it remains to show that uq x
is nontrivial.

Let ¢ € Cg°(2) be such that 0 < ¢ <1 in B(xo,p0) and ¢ = [ in B(xo, ).

From (F;), we have

Ex(p)

=T() = A [ Fla.pla)ds

—7(0) - | [ Fla.)+ [ )+ [ P
Q\B(z0,p0) B(z0,p0)\B(z0, % B(z0,%2)

<T(p) — A F(z,1).

B(z0,%2)

* T(p) *
Take \* = Toco g FEDE" Hence for every A > A\*, we have E)(¢) < 0. Therefore,

the problem (1.1) has at least one nontrivial solution for each A > A*. This completes
the proof.

4.2. Proof of Theorem 1.2

In order to prove Theorem 1.2, we shall verify both of the geometrical condition
and the condition of compactness of the mountain pass theorem [2].
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There exist n,r > 0 such that Ey(u) > n for every u € X with ||lul]| = r. Indeed,
let u € X with |lul| < 1. Using (F2), it follows that

|F(z,5)| < <|s|7, a.ex€Q, V|| <. (4.2)
T

Combining (Fp) with (4.2) yields that

1 1
|F(z,s)| < C(e)|s|” for a.e x € 2, Vs € R where C(e) = Sy Ci < — —l—).

T 0T

As 7 < g o(z), then X — L7() continuously. Therefore

+
q ’
Ex(u) > T(u) — )\C(e)/ e > Pz @)l
Q q
1
Take 7 = ( 5ok )" and v = min (3, Jurall) . Then [Jur ]| > 7, Ba(ur) <0
and

E\(u) 2 QCI%Tf =n YueX |u|=r
Now, it remains to show that FE) satisfies the Palais-Smale condition. Indeed,
let (), be a Palais-Smale sequence of X, i.e, |Ex(uy)| < ¢ and E, (u,) — 0 in
X'. From Theorem 3.1, the functional E, is coercive, hence (un)n is a bounded
sequence in X reflexive. We may assume, taking a subsequence if necessary that
u, — u weakly in X. Hence

lim < E;\(un),un—u >= lim << T/(un),un —u>-A< \Il/(un),un —u >> =0.
n—oo n—oo

(4.3)
In view of Proposition 4.1, the operator ¥ is completely continuous and T is of
(S4) type, hence from (4.3), we conclude that w, — v in X, therefore (u,), has a
convergent subsequence. According to mountain pass theorem, the functional F
admits a critical value ¢ > n which is characterized by

c=inf sup E)(V(t)), T'={9 € C([0,1]; X) : ¥(0) = 0 and I(1) = uz »}.
Y€l 1e(0,1)

Since Ex(u1,x) < 0 < ¢ = Ejx(uz,)), it follows that ug x # wuix. Therefore, the
problem (1.1) has at least two nontrivial solutions.

Example 4.1. Consider the problem (1.1) with f defined by

Fls) = |s|P@ =25 if |s| > 1,
’ s @25 if || < 1,

where 3(.),7(.) € C(Q) and B(z) < y(z) < g5 5(x) for any z € Q.

If 37 < ¢, by Theorem 3.1, there exists A* > 0 such that when A > \*, the
problem (1.1) has at least one nontrivial solution.

If in addition 4y~ > g%, the problem (1.1) has at least two nontrivial weak
solutions for any A > \* thanks to Theorem 3.2.
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5. Conclusion

In this study, we introduced a class of weights flq(_)(Q) in order to assure some
basic properties of the space W24()(Q,w) N Wol’Q(')(Q,w), along with the equiva-
lence of norms, then by applying variational approach and critical point theory, we
established the existence of at least two distinct nontrivial weak solutions for the
fourth-order double phase problem (1.1) governed by singular operators, for any
A > A* under some suitable hypotheses on the nonlinearity f.
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