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Optimal Control Strategies for Reducing Toxic
Formation in Acetaminophen Metabolism

Naurah Zahwa', Kasbawati’" and Syamsuddin Toaha!

Abstract Acetaminophen (N-acetyl-para-aminophenol) is the most widely
used painkiller in the world. Consuming acetaminophen involves a complex
metabolic system, since it is converted into non-toxic and toxic metabolites
called N-acetyl-p-benzoquinone imine (NAPQI). Acetaminophen is metabo-
lized through a series of complex metabolic processes in the liver that involve
enzymes as catalysts. This study presents a metabolic analysis of acetamino-
phen metabolism and its optimal regulation to reduce toxin formation. The
metabolic study uses kinetic modeling combined with metabolic control ana-
lysis to identify key enzymes that can be modified to reduce hepatotoxicity
due to excessive drug consumption. The sensitivity result shows that cy-
tochrome (CYP) and uridine 5’-diphosphate-glucuronosyltransferase (UGT)
are the two key enzymes that can be considered as internal control parame-
ters. By inhibiting the reaction rate of CYP and UGT, the formation of
N-acetyl-p-benzoquinone imine (NAPQI) can be reduced up to 69.9%, and
the formation of Acetaminophen-Glucuronide (APAP-G) can be increased by
approximately 0.49% such that Acetaminophen in the liver (APAP-L) can be
excreted directly into the urine. Increasing the concentration of antioxidant
GSH can also prevent hepatotoxicity by forming the complex NAPQI-GSH so
that hepatotoxicity due to overconsumption of acetaminophen can be reduced.

Keywords Acetaminophen, hepatotoxicity, kinetic model, metabolic control
analysis, optimal control theory
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1. Introduction

Acetaminophen, N-acetyl-para-aminophenol (APAP), often called paracetamol, is
commonly used to relieve pain and fever [1]. Fever is very uncomfortable, as it
usually comes with chills, nausea, headache, abdominal pain, and stomach discom-
fort [2]. APAP is a class of non-steroidal analgesic drugs that are safe when taken
in recommended doses [3]. However, an overdose of acetaminophen can cause se-
vere liver damage, and the extent of hepatocyte damage in patients with APAP
overdose depends on the trade-off between induction and inhibition of CYP en-
zymes [4]. In 2015, the Australian Poison Control Center (PCC) reported receiving
13,322 calls explicitly related to acetaminophen incidents [5]. In the UK, 82,000 to
90,000 are admitted to the hospital due to an overdose of acetaminophen each year,
and approximately 150-250 patients die [6].
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Acetaminophen involves a series of metabolic processes in the liver by interac-
ting with enzymes. The metabolism process consists of various metabolic pathways
that transform one compound into another in several stages. A specific enzyme
guides each stage within this pathway. The metabolic system is essential to deter-
mine which compounds are nutrients and which are toxic to the body. Furthermore,
acetaminophen metabolism occurs primarily in the liver through three main path-
ways: glucuronidation, sulfation, and oxidation. The glucuronidation and sulfation
pathways are responsible for most acetaminophen detoxification, converting aceta-
minophen into water-soluble forms for excretion via urine. However, the oxidation
pathway, mediated by the cytochrome P450 enzyme, produces a metabolite known
as NAPQI (N-acetyl-p-benzoquinone imine). Although NAPQI is normally neu-
tralized by conjugation with glutathione (GSH), excessive production can lead to
glutathione depletion, resulting in cell damage and toxicity.

Modeling of acetaminophen metabolism has become an attraction in recent
years. Reed et al. [7] studied the association of Michaelis-Menten’s kinetics with
acetaminophen metabolism through glucuronidation and sulfurization pathways.
They used 20 blood and urine samples from patients who took acetaminophen at a
dose of 60 mg/kg and 90 mg/ke. Reith et al. [8] also investigated Michaelis-Menten
acetaminophen kinetics with the glucuronidation and sulfate pathways. The con-
structed model is a system of differential equations with fourteen variables related
to the patient data. Other researchers have also built a model of the acetamino-
phen metabolism in the liver. In 2012, based on experimental data, Ben-Shachar et
al. [9] formed an acetaminophen metabolism model with intestines, plasma, liver,
tissue, and urine compartments. Predictions of death or recovery of patients were
obtained depending on the extent of APAP overdose and the length of treatment.
The model showed the effects of various acetaminophen doses on liver metabolism.
Ramien et al. [10] also constructed a model of acetaminophen metabolism by study-
ing acute liver damage caused by acetaminophen, then tested it on 53 patients at
the University of Utah. Their research presented a method that could estimate
the number of overdoses, the time since the start of overdose, and the probabi-
lity of a patient’s survival. The construction of the model involves the hepato-
cyte, APAP, glutathione, International Normalized Ratio (INR), aminotransferase
(AST), and dynamics aspartate aminotransferase (ALT). Furthermore, Reddyhoff
et al. [11] constructed a simpler mathematical model of acetaminophen metabolism
by studying the time scale of the model. Their research was presented in a cell-
based model. Their acetaminophen metabolism models in the liver compartment
include cytochrome, sulfate, glucuronidation, glutathione, toxic metabolite produc-
tion, and liver damage. With excessive doses of acetaminophen, the amount of
glutathione S-transferase (GST) within liver cells became depleted, leading to N-
acetyl-p-benzoquinone imine (NAPQI), which can not be bound by the antioxidant
GSH. Their results showed that a high concentration of NAPQI binds with the living
cells in the liver, ultimately causing liver damage [11,12]. Therefore, hepatotoxicity
is minimal or absent as long as hepatic glutathione (GSH) is adequate for conju-
gation. However, over time, the depletion of hepatic GSH exceeds its regeneration
rate, leading to the accumulation of reactive and toxic metabolites [13]. Hepato-
toxicity is observed with the increased production of NAPQI when glutathione is
depleted by approximately 70% [14]. Among these studies, a complete modeling
of the enzymes involved in the acetaminophen pathway has not yet been conside-
red. Due to the crucial role of enzymes in controlling the metabolic process, in this
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study, we complete the modeling of acetaminophen metabolism by approximating
all enzymatic processes using enzyme kinetics and studying their sensitivity. Our
mathematical model is constructed by considering the model of Ben-Shachar et
al. [9] and improving the kinetic model to approach the fundamental characteris-
tics of all enzymes. The metabolite pathway is focused on the liver pathway [15]
since an overdose of acetaminophen can probably be prevented by controlling the
enzymes involved in the liver pathway [16]. Sensitivity analysis is conducted using
the metabolic control analysis method to determine the level of sensitivity of the
enzymes to the glutathione antioxidant in reducing the toxicity effects of acetami-
nophen. We believe that the level of enzyme sensitivity to model parameters can
be used to control the hepatoxicity effect of acetaminophen. The sensitivity results
are then used to determine optimal strategies that can maximize the production of
antioxidant glutathione to reduce the toxicity of acetaminophen.

This paper is organized into several sections. In Section 2, we formulate the
kinetic model based on the properties of acetaminophen metabolism. Section 3
presents the model analysis, including the model stability and sensitivity analysis
using metabolic control analysis. Section 4 performs the formulation of the optimal
control model and determines the necessary conditions for the optimality of the
system. Section 5 presents some numerical simulations to clarify the analysis results
and to study the effects of some control strategies on the reduction of the toxic
metabolite. Finally, in Section 6, we summarize the essential findings and discuss
potential directions for future research.

2. Model formulation

The kinetic model is formulated based on the liver metabolism pathway that acts
as a functional organ, as seen in Figure 1. This pathway is also considered by [9].
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Figure 1. Schematic representation of acetaminophen metabolism in the liver. The considered
variables are: 1. Acetaminophen (APAP) in gut (APAP-U); 2. APAP in the liver (APAP-U); 3.
Phosphoadenosine-5’-phosphosulfate (PAPS) in the liver; 4. APAP Sulfate (APAP-S) in liver; 5. APAP
Glucuronidate (APAP-G) in liver; 6. NAPQI in the liver; 7. Antioxidant GSH in the liver; 8. NAPQI-
GSH in liver; 9. Living cells in the liver. The reactions are catalyzed by the following enzymes: p;: Cy-
tochrome (CYP); po: sulfotransferase (SULT); ps: uridine 5’-diphospho-glucuronosyltransferase (UGT);
pa: glutathione S-transferase (GST). The solid lines represent reaction processes, and the dashed lines
represent metabolite interaction.
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Based on Figure 1, the concentration of APAP in the gut (S7) is the concentration
of acetaminophen introduced from the gut to the liver to be metabolized by the
liver. The parameter k,; expresses the rate of APAP input from the gut to the
liver. When APAP from the gut enters the liver, the concentration of APAP in the
liver is metabolized through three main pathways: the cytochrome pathway (red
line), the sulfation pathway (green line), and the glucuronidation pathway (blue
line).

In the cytochrome pathway, acetaminophen is catalyzed by the cytochrome
enzyme CYP (p;). The process involves three cytochrome oxidases: CYP1A2,
CYP2EL, and CYP3A4 [9]. Here, we model the three reactions using the Michaelis-
Menten kinetic rate with irreversible mechanisms and Hill kinetic with cooperativity
effects of the enzymes, such that the kinetic model on [9] becomes

= (Kml + S5 (t) + Koo + So(t) + Kot 52(t)) <1 + pT Sg(t)”> , (2.1)

where P and V;,i = 1--- 3, are the maximum rate of cytochrome oxidases enzymes,
Ky, =1---3, and d are the Michaelis-Menten’s constant, and n is the coopera-
tivity coeffeicient, with n > 1. In the sulfation pathway, acetaminophen is catalyzed
by an enzyme called sulfotransferase, SULT (p2). Since the enzyme-catalyzed reac-
tion involves two substrates, APAP-L and 3’-phosphoadenosine-5-phosphosulfate
(PAPS), and produces two products, acetaminophen sulfate (APAP-S) and 3’-
phosphoadenosine-5’-phosphate (PAP), then we use “Bi-Bi” Michaelis-Menten ki-
netic for the irreversible mechanism [17] given by

by — ViSa(t)Ss(t)
Esit + KmaSa(t) + KpsSs(t) + S2(t)S3(t)’

(2.2)

where V, is the maximum rate of SULT and K,,s and K,,5 are the Michaelis-
Menten’s constant of SULT. PAP is the residual product of the sulfate donor, which
can be recycled or further broken down in the cell (it is not considered in this
modeling process). The enzyme sulfotransferase (SULT) catalyzes the transfer of
the sulfate group (sulfation) from 3’-phosphoadenosine-5’-phosphosulfate (PAPS).
PAPS is the universal sulfate donor in sulfation reactions in the body. PAPS sup-
plies the sulfate groups required for reactions catalyzed by SULT. PAPS is formed
from adenosine triphosphate (ATP) and inorganic sulfate (SO3~) through several
enzymatic steps.

The result of APAP catalyzed by sulfation forms the APAP Sulfate reaction
(APAP-S). This product is the sulfated form of APAP. APAP-S is a more water-
soluble metabolite than APAP, which is more easily excreted through urine. The
rate kgS4 expresses the rate of output of APAP Sulfate into the urine. The con-
centration of APAP-S is increased by natural production in the liver with the rate
of sulfate production b,.

Similarly, the glucuronidation pathway is catalyzed by uridine 5-diphosphate-
glucuronosyltransferase, UGT (p3), to form the APAP Glucuronidate (APAP-G)
that will be excreted from the liver and transferred to the urine with the rate
kg1Ss5. Uridine 5’-diphosphate-glucuronosyltransferase and sulfotransferase form
products that do not harm cells [18]. There are four glucuronosyltransferase that
glucuronidated APAP, i.e., UGT1A6, modeled using Michaelis-Menten kinetic;
UGT2B15, modeled using Hill kinetic; UGT1A1l and UGT1A9, modeled using
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Michaelis-Menten kinetics with substrate inhibition as follows [9]

s = V5(S2)™ V652
(Kme)™ + (S2)™ Ky + S2(1+ 52/ Ki7) (2.3)
Vz S Ve S ’

T Ko+ 85 Kot Sa(1+ S5/ Kig)’

where V;, ¢ = 5---8, are the maximum rate of UGT, K,,; , j = 6---9, are the
Michaelis-Menten’s constant, K;7 and K;9 are constants of inhibition, and m is
cooperativity. In the cytochrome pathway, NAPQI is highly reactive and causes cell
death if it is not neutralized promptly. Detoxification of NAPQI involves glutathione
(GSH) and the enzyme glutathione S-transferase, GST (p4), as catalysts. GST
catalyzes the conjugation reaction between NAPQI and GSH, producing a more
stable and less toxic compound, NAPQI-glutathione (NAPQI-GSH) conjugate. The
detoxification reaction is irreversible and involves two substrates, resulting in one
product that is modeled as follows

VS (t)S7(t)
kgsh + Kim1056(t) + Km1157(t) + Se(t)S7(t)’

where Vjy is the maximum rate of GST, K,,;0 and K,,11 are the constants of
Michaelis-Menten. Additionally, GSH concentration naturally decreases at a rate
dySe as a parameter. GSH concentration increases with the GSH natural production
rate by. Furthermore, NAPQI-GSH is excreted through urine [19] with excretion
rate knqeSs. The concentration of NAPQI-GSH in the liver is more water-soluble
and less reactive than NAPQI. This conjugate can undergo the NAPQI-GSH reac-
tion. This compound is a detoxification product.

A similar process occurs in the detoxification of NAPQI catalyzed by glu-
tathione. Liver cells reproduce substances in the liver, such as bile, repair red
blood cells, store energy reserves, regulate immunity, and detoxify NAPQI. Cells
die due to toxicity in acetaminophen metabolism at a rate of 15459, and cells also
naturally die at a rate of §59. Liver damage occurs due to the excessive production
of NAPQI, which cannot be bound by the antioxidant GSH, and thus damages li-
ving cells. Based on the assumptions, we formulate the rate of the changes of each
metabolite that can be written mathematically as follows

P4 = (2.4)

S = —kaSi(t),

Sy = kaSi(t)—p1 — p2 — ps,

S5 = —pa — dsSs,

Sy =p2+bs — kS,

Ss = p3 — kg,

Se =p1—ps— 15650,

S7 = —ps+by — dyS,

Ss = D4 — knggiSs,

S0 =rso(o) (1 3220 ysao)salt) - 95000

max
where p;,i = 1...4 is given in equations (2.1)-(2.4). The initial conditions applied
for system (2.5) are taken from [9], which are S7(0)= 7uM, S2(0) = 4 uM, S3(0)
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=1 [LM, 54(0)

1 uM, S5(0) = 0 pM, S6(0) = 0 uM, 57(0) = 0.5 uM, Sg(0) =

0 pM, and Sg(0) = 0.2 pM. The description of each parameter is shown in Table

1.

Table 1. List of model parameters and its value.

Par Value Unit Ref. Par Value Unit Ref.
ko 4 ht 9] r 0.04 ht 19]
Ko 23000 uM [38] Kpio 15 uM [35]
kg 0.81 h=t [9] 5 0.08 h=t 19]
ksl 0.24 ht [9] Ko 3430 uM [41]
K11 4600 uM [42] Kz 23000 uM [38]
kgsn,  1.87x 1072  pM? [37] Ko 677 uM [41)
knqgr  0.29 h™t [9] Kms 276 uM [41]
Ki9 5300 uM (38] P 20 [9]
ket 13.27 uM? [9] Koma 97 uM 18]
by 0.07 uM.h—t [10] Kms 3.3x 1073  uM [39]
d 18000 uM 9] n 2 [9]
m 3 [9] hmaz 1.6 x 10 M [10]
dg 0.08 h=t [34,36,40]  Kme 5500 uM [38]
ds 0.08 Rt [34,36,40] K,z 4000 uM [38]
bs 0.13 uM.h—1 [10] Koms 9200 uM [38]
Vi 0.55 uM.h—? [41] Vo 345 pM.h™t [41]
V3 0.99 puM.h™? [41] Vs 490 pM.h™t  [38]
Vi 1785 uM.h™1 [39] Vs 6370 pM.h™t  [38]
Vo 4900 uM.h~1 [38] Vg 8820 pM.h™1t  [38]
n 0.21 x 107*  pM~thTt 9] Vo 72000 pM.h™t o [42]

3. Model analysis

In this section, we study the local stability of the system (2.5) by first finding the
conditions for the existence of its positive steady-state solutions. The results are
then used to examine how sensitive the reaction rate and metabolite flux distribution
are within the pathways, such that we can reveal how liver metabolic changes in

parameters can significantly impact the steady-state properties of the system.

3.1. Stability analysis of the positive steady-state solution

A steady-state solution is obtained by taking the right-hand side of the system (2.5)

equal to zero. If we assume the steady state is zg, then we get

where

Sy =

TE = (07 S;’S;:?SZ’ngsgvs;»sgasg),

o SSVZL - ds(KméLS; + kslt)

ds(Kpms +53)

(3.1)

, that is positive iff S3Vy > ds(KmaSs + ksit),
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S* 7Km4ssba + K’m5S§b5 + S;Sék‘/él + Sssgb.ﬁ + bskslt

= >0,
4 (KaS3 + Kms S5 + S35.8% + ksit) kst

S5 =S5 ((V5 + V7)SS7 + ((V5 + Ve + Vo) Kir + (Vs + Vo + Va) Ko + ngvs)Sg*G
+ <((V5 + Vo + Vi + Vo) Kio + (Vs + Vo) Kims + K7 (Vs + V7))Ki7 + Kio((Vs
+ V8) Kms + Ko (Vs + V7))) S5° + <(((V5 + Ve + Va) Kms + (Vs + Vi + Vo) Kz
+ Kmo(Vs + Vs + V7)) Kio + K7 KmsVs) Kir + Kims Kmo Vs Ko + K73nGV7) Syt +
+ (((((‘/5 + Va8)Km7 + Kmo(Vs + VG))Kms + K7 Kmo (Vs + V7))K1'9 + Kies(vﬁ
+ V?))Ki7 + Kig(% + VS)KiE)) 533+ ((((Va + Vr + Vs)ng + K7 KmsKmo

Vs)Kig + K?nG(Km7V7 + KmSVG))KH + (KmsVs + Km9V7)K?n6Ki9) 532+ ((VG
+ Va)Kms + (Vo + Va) K7 + Ko (Vs + V7)) Kio K K653 + (Km7Vs + KimoVe)

Kms + Km7Km9V7)KSfLGKi7Ki9> / <kgl(S; + Kme)(Kir K7 + KinS5 + 5’52)(55

+ Kms)(KigKmo + KigSs + 552)[(Km6 - 55)2 + KMGSSO >0,

gF — VoS5 57 >0
® T (Km10Sg + Km1153 + SgS% + kgsn)knqgl ’

hmaz (r = (857 +9))

mazx
Sy =

that is positive iff r > Sgn + 6.
r

The solutions of Ss, Sg and S7 can not be found explicitly. Therefore, the existence
of their positive solutions will be discussed as follows. Substituting S3 into the
second equation of (2.5) gives the zeros of Sy in term of the roots of polynomial,

Ang + AQSS + Agsg + ./4455L + A5S§ + A6522 + A7S5 + Ag =0, (3.2)
where

A1:—(V5+V7) <0,

Ay = = (Vs 4+ Vo + Vi) Kizr — (Vs + Vo + Vi) K9 — KV <0,

Az =— ([Vs + Vo + Vi + Vsl Ko + [Vs + Vo] Kps + K7 [Vs + V7)) Kiz — Koo ([Vs
+ V—S]KmB + KmQ[V:ﬁ + V7]) < 07

Ay == P+ 1)(Vi +Va+ V3) = (Vs + Vo + Vsl Kins + [Kimo + Km7]Vs + [Kimg
+ Kn7]Vr 4+ Ko Ve + VaKom7) Kig + KimsVs Kmr) Kit — Kimg Ko Vs Kio
~VeK3 s <0,

As=—(P+1) ((Vz + V) K1 + [Vi + V3] Ko + Kps[Vi + V2]>
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- (({Vs[ng + K1) + KoV + VaKm7} Kms + Ko Kz [Vs + V7)) Kig

+ K2 6[Ve + V7]) Kir — KigK2 s[V7 + V5] < 0,

Ao =— (Vi +Va+V3) = (P + 1) ([KmaVs + KnsVal Kt + KoKz Vi) — ({[Vs
+ Vo + V3] K2 6 + Kins Ko Vs K7 } Ko + K26 [ Kr Ve + KinsVa)) Kir
— KigK2 6 KmsVs + KmoVr] < 0,
A7 = — d*([Va + V3] K1 + [Vi + V3] Kz + Kins[Vi + Va]) — (KmaVads + V)
— (Vs + V5] Kins + (Ko + Kin7)Vr 4+ Ko Vs + VaKonr) KinKigKpbg < 0,
As = — & ([Kn2Vs + KisVal Kt + KimaKimsVi) + Vidskay
— KirKio ([Km7Vs + Ko Vo] Kms + Ko Vi Km7) K

mé*

The roots of (3.2) are challenging to find due to the complexity of the dependencies
of its polynomial coefficients. Therefore, the positive roots of Sy will be investigated
using Descartes’s rule of signs by [22]. Since A4, ..., .A7 are negative for all positive
parameters, the number of positive roots of (3.2) depends on the sign of Ag. If
Ag > 0, we get one sign change, meaning one positive root exists for Ss.

Furthermore, for Sg, substituting Sg into the sixth equation of (2.5), we get the
zeros of Sg in term of the roots of polynomial,

8153 + 82562 + B3Sg + B4 =0, (33)

where

Bi = 6hmax)(Kmio + 53)53° + 6hmax)(Kmio + S3) (K1 + Ko + Kms)Sa*
+ hnax [(Km2 + Kms) Km1 + Kmz2Kms + d*]0n(Kmio + S5)55°
+ hanaxt)[(Km2Kms + d°) K1 + (Km2 + Kms)d*]|6(Km1o + S7)S5°
+ (Kmio + 57) [(Km2 + Km3)Km1 + Km2Kms] Pmaxdnd> S5
+ Shamasx) (Km0 + S3) KmsKm1d> Koo > 0,
B = humae((—Kmio — S3)7 + (Km0 + 5%)0 + n(Km115% + kgsn))0S5°
+ hmaz((—Kmio — S7)r + (Kmio + S7)8 + 1(Km1157 + kgsn))0 (Km1 + Kms
+ Km3)S5" + hinao (Kmz + Km3) Km1 + K2 Kz + d°)((— Kmio — S5)r
+ (Km0 + 57)8 + n(Km1157 + kgsn))9S5° + hmaz((—Kmio — S7)7 + (Km1o + S7)0
+ (Km1155 + kgsn)) (Km2Kms + d°) K1 + (Kma + Km3)d>)6S5>
+ d*hamaz ((—Kmio — S3)r 4+ (Kmio + S3)6 4+ 0(Km1155 + kgan))
X 8(Kma 4 Km3) Km1 + KmaKms)Ss + A Kz Kmahmaz (—Kmio — S3)r
+ (Kmio + 57)0 + n(Km11S7 + kgsn))0Km1,
By = r(Km11S5 + kgsn) (Vs + Vi + V2) (P 4+ 1)S5° + (Km11S% + kgsn) (Vs + V2) Kin1
+ (Va3 + Vi) Km2 + Kms (Vi + Vo)) (P + 1)rS§4 + (Km1157 + kgsn) (Km2Va
+ KnzVo)(P+ 1) Kpmi1 + KimnsVi(P 4+ 1) K2 + d2(V3 +Vi+ ‘/2))7”553 + (Km1157
+ kgst) (Vs + V2) K1 + (Vs + Vi) Kz + Kima (Vi + V2))d*rS5” + d*(Km11 54
+ kgsn) (KmaVs + KmaVa) Kt + KmaKm3Vi)rSs > 0,
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Bs = ((=6(Km1155 + kgsh)hmaz + (P + 1)V + (P + 1)Vo + (P + 1)V5 — V) S5
+ Km1o(Vs + Vi 4+ Va) (P + 1)1 + 6% hinas (Kim11S5 + kgsn))S3” + ((—0(Km11 5%
+ kgsh) (Kmi1 + Km2 + Km3)hmaz + (P +1)Va + (P + 1)V — Vo) K1 + ((P
+ Vi +(P+1D)Vs — Vo)Km2 + Kima(P+ 1)Vi + (P + 1)Va — V5))S7
+ Kmi1o(Vs + V) K1+ (Va + Vi) K2+ K (Vi + V2)) (P + 1)) + 6% humaz (Km11S5
+ kgsn) (Km1 + Kma + K7n3))554 + ((—(Km1157 + kgsn) (Km2 + Kms) Kma
+ K2 Koms + d*)0hmaz + (P 4+ 1)Vs — Vo) Kz + (P + 1)Va — Vo) Kinz) K1
+ Knsz((P+1)Vi — Vo) K2 + dz(V:s —Vo+Vi+V2))S7 + Knmio((Km2Vs
+ KmsV2)(P 4+ 1) K1 + KnsVi(P + 1)Ko + dg(V?, +Vi+Va)))r + (Kmi11S7
+ kgsh)hmaz (Km2 + Km3)Km1 + Km2Kms + d2)52)553 + (= (Km11S7 + kgsn)
X (Km2Kms + d*) K1 + (Km2 + Kin3)d?)0hmae + (=VoKm3z Kz + d* (Vs — Ve
+ Vo)) K1+ (Vs = Vo + V1) Ko — Kz (Vo — Vi — V2))d2)5;+Km10((‘/3 + V2) K1
+ (Vs + Vi) Kz + Kms(Vi 4 V2))d*)r + (Km1157 + kgsh)hmaz (Km2 Kms + d°) Km
+ (Kma 4+ Km3)d?)6%)S52 + d*((—(Km1155 + kgan)0(Kma 4+ Km3) K1
+ Km2Km3)hmaz + (Vs — Vo) Km2 — Kma(Vo — V2)) Km1 — Km2Kms(Vo — V1))S7
+ (Km2Vs + Km3Va) K1 + K2 KimsV1) Km10)r + (Km1157 + kgsh)hmaz6” (Km2
+ Km3)Kmi + Km2Kims))S5 — d2Km3Km2((5(KmlIS; + kgsh)Pmaz + VoS7)1r
— 8% himaz(Km1155 + kgsn)) Km1.

For this case, the number of positive roots of (3.3) depends on the signs of By, ... By.
From the positivity condition of Sg, we have r > Sgn + § > J, meaning that Bs
can be positive or negative. Since B; and By are positive, then, using Descartes’s
rule of signs, the number of possible positive roots of (3.3) is given in Table 2.
The polynomial (3.3) possibly has at most two positive roots, allowing for multiple
positive steady-states in the metabolism system.

Table 2. Number of possible positive roots of Sg.

Case By By Bs By Number of Sign Changes Number of Positive Roots
1 + - - 4+ 2 2o0r0
2+ - + 4+ 2 20r0
3 + + - + 2 2o0r0
4 + + + 4 0 0

Next, from the seventh equation of (2.5), we get the zeros for S7 in term the
roots of polynomial,
C15% 4+ CaS87 4+ C3 =0, (3.4)

where
Cl = _dg(Sg + Kmll) < 07
C2 = (*Kmlodg - VQ + bg)Sg + bgKmll - dgkgsha
Cs = bg(Kml()Sg + kgsh) > 0.

Table 3 shows that the polynomial (3.4) has at most one positive root. In sum-
mary, we obtain a possibility for multiple steady-states of systems (2.5). However,
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by investigating the steady-state solution using the parameter values in Table 1, we
obtain one positive steady-state for the system (2.5) as shown in the first column
of Table 4.

Table 3. Number of possible positive roots of S;.

Case (C; Cs C3 Number of Sign Changes Number of Positive Roots

1 -+ o+ 1 1
2 - - 4 1 1

Table 4. Steady-state solution (in M) and eigenvalues of system (2.5).

Steady-state solution Hurtwitz criteria Eigenvalue

S;=412x10"%  w =174 A = —0.24
S5 =520x 10716 w, =478.7 Ao = —0.81
S5 =621 x 1071wy =2573.9 A3 = —0.29
S;r=987x10"2  wy=780.1 Ay = —0.04
S:=225x10"1% w5 =4.64 A5 = —15.65
Sg =170 x 10717 A = —1.55
Sx =887 x 107" A7 = —0.08
S; =12.01x10"17 As = —0.08
Sy =4.06 x 10726 g = —4

To investigate the stability of i, we linearize the system (2.5) around z g, which
gives us the Jacobian matrix as follows
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where

ail = 7kal7
az1 = kah
Vi V183 Vo V2S5 Vs
a2 = K PR *) 2 + * *)2 + *
ml +SQ (Kml +Sg) K’m2 +SQ (Km2+Sg) Km3+52

B V355 ) (1 n PS5 ) _ ( V1S5 n V255 n V355 )
m3+5*) dr + (S3)™ Kpn1+85 Kme+S; Kms+ S35
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S3(d S* ) (d™ + (S35)")283 KnaS35 + K585 + 5555 + ket
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VeS3(1+ (253)/Kio) )
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B m4S + Kmss* + S*S* + kslt

asz = — ( VaS; +
KmaS5 + Kins S5 + 5355 + ksit KmaSs + Kms S5 + 5555 + kst )?
duy = — ( VaS3 i VaS3 83 (Kma + S3)
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VaS555 (Kms + S3)
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+
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(s
m4S +Km5‘s*+s*s +kslt
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“52:‘(S;<(Kvigg)m<ss>m>) (( >((S*)<m )2;3)253%(%)

*(( Xiéléif)f ) ( ms+8*>‘< m7+8;<1vi<ss>/f<n>>

B ( Vs ) N ( VaS5 (1 + (253)/Kio) )
Kmo + 55(1 4 (55)/ Kio) (Ko + S3(1 4 (53)/Ki9))* )’
ass = _kgly
. Vo S7 VoS§57 (Kmio + S7) X
as6 = — * * * Qi + * * * Qi 2 _77597
K’mlOS6 + K’m1157 + SG S7 + k‘gsh (Kmlosg + K’m1157 + SG S7 + kgsh)
o — — VoS5 VoS5 57 (Km11 + S5)

+ ;
Km10S§ + Km1155 + S§S5 + kgsh (Km10Sg + Km1155 + S§S5 + kgsn)?

.
agy = —nSg,

g = — Vo S7 + VoS5S7 (Km0 + S7)

Km10Sg + Km115S5 + 5555 + kgsh - (Km10S8 + Km115% + S5S% + kgsn)?’
4o — Vo S§ n VoS5 57 (K11 + S6)

Km10S¢ + Km1153 + 5555 + kgsh - (Km10S§ + Km115% + S§S5 + kgsn)?’
ase = — Vo S7 + Vo S§ .57 (Km1o + 57)

Km10S§ + Km1153 + 5355 + kgsh (Km10S§ + Km115% 4+ SES5 + kgsn)?’

o Vo Sg VoS§57 (Kmi1 + S§)
asr = —

+ ,
Km10S§ + Km1155 + S§S%5 + kgsn (Km10Sg + Km115% + S§S% + kgsn)?

ass = _knqgl 3

age = —nSg,
So rSy "
agg =71 (1— — —nSg — 0.
( hmax hmax
It is easy to show that the eigenvalues of J are \; = a11 = —kgi, Ao = aqq = —kg,
A3 = ass = —kg, and Ay = agg = —knqq - The other eigenvalues are obtained by
solving the polynomial
Nt M+ e+ el tes=0 (3.6)
1 2 3 4 5 ; .
where
c1 = —(agy + ar7 + ass + ass + azs),
c2 = —(—0a22a33 — Q22066 — A22077 — (22099 + Q23032 — U336 — 433077 — (133099
— g7 — (66099 + Ge7076 + 69096 — 77099),
c3 = —(a22a33066 + A22a33a77 + Q22033099 + 22066077 + A22066099 — U22067076

— 22069096 + Q22077099 — 423032066 — A23032077 — 23032099 + A33G66077
+ a33a66a99 — A33A670A76 — A33A69096 T A33A77A99 + Ae6AT7AY9 — AETATEAY9
— aGoU77096),
c4 = —(—az2a33a66a77 — (22033066099 + 22033067076 + A22033069096
— 22033077099 — 022066077099 + G22067076099 + 22069077496 + 23432066077
+ a23a32a66Q99 — Q23032067076 — 423032069096 + 423432077099 — A33066A77A99

+ aszagrareagy + A33a69077096),

C5 = —Q22033066A77099 T A22033067076099 1 122033069077096 + A23032066077A99

— (23032067076099 — A23032069A77A96-
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Routh-Hurwitz criterion [23] gives the conditions for (3.6) to have roots with
negative real parts. The conditions are w; = ¢; > 0; wy = c1cg3 —c3 > 0; wg =
c1CaC3 — c§ + 0%04 > 0; wg = c1coc3cs — C%CZ + 0304 > 0; ws = c1cac3c4C5 + 201040?) +
cac3CE — cicies + 13 + c3eqes + ¢2 > 0. By using parameter values in Table 1,
the stability conditions given by the Routh-Hurwitz criterion are fulfilled, and we
obtain the eigenvalues of J as shown in the second and the third columns of Table
4, which guarantee the local stability of zg.

3.2. Sensitivity analysis of acetaminophen metabolism

For this part, we perform sensitivity analysis of the reactions within the metabolic
pathway using Metabolic Control Analysis (MCA). MCA is a quantitative method
used to assess the impacts of disturbances in metabolic networks [25]. MCA also
evaluates the significant role of each enzyme in regulating flux. Reaction sensitivity
is determined through elasticity coefficients and control coefficients for steady-state
reaction rate and metabolites [26]. The sensitivity of the reaction rate p to the
changes of metabolite S is quantified by the elasticity coefficient, defined as

()

Similarly, for the metabolite concentration S, it is represented by the control

coefficient oS
s_(P) (92
cs = (s) (ap> . (3.8)

These control coefficients can be determined using matrix control techniques
involving the system’s stoichiometric matrix (2.5). Considering the kinetic model
in the system (2.5), it can be reformulated as follows

ds

— = Np(S,x). 3.9

= Np(S,x) (39)
Here, S = (S2,...,Ss) represents the vector of metabolite concentrations, and p =
(p1,--.,p13) represents the vector of reaction rates [27]. The kinetic equation py

is defined in (2.1-2.4). The reaction rates p are dependent on both the metabolite
concentrations S and the kinetic parameters x, which are listed in Table 1.

Figure 1 shows that 13 reactions convert seven substances. This gives a stoi-
chiometric matrix N of dimension 7 x 13. In a stoichiometric matrix, the number
of rows reflects the number of substrates involved, while the number of columns
reflects the number of chemical reactions [28]. By augmenting the matrix N with
an identity matrix, we obtain the augmented matrix [N|I] as follows

-1-1-1 010 000 OO0 O |1000000O0
0-10 00-1000 00O O (0100000
01 0 0O00-110 000 0 (0010000
0 01 000 00-1000 0 (0001000
10 0-100 000 —-100 O (0000100
0 0 0-100 000 01-10 (0000010
0 0 0100 000 00O -1|0000001
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After applying Gaussian elimination, the augmented matrix [IV|I] is transformed
into its reduced row echelon form, given as

1000000 0 0 -100 =100 00101
0100001 -10 000 O |01 0O0O0CO0O
0010000 0 -1000 O |0OO0O 10000
0001000 O O OO0 —-1]|00 10001
0000101 1 -1-100 =11 0 11101
oo0o001-11 0 000 O |[0-1-10000
0o0ooo0oo00 0 0 01-1-1|00 00011

The result of the elimination indicates that the rows of N are linearly inde-
pendent, confirming that the rank of the matrix NV is 7. Since the rank of N
equals to the number of metabolites (7), no further reduction is required. When
Np(S,z) = 0, a steady-state reaction rate vector, denoted as the flux vector J, is
achieved. Given that the rank of N is 7, there are 6 column vectors (denoted as
J1,...,Jg) that form a basis for the null space of N. If we define matrix K with
columns Jy,. .., Jg, then NK = N[J1|...|Js] = [NJ1]...|NJs] = 0.

For any 13-dimensional flux column vector J, it can be expressed as J = K Jiq,
where Jiq is a 6-dimensional column vector of independent fluxes. In this case,
Jig is not unique. Here, we choose Jiq = (J1, Ju, Js, Jo, J1g, J11) representing the
independent fluxes. So, from the relation of J; and J;4, we have

100000]
000101
1-10000
010000
001000
000001
1-11101]. (3.10)
001000
000100
000010
000001
100000
0011

o O o o o o

0

Two theorems can be used to determine the control matrices for fluxes and
metabolites in a system. These theorems are the summation theorem and the
connectivity theorem [29]. The normalized forms of these theorems are written as
follows:

(s cs) (K- = E? , (3.11)
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where C'; and Cg represent the normalized control matrices for fluxes and metabo-
lites, respectively [30]. Matrix K is the normalized form of the kernel of the matrix
N, I is the identity matrix, and M, is the elasticity matrix. Next, the control
matrices for fluxes (Cy) and metabolites (Cg) is determined, which can be written
as:

(CJ Cs) = l;? (/c st)fl. (3.12)

Matrix K represents the dependency of reaction rates in steady-state conditions
(fluxes) on the independent fluxes. The matrix K can be normalized using the
equation K = Dle Dj,, where D is the diagonal matrix of fluxes. The normali-
zation process allows us to obtain the following:

1 0 000 0
0 0 0% o
L0900 0
J3 J3
01 000 O
ooj—gooo
0 0 00 0 4
Jé
K=& —fsisi o u (3.13)

J7 J7r Jr J7 J7
0 0 100 0
0 0 010 0
0 0 00 1 0
0 0 000 1
j%ooooo
Jjio J1

100 00 5055

In metabolic control analysis, the elasticity coefficient measures the sensitivity
of a reaction rate to changes in concentration or parameters. It quantifies the direct
effect on reaction rates while keeping other aspects of the network unchanged. The
sensitivity of the reaction rate pj of a reaction to changes in concentration S; of a
metabolite is calculated using the elasticity coefficient:

b = j—; (?ﬁ) . (3.14)

This coefficient is commonly referred to as the elasticity matrix. This matrix
contains the elasticity coefficients of each reaction rate for every metabolite, as
shown in the following matrix:
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0000 0
€ e 000 0
00 0 O
00¢eg egt
00 0
00
00
10
01
00
00
00

0
0
0
0
0
0
0|, (3.15)
0
0
0
0
0
00 1

o O O O o o o = o o o
o O O = O O o o

with

Pl — 1 (S*( Vi Vi S3
S2 (53)" 2\ K Sy (K S3)2?
(Km R el o +S*) (Hm) m S (o 4 53)

+< Va S )+( Vs V583 ><(1+ P(s3)" )
Km2 + S; (Km2 + S;)Q KmS + S; (Km3+55)2 dn + (55)"

+( ViSs . VaS5 | VsS3 >< P(S35)"n  P((S5)")*n ))
Km1+ 835 Km2+S535  Kms+S3 ) \S5(d” +(S5)")  (d"+(S5)")2S5) )’

&:( VaSs _ VS35 (Kma + S3) )
92 I{rn4sg< + KmSS; + S;S; + kslt (Km4S§ + KMSS; + SSS,; + kslt)2
KinaS3 + K S5 + 5555 + kst

ViS; :
e VaSs ) Va5 (s + S3)
53 m4s* +Km55* +S*S* +kslt (Km4S§ +Km5sék +S§S; +kslt)2
m452 + Km553 + S2 S3 + k:slt
Vu S35
P — 1
J2 ( Vs (S2)™ + Ve So 4+ _VaS2_ Vg Sy )
(Kme)™+(S2)™ Km7+S2(1+52/K,7) Kmg+S2 Kmo+S2(1+52/K9)

<_55<_(S§‘(( ‘:i(§2) + (55)™ )>> ((( VS)((SQ*);)*Q)ZV%)
- (Km7+s (‘erS 5/ Kir) ) < mj%;tfgﬂ/(;)ﬂ) >_ (Kmésv1 55)

+
n ( VsS5(1 4255/ Kio) ) Vs n V283
(Kmo + S35(1 4 S5/ Ki9))? Ko + S5(1+ S5/ Kio) (Kms + S5)? ’




1846

N. Zahwa, Kasbawati & S. Toaha

P4
556

P4
657

VoS7

VoS5 57 (Kmio + S7)

(Kmlosé + K155 + S;S: + kgsn

KmlOSg + 1:(m115”7K + SgS; + kgsh

VoS ’

VoSs

(Km108§ 4 Km1155 + S§ S5 + kgsn)?

Vo557 (Kmi11 + Sg)

(Kmlosé‘ + Km1155 + 5§55 + kgsn B
Km1056 + Km1157 + S§.57 + kgsh

VoSg

(Km108¢ 4+ Km1155 + Sg S5 + kgsn)?

GUT

APAPA (5,)

aur
APAPA (5;)

LIVER

Antioxidant GSH (S;)

0
e
LGy | MAPOLGSH (5

55
g =1

NAPGI (5,)

Living cell (S5)

LIVER

A
0 =-44x10

N NAPQLGSH 5;)

[ -
=
=202

55 16
3=11x10

5 _
=202

=110

APAPS 5,)

Living cell (Sy)

GUT

GUT

ho NAPQLGSH 5;)

APAPA (5,) APAPA 5,)
LIVER LVER
Antioxidant GSH (S;) C;’ -.03 ori (57
=0,

7 = 12
0 =1.2x10

APAPS 5,)

N NAPQLGSH (5;)

APAPG (5;) -
7 - 12
0 =-1.24x10

Living cell (S5)

URINE

(d)

Figure 2. Distribution of: (a) elasticity coefficients that measure the local effect of reaction changes;
(b) control coefficients that measure the global effect of reaction changes on the changes in APAP-G
concentration (S5); (c) NAPQI concentration (Sg); and (d) GSH antioxidant concentration (S7). The
sensitivity analysis only focuses on the input rate of APAP from the gut and reactions catalyzed by
enzymes. The highest positive control is shaded with blue, and the highest negative control is shaded
with yellow.

Using the kinetic parameters in Table 1 and the steady-state solution in Table 4, we
obtain the sensitivity results that are distributed in Figure 2. Figure 2-(a) shows
the distribution of elasticity coeflicients, which indicates the sensitivity of reaction
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rates to the changes in metabolite concentrations. Since the elasticity coefficient
quantifies the response of the local reaction p; to the changes in metabolite concen-
tration S, it only reflects a local property, specifically the property of the reaction
rate p. For instance, for the first reaction, we have 5;?11 = 1, indicating that when
the concentration of 57 is increased, then the reaction rate p; also increases by the
same magnitude.

Furthermore, the obtained control coefficients are essential for quantifying the
global impact of changes in enzyme activity on metabolite concentrations. The
coefficients Cf’f, Cf’f, and Cflj represent the sensitivity of the APAP-G, NAPQI, and
GSH concentrations based on the reaction rate pg, respectively. A positive control
coefficient indicates that increasing the reaction rate affects the increase in the
steady-state concentration of APAP-G, NAPQI, and GSH. In contrast, a negative
coefficient suggests the opposite effect. Distribution of global sensitivity effects
of reactions to the changes of APAP-G, NAPQI, and the antioxidant glutathione
GSH is measured by control coefficients, as shown in Figure 2-(b,c,d). For NAPQI,
the highest sensitive reaction with positive control for increasing its concentration
is regulated by APAP reaction (ps). This reaction represents the input rate of
acetaminophen from the gut to the liver. The highest input rate of acetaminophen
from the gut is the highest NAPQI concentration that will be produced. There
are no controls from the other reactions indicated by the zero control coefficient
results (see 2-(c)). Therefore, the concentration of NAPQI is solely determined
by the number of consumed drug dosages. On the other hand, the increase of
APAP-G and GSH concentrations is highly regulated by CYP reaction (p;) with
the highest positive control and UGT reaction (ps) with the highest negative control.
For the other enzymatic reactions, the global effects concerning the APAP-G and
GSH changes are different, as shown by their control values (see Figure 2-(d)). For
instance, increasing 1% of the maximum reaction rate of CYP leads to the increase
of GSH concentration with magnitude Cff (blue shading on Figure 2-(d)), while
increasing 1% of the maximum rate of UGT will decrease the concentration of GSH
with the magnitude of Czi.?'

4. Optimal control of acetaminophen metabolism

One of the pharmacological strategies to prevent hepatotoxicity is to increase the
concentration of the antioxidant GSH because it can help detoxify toxic metabolites
(NAPQI) by conjugating them with GSH, which are ultimately excreted. The
sensitivity analysis results indicate that ps, catalyzed by uridine 5’-diphosphate-
glucuronosyltransferase (UGT), is the reaction rate with the highest negative effect
on antioxidant GSH concentration, while p;, catalyzed by cytochrome (CYP), is
the reaction rate with the highest positive effect. It means that controlling the
maximum activity of the UGT and the CYP is the key regulation for reducing
hepatotoxicity. We then define a regulation rule as follows:

Pr(S;ui) = pr(S; Vimax(1 —u;)), k =1,3,i = 1,2, (4.1)

where u; and ug are the percentage of changes of the maximum activity (Vipax) of
UGT and CYP, respectively. Equation (4.1) indicates that the optimized reaction
rate p; depends on the original reaction rate p, adjusted by the factor Vijax(1 —u;).
To minimize the activity of CYP and maximize the activity of UGT together with
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maximizing the concentration of GSH, we define the following objective function J:

ty
min J(uj,uz) = min / (—&187 + &ui — &yu3) dt, (4.2)

(u1,u2) (u1,u2) Jy,

subject to the system in (2.5). Variables &;,&, and &5 are weighting factors of
the respective objectives, S7 is the concentration of the antioxidant GSH, p; is the
reaction rate catalyzed by CYP, and ps is the reaction rate catalyzed by UGT. Based
on the Pontryagin minimum principle [31], the first step in solving the objective
function (4.2) with constraint (2.5) is to determine the Hamiltonian function. The
Hamiltonian for this problem can be written as

H(tv Sa u, )‘) = (751‘5‘7 + 52“’% - 53”%) + >‘T<t)g(t7 Sv ll), (43)

where ¢(t,S,u) is the right hand side of system (2.5). The costate variable is given
as
A= ()‘1,)‘27)\33)‘47)\57>\67)\73AS,)‘Q)T‘ (44)

For the state equation S, we obtain

S (4.5)

= o o o A e B B A B A

_OH (OH OH OH OH OH OH OH OH oH\™
N DXy N DAL DA DN DA DAg” DNg

For the costate equation, we obtain

5 _0H _( OH OH OH OH 0OH OH OH 0JH 0H
0SS 881’ 0Sy’ 9S3’ 88,7 0S5’ 0S¢’ 0S;’ 9Ss’ 9Sy )’
(4.6)
Furthermore, for the stationary condition, we have
OH (0H OH\"
_— _— = 0, 4.
ou (8u1’8u2> ( 7)

By solving Equation (4.7), we obtain

uﬁJ%P+%+MﬁHﬂ&—M) (4.8)
(d™ + S§)(Kma + S2)62 :
Ki9SoVs (A2 + As)

((SQ + KmQ)KiQ + 53)63 .

Ug = — (49)

Based on the boundary conditions for u; and us, 0 < u; < 1 and 0 < us < 1, the
optimal control for uj and u3 are determined as follows

u, if0<u <1,
uy =<0, ifu <0, (4.10)
1, ifuy > 1,

or
u) = min{l, max{0,u1}}, (4.11)
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with u; as described in Equation (4.8), and

Uz, lfOSUQS].,

up =120, ifup <0, (4.12)
1, if ug > 1,
or
uy = min{1, max{0, us}}, (4.13)

with us as described in Equation (4.9). Therefore, we obtain the optimal control
for the percentage regulation of CYP and UGT as shown in (4.11) and (4.13).
In the next section, we will present numerical simulations to capture the system’s
dynamics and to explore the effects of the sensitivity of CYP and UGT and the
application of the optimal control obtained.

5. Numerical simulation

This section presents simulations of the acetaminophen metabolism model without
control and with control applied to the chosen reaction rates. The regulated reac-
tions are selected based on the sensitivity results obtained in the previous analysis.
The simulation is carried out by using parameter values given in Table 1 and initial
condition for APAP in the gut (APAP-U), S;(0)= 7uM. This APAP concentration
represents an overdose condition [9]. The other metabolites have initial conditions:
S2(0) = 4 M, S3(0) = 1 uM, S4(0) = 1 puM, S5(0) = 0 pM, S5(0) = 0 M,
S7(0) = 0.5 uM, Sg(0) = 0 uM, and S9(0) = 0.2 uM. The first simulation is pre-
sented for various levels of the maximum rate of CYP. The CYP consists of three
cytochrome oxidases, i.e., CYP1A2, CYP2E1, and CYP3A4. Among the three cy-
tochrome oxidases, CYP2E1 is the reaction that highly affects the CYP [41]. If we
manually increase the maximum rate of CYP3A4 (V%) on p1, we get the regulatory
effects on the entire metabolite on the liver pathway as shown in Figure 3. Among
all the metabolites, the regulation of CYP significantly affects the concentration
of APAP-L in the liver, NAPQI, GSH, and the complex of NAPQI-GSH (see Fi-
gure 3-(b,f,g,h)). Increasing the reaction rate p; also increases the concentration of
NAPQI and NAPQI-GSH complex and, consequently, decreases the concentration
of APAP-L and GSH due to CYP converting APAP-L on the liver into NAPQI as
the toxic compound. Increasing the NAPQI concentration affects the increase of the
complex NAPQI-GSH, which also decreases the concentration of GSH. For instance,
when we increase the reaction rate of CYP by 29%, the concentration of NAPQI will
also increase by almost one hundred percent. On the contrary, increasing the rate
of CYP by 29% decreases the concentration of GSH by one hundred percent. For
acetaminophen glucuronide (APAP-G) that will be excreted in the urine, the con-
centration decreases by five percent. For other metabolites, the regulation carried
out did not provide significant effects (see Figure 3-(a,c,d,i)).

In the following simulation, we present the optimal control results that were
obtained by regulating two reactions that have the highest positive and the highest
negative control to the changes of GSH concentration, i.e., the maximum reaction
rate of CYP (p1) and UGT (p3). The optimization task is to find the best percentage
of CYP’s maximum reaction rate changes (u1) and UGT (uz). The best regulation
of CYP and UGT is expected to maximize the production rate of GSH, such that the
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Figure 3. Concentrations for varying levels of maximum CYP rate (V2): (a) APAP-G concentration in
the liver function organ; (b) NAPQI concentration in the liver; and (c) antioxidant GSH concentration
in the liver.

detoxification process by conjugating GSH with toxic compounds can be escalated
and excreted via urine. The optimal control problem is numerically solved using the
Steepest Descent method [43] with zero initial guesses. Runge Kutta’s forward and
backward methods [31] are used for solving the state and costate variables. Table
5 shows simulation results for different cases of objective weight. The results show
the percentage of total concentration changes for all metabolites to the changes in
the objective weight. The first case focuses on maximizing the GSH concentration
where the highest weight is set for £;. The optimal results show the highest per-
centage of changes occur on the total concentration of GSH that increases about
15.67% after regulation (see column 2 in Table 5). This affects NAPQI and NAPQI-
GSH concentrations, which decrease by about 37.14% and 18.77%, respectively. In
another case, for instance, case IV, the objective weights are set higher for &5 and &3,
indicating that the optimization process is concerned with regulating both enzymes
CYP and UGT simultaneously.

Compared to case I, the results of case IV show a more tremendous increase in
GSH and a more significant decrease in NAPQI. If the weights of the three objectives
are set almost equal, a considerable increase in GSH and NAPQI is obtained, but not
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as great as the increase in case IV. Suppose the acetaminophen consumed is expected
to be directly excreted in the form of urine without having to be bound by GSH.
In that case, the concentration of APAP-G must be optimized. Therefore, among
all cases, case I is the most recommended case because the total concentration of
APAP-G increases by 0.49% (the highest concentration of APAP-G). However, if
GSH increase rate and NAPQI decrease rate are considered then the best regulation
is case IV, with GSH increasing by 52.23% and NAPQI decreasing by 69.90%. On
the other hand, there is a case with different weights that results in an increase in
APAP-G and GSH and a decrease in NAPQI. In this case, both excretion pathways
can be optimized, but the increase in APAP-G is not as significant as in case I,
and the increase in GSH and decrease in NAPQI are not as great as in case IV, as
shown in Table 5.

Table 5. Change in value without control and with control with different cases and weights.

Percentage of total concentration changes (%)
Case I (§; =80 Case II ({; = 10 Case III ({; = 10 Case IV (§; =10 Case V ({1 =45
;€2 = 10,€3 = 10) , €2 = 80,3 = 10) , &2 = 10,£3 = 80) ,&2 = 45,83 =45) , &2 = 10,3 = 45)

S1 -1.53x107°¢ -1.53x107° 9.32 x 1076 -1x107° - 5.08 x10~7
So 1.75 0.2 3.74 7.56 3.33

Ss - 0.004 - 0.0004 0.003 - 0.04 - 0.002
Sy 0.0004 4.64 x 107° - 0.0004 0.004 0.0002

Ss 0.49 0.049 - 0.43 - 19.82 0.19

Se -37.14 - 5.36 - 60.79 - 69.90 - 57.52
Sz 15.67 1.26 38.48 52.23 34.23

Ss - 18.77 - 1.51 - 45.98 - 62.27 - 40.92
So  6.44 x 107° 7.58 x 1077 1.5 x 107° 2.01 x 107° 1.34x107°

Case V, with the weights £&; = £3 = 45 and & = 10, focuses more on maximizing
the concentration of GSH (S7) and UGT (uz), but is less focused on minimizing
the reaction rate of CYP (uq). This condition is optimal because NAPQI can be
completely bound when antioxidant production increases. When the production of
UGT enzymes increases, the metabolic output in this pathway is greater, so this
process helps reduce the toxicity of APAP in the liver. Case V also favors in reducing
the productivity of CYP enzymes. Case V effectively increases the production
of antioxidant GSH and UGT enzymes, which are important for reducing APAP
toxicity by increasing glucuronide conjugation. Meanwhile, the focal reduction in
CYP enzymes supports the decrease of NAPQI metabolite formation, making these
conditions optimal for minimizing liver damage due to APAP toxicity.

Numerical simulations in Figure 4 show that the optimally applied control in
cases [-V regulation can significantly reduce the hepatotoxicity effect of acetami-
nophen within 18 minutes after drug use. Among all metabolites, CYP and UGT
regulation notably affects the concentrations of APAP-U in the gut, PAPS in the
liver, APAP-S in the liver, and living cells (see Figure 4-(a,c,d,i)). However, priori-
tizing the weight towards S7 can increase the concentration of APAP-L, APAP-G,
and GSH by 1.75%, 0.49%, and 15.67%, respectively. As a result, the concentration
of NAPQI and NAPQI-GSH complex decreases by 37.14% and 18.77%, respectively
(see Figure 4-(b,e,f,g,h)). In addition, Figure 5-(a) shows that the maximum ap-
plication of inhibiting CYP enzyme (u;) at the 9th minute and UGT enzyme (uz)
at the 12th minute after drug use is an effective control strategy to manage he-
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Figure 4. Numerical simulation for overdose condition without control
(dashed line). The graphs show the dynamic of: (a) APAP Concentration

Time (Hours)

(i)

(solid line) and using control
in Gut, (b) APAP Concentra-

tion in Liver function organ, (c) PAPS Concentration in Liver function organ, (d) APAP-S Concentration
in Liver function organ, (e) APAP-G Concentration in Liver function organ, (f) NAPQI Concentration
in Liver function organ, (g) Antioxidant GSH in Liver function organ, (h) NAPQI GSH Concentration
in Liver function organ, (i) Living Cell.
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Figure 5. Comparison of optimal control functions with regulations of; (a) CYP uj, (b) UGT u}

patotoxicity. In this case, the expected acetaminophen concentration consumed is
directly eliminated in urine without being bound by GSH. Hence, the concentration
of APAP-G is optimized.

Numerical simulations in Figure 4 show that the optimally applied control in case
IV regulation significantly reduces the hepatotoxicity effect of acetaminophen within
18 minutes after drug use. Among all metabolites, CYP regulation significantly
affects the concentrations of APAP-L in the liver, APAP-G in the liver, NAPQI,
GSH, and NAPQI-GSH complex (see Figure 4-(b,e,f,g,h)). However, by prioritizing
the weights on enzymatic CYP (u;) and enzymatic UGT (us), the concentration
of GSH increased by 52.23%. In contrast, the concentrations of APAP-G, NAPQI
complex, and NAPQI-GSH decreased by 19.82%, 69.90%, and 62.27%, respectively
(see Figure 4-(b,e,f,g,h)). For other metabolites, the regulation did not have a
significant effect (see Figure 4-(a,c,d,i)). In addition, Figure 5-(b) shows that the
maximum application of inhibiting CYP enzymes (u;) and UGT enzymes (u3) at
nearly the same time, i.e., the first minute after drug use is an effective control
strategy to manage hepatotoxicity. This case makes antioxidants more likely to
bind NAPQI so they can be excreted into the urine.

In case V, regulation showed that the optimally applied control significantly
reduced the hepatotoxicity effect of acetaminophen within 18 minutes after drug
use (see Figure 4). Among all metabolites, CYP regulation significantly affected
the concentrations of APAP-L in the liver, NAPQI, GSH, and NAPQI-GSH complex
(see Figure 4-(b,f,g,h)). However, by prioritizing the weights on GSH concentration
(S7) and enzymatic UGT (uz2), GSH concentration increased by 34.23%. At the
same time, NAPQI and NAPQI-GSH complexes decreased by 57.52% and 40.92%,
respectively (see Figure 4-(b,f,g.;h)). For other metabolites, the regulation did not
have a significant effect, but there was an increase in APAP-G by 0.19% (see Figure
4-(a,c,e,d,i)). In addition, Figure 5-(¢) shows the maximum application of inhibiting
CYP enzyme (u;) in the first minute after drug application and UGT enzyme (us2)
in the third minute after drug application and gradually. This case produces a high
enough concentration of antioxidants to bind NAPQI to be excreted into the urine,
and metabolic products are disposed via the glucuronidation pathway (APAP-G)
process.

In summarizy, based on our results, we found the two best regulation keys
through sensitivity analysis using metabolic control analysis. This finding is in line
with the study of [32], which stated that isoniazid can inhibit the concentration of
CYP enzymes, thereby reducing APAP oxidation. In addition, [33] also found that
increasing the concentration of UGT enzymes helps in conjugation and excretion.
We then applied these two regulatory keys in the control theory to reduce the effects
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of hepatotoxicity caused by acetaminophen metabolism.

6. Conclusion

We have generated a kinetic model for acetaminophen metabolism based on the
properties of the enzymes with unimolecular and bimolecular Michaelis-Menten ki-
netics. The model focuses on the acetaminophen metabolism in the liver, con-
sisting of three major pathways, i.e., cytochrome, sulfation, and glucuronidation.
Metabolic regulation was studied by combining kinetic modeling, metabolic control
analysis, and optimal control approaches to determine the optimal regulation for
enzymes to regulate the metabolic process. It was found that the change in NAPQI
concentration is highly controlled by the input rate of the APAP from the gut to
the liver. On the other hand, to increase or decrease the concentration of APAP-G
and GSH, which can help reduce the NAPQI concentration, reactions by CYP and
UGT are the most recommended to be regulated. By inhibiting the maximum rate
of CYP and increasing the concentration of GSH, the concentration of APAP-G
can be increased such that APAP-L can be directly excreted through urine and the
formation of toxic compounds (NAPQI) can be reduced. When we simultaneously
minimize the maximum reaction rates of CYP and UGT, this reduces the concen-
tration of NAPQI and increases the concentration of GSH, forming a NAPQI-GSH
complex that is excreted in the urine. This result can then be used as guidance to
explore the limits of metabolic regulation involving order-of-magnitude changes in
the CYP and UGT activities such that a temporarily stable and optimal metabolic
system can be maintained and the toxic effects of acetaminophen overdose can be
reduced.
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