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On Local and Nonlocal Robin Boundary Value
Problem with Critical Nonlinearity

Anass Ourraouilf

Abstract In this paper, using the Mountain Pass Theorem, we present re-
sults on compactness and the existence of solutions for a class of local and non-
local p-Laplacian equations involving Robin boundary conditions, with critical
nonlinearity and a small perturbation.
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1. Introduction

This paper deals with the following elliptic problem:

K (/ |Vul? de + ﬁ/ u|pdam> Ayu = ya(z)|u|2u + [ulP" ~2u + g(z) in €,
Q a0

\Vu|p_2@ + BluP2u =0 on 09,
ou
(1.1)
where  C RV is a bounded domain with smooth boundary, p* = Np/(N — p)
is the critical Sobolev exponent, 1 < p < N, « is a positive parameter and a €
/=0 (Q), g e LP(Q), with L+ L =1 and p* = 2.

Here the functional K verifies (K;) K : (0,400) — (0,400) continuous and
ko = inf K(s) > 0.

s>0

The problem (1.1) is called nonlocal because of the presence of the term K(.), so
it is no longer a pointwise identity. This leads us to some mathematical difficulties
which make the study of such a class of problems particularly interesting.

In fact, equations such as (1.1) received more attention after Lions [11] proposed
an abstract framework to the problem. Some important and interesting results can
be found, for example, in [21].

The critical exponent case poses a significant challenge due to the absence of
compactness, rendering standard arguments ineffective. To our knowledge, only
few results have studied the elliptic problems featuring critical exponents. Among
these references, some of the most noteworthy include [3,8,9,12-15,18] and their
associated literature. However, drawing inspiration from these seminal works from
which we will draw certain insights, our aim is to generalize and partially extend
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corresponding results to accommodate cases where p # 2 and involve a perturbation
g.

First, we deal with the case of a local problem: Suppose that the operator
K =1Idand 1 < ¢ <p < N; then we can state the following compactness note.

Theorem 1.1. There exists a constant L > 0 depending on p,q, and N such that
¢~ satisfies the Palais-Smale condition in the interval 17 :

17 = (—o0, %S% — Ly7#a),
for every v > 0 with g small enough with respect to the norm ||.||«.
Now, for the non-local case, we make the following assumption:
(Ko) K(t) > K(t)t for t > 0, with K(t) = [, K(s)ds.
Accordingly, we can report our main result.

Theorem 1.2. Under the hypotheses (K1), (K2) and q € (p,p*), there exists v* >
0, such that problem (1.1) has at least a nontrivial solution for all v > ~*, provided
g is small enough in the norm ||.||« of (WLP(Q))*.

The existence of solutions for problem (1.1) remains largely uncharted territory
within the realm of variational methods. As in our forthcoming paper, problem
(1.1) can be construed as a Schrodinger equation entwined with a non-local term.
The interplay between this nonlocal term and the critical nonlinearity prevents us
from using the variational methods in a standard way. Establishing new estimates
adjusted to Kirchhoff equations, which entail the utilization of Palais—Smale se-
quences, is imperative for our endeavor. Let us point out that although the idea
was used before for other problems, adapting the procedure to our problem is not
trivial at all, owing to the appearance of the non-local term and Robin boundary
condition.

In [16], the authors presented a bifurcation-type theorem that describes the
dependence of the set of positive solutions for a Robin problem with a concave-
convex term.

The paper [10] addressed a nonlinear Robin problem driven by the (p, ¢)-Laplac-
ian in addition to an indefinite potential term. It is shown that, under minimal
conditions on the nonlinearity, the problem admits a nodal solution.

In [7], El Khalil investigates the existence of at least one nondecreasing sequence
of positive eigenvalues by applying minimax arguments on a C'-manifold.

Regarding the eigenvalues of the (p-q)-Laplacian with homogeneous Dirichlet
boundary conditions, the author in [19] established the existence of two nontrivial
(weak) solutions.

Throughout this paper, we consider the C''—functional energy:

1 ~ 1
0,0 =& ([ wuraess [ rdo) -2 [a@pae- 4 [
p Q o0 qJq P Ja

— /Qg(x)udx.

Note that

@ (u).v =K(|| u ||p)(/ ||Vu|p_2Vu.Vvdx+/ |ulP~2uw dag;)
Q o0

P dx
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- ’y/ a(x)|u|? 2uvds — / lulP” ~2uvds — / g(z)vdz,
Q Q Q
for all v € X, where
X =W Q) :={uecIP(Q) : / |VulPdr < oo }.
Q

By a version of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz
[17,20], without (P.S) condition, there exists a sequence (uy,), C WP(£2) such that

D, (up) = co and @' (u,) — 0,
where

¢y = inf max P(v(t)) >0

with
I'={aecC(0,1], WHP(2)) : a(0) =0,®(a(1)) < 0}.

We recall that w € WP(Q) is a weak solution of problem (1.1) if it verifies
K (] u|?) (/ VulP2VuVudze +/ ﬁ|u|p*2udaz) - / ya(z)|u|? 2uvda
Q o0 Q

—/ |u|p**2uvdm—/g(x)vdx:0,
Q Q

for all v € WP(2). So the critical points of ®. are solutions of problem (1.1).

2. Auxiliary results and proofs

Let L*(2) be the Lebesgue space equipped with the norm |ul; = ([, |u[*dz)*, 1<
s < oo and let W1P(Q) be the usual Sobolev space with respect to the norm

| ul= </ |Vu\pdx—|—/ |ul? das) .
Q Q

From [1,6] the following norm,

(/ |vu|de+/ B|u|pdax);, 5> 0
Q o

is equivalent with the usual ||u]|.
Now we can define the best Sobolev constant:

Jo IVulPdz + [, Blul? do

S = :
weW 7 (@)\{0} (Joy lulpda) 7=
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2.1. Proof of Theorem 1.1:

Assume that (u,) is a Palais-Smale sequence for ®.. A standard argument leads to
the boundedness of the sequence (u,,),. Then there exists a subsequence still denoted
by (un)n, and v in X verifying u,, — w. Using the same arguments explored in [2],
it follows that there exists a constant L depending only on p, ¢ and N such that

Py (u) > *L"Yﬁ-
Putting w,, = u,, — u. Then by a lemma in Brezis and Lieb in [5], it follows that
[wnl[” = [lun[” = llull” + on(1),

I p” p”
o = |unlpe — |ulp. + 0, (1).

|wn

Using the Lebesgue convergence theorem, we have,

/gun dx—)/gud:c,
Q Q

/a(x)|un|q*2undx%/a(x)\u|q*2udx
Q Q

and

/5|un|p72undox%/ BlulP~u do.
o0 o0

From the last three previous formulas, we obtain

|wnll? — |wn g* = on(1)
and
1 » 1 »*
§||wnH - I;\wn\p* =c— @, (u) +on(1).

According to hypothesis that (u,) is bounded in X. There exists a > 0 such that
lwn ||P — a.

Thus,
"
pr Q.

|wn

Let S denote the best Sobolev constant in the embedding X C LP (). Using
the inequality (6) in Theorem 1 in [4],

(8 —e)|ulp. < Jul|” + Be|ulb, Yu € wWhr(Q),

which is a variant to Cherrier’s inequality for the fourth order case, and passing to
the limit, for arbitrary € > 0, we get

(S - E)aPL* <a,

then, )
Sar* < a.
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We claim that a = 0; if not, assume that a > 0. Then from the previous inequality
a> S %

On the other hand, we have

1

Ne=¢- Oy (u),
thereby,

1 «~ p*
> —S» — Lyr—a.
c> N P P
However, this conclusion contradicts the hypothesis. Therefore,
a=20

and
Uy, —> u tn X.

2.2. Proof of Theorem 1.2

In the sequel, we compare the minimax level ¢, with a suitable number which
involves the constant S.

Lemma 2.1. There ezist o > 0,p > 0 and e € WHP(Q) with || e ||> p such that
(2) inf)jy)=p Py (u) > 0 > 0;
(ii) @, (e) < 0.

Proof.
(7) From the Holder’s inequality and the compact embedding theorem, we have

W= [ vapae+ 22 [ jupdo, -2 [ aw)ulrds
P Ja P Joo q.Jq
1 X
—7/ |ulP dm—/g(m)udm
P Ja Q
1

2Co [[ul? —Tlala [ -

=gl ulp
prSv

Cl"}/ *
2Co [[ul? —T|a|e [ull* =Co [[ul” =Csllglls [ wll,  (2.1)

with @ = p*/[p* — q] and Cp,C1,C2,C5 > 0.
Since ¢ € (p,p*), then for || v ||= p > 0 small enough, we may find o > 0 such
that

inf ®,(u)>0>0,
llull=p

where ||g||« is small.
(#3) Fix vg € C§°()\{0} with vp > 0in Q and || vy ||= 1.

t
B, (tvo) < M|t]? — ’y|t\9/ awylds + 0 — 1 / " e — |t|/ )vodz,
Q
with M and C two positive constants, then it follows that

., (tvg) = —oo as |t| = oo.
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Lemma 2.2. lim,_, ¢, =0.

Proof. Let vg be the function defined in Lemma 2.1. Then there is ¢, > 0 such
that @, (tyv0) = max ®., (tvg), thereafter,

K(|| tyoo|”)E || v0||P:»yt?y/ﬂa(x)|v0\qu+t2*/Q|UO|P*dx+t?y/Qg(x)v§dx. (2.2)

From (K3), there is ¢ > 0, such that

K(s) <c¢|s| for all s> sy>0.

Hence
cth || vo [|P> ~t2 /Qa(a:)|vo|qu—|—t§*/ﬂ\vo|p*dac+t3/ﬂg(a:)vgdx

and then ¢, is bounded, so there exists a sequence v, — +oo and t, > 0 with
ty, — ty« as n — 400, and thus

K(|l £, 00 [[7)25,,

v ||P< C,Vn €N,
with C a positive constant, then we assert that
fyntf{/ a(z)|vo|dz 4 7" / lvo|P dx < C,¥n € N.
Q Q
Hence, we claim that ¢, = 0; if not, let ¢, > 0 and then the last inequality becomes
'yntZ/ a(m)|v0|qu+t§:*/ ‘Uo|p*dl‘ — 400
Q Q

as n — +00, which is absurd, so £, = 0.
Taking o (t) = te, with 79 € T, then we get

0 < ey < max @,(y(t) <

K(t?).
te0,1] ( 7)

"=

As we have I?(t{’/) — 0, so limy_, ¢, = 0.
O
As a consequence of Lemma 2.2, there exists v* > 0 such that for every v > ~*,
N
P

oy < (1- Z%)(kOS)

Lemma 2.3. Let (un), C W'P(Q), with ®,(u,) — ¢y, and & (u,) — 0. Then
(un)n is bounded in WP ().

Proof. Assume that @, (u,) — ¢y, and @/ (u,,) — 0. Then we have

pey +0(1) + o(1) ||t || = pDsy () — (B (u).,)
> Ajy(1— §>|a|e |ty |4 +Az(1 — ]%) Eia
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+(p — 1)/99(56)undm,

where Al and Ay > 0. We conclude that (uy,), is bounded in WP (Q). O
As mentioned previously, we apply a version of the Mountain Pass theorem
without Palais-Smale condition to obtain a sequence (uy,), C W1P(Q) such that
@ (un) = ¢y and @ (uy,) — 0.
Because (uy,), is a bounded sequence in W1P(Q), passing to a subsequence, we
may find v > 0 with
R

and it follows from the continuity of K that
K([[ un [[P) = K(").
On the other hand, we know that u, — u in WP(£), then
un, = win L°(Q), for 1 <s<p”,

and
up(z) = u(z) a.e x € Q.

By the Lebesgue Dominated Theorem,

/Qa(x) | up |9 dz — /Qa(x)\u|qu.

|Vuy, [P— |Vu [P +p weak™ — sense of measure,

Further,

|Un|p* - |u|p* + v weak® — sense of measure.

Afterwards, as a consequence of the concentration compactness principle due to
Lion (cf. [11]), there is an at most countable index set I such that

v=3 vibin >y

iel i€l
and .
p/p
SV@' < Wi,

for any ¢ € I with (u;)i, (v:); C [0,00), 6; is the Dirac mass and (u;), (14); are
positive measures. We claim that I = (), otherwise, we have I # ) and fix i € I.
Take ¢ € C§°(£2,1]0,1]) such that ¢» = 1 if || < 1 and ¢ = 0 when |z| > 2 with
[VY|oo < 2. Set 1),(x) = ((x —xi)/p) for p > 0. Note that (1,u,) is bounded thus
@ (un)-(Ypun) — 0, that is

K (/ |Vunp> (/ |V, [P~2 Vun.prunda:—&—/ ﬂ\un\p_zunwpun daI)
Q Q o0

K </ |Vun|p> x (/ IV, [P 4, Vit dae
Q Q

b [ Blualbpun o) + [ ual? 2 e
oN Q
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7 [ el untpnde + [ gla)iyunde+0,(1).

As it is known that By, (z;) is the support of the functional ¢, and by applying
Holder inequality so, we obtain

| / IVt [P~V V] < / VP~ [un Vi, |da
Q

B2p(zi)

5 :
< (/szm |Vun\P)" (/B(z) |unv¢p\de)

=o( /szm) V) g

By the Dominated Convergence Theorem, we entail that

/ lun Vp,|Pdx — 0
sz iEl)
when n — oo and p — 0.
Thus,
lim [lim / U |V, P2V, Vip,] = 0.
n Ja

p—0

On the other hand, we recall that K(|| u, ||?) converges to K(aP), so we reach

. . P p—2 —
tinlsn K 17) | 90,2 Vi0,.935,] = 0

Similarly,
im Ii P p—2 -
tan Hanl5 (1 %) [ Bl P00, o] = 0,
lim lim[/ a(z) |[un |7 2 untb,uy, dz) = 0,
p—0 n Q
;1_% h:in[/Q g(z)puy, dx] =0,
therefore

K ()i + Op(1) < / Wydv.
Q Q

Tending p to zero we conclude that

vi > K(y" )i > kopi.

From the definition of v and p we have
vi > (koS)N/P.

It does not make sense. Indeed, let i € I be such that
v > (koS)N/®.

Since (un)n is a (PS)., for the functional ®., then
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pey = pPy (un) = p®, (un) — @;(un)un +0n(1)

> (1= L) [ vyl do+ 0,00). (2.3)
p Q
Letting n — 400, we obtain

bcCy pr {,E, P = Zyzf 1_7 (k()S)%,

el iel

which cannot occur ( because lim,_, o ¢y = 0), thereafter I is empty and thereby
Uy — u in LP"(Q).
On the other hand,

K (Jlunl?) (/ (IVun P2V, — |VulP~2Vu) (Vu, — Vu) dz
Q

+ /aQ B (lunP~2un — [ulP~?u) (u, — u) dax)
=0 (un). (Un —u) +7 /Q a(x)|un | 2 (1, — u)da + /Qg(x)(un —u)dx
+ /Q |t |P" "2 (0, — w)dx — K (| ||P) </Q |VulP~2Vu (Vu, — Vu) dz

p—2 —
+/89 BlulP™u (uy, — u) daw) .

In view of u,, — u, a standard argument (similar to those found in [13]) shows that
Vug () = Vu(x) a.e x € Q,

and
Up(z) = u(z) ae x€Q,

then
K (|[un]?) (/ (IVtn P2V, — |VulP~2V00) (Vau,, — V) da
b 6 (P2l 20) () do) 0.
o0

Using the following inequality,
v,y € RV

lz—y["<2"(|z P a— |y " y).(x—y) if n>2,
1 _ _ _ )
Isc—y|2§ﬁ(\ﬂclﬂyl)2 a2 a—y["?y)(z—y) if 1<n<2,

where 2.y is the inner product in RY, we get

¢ ko (/ |Vu, — VulP dx —l—/ Blun — ul? dUgC)
Q o0
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< K (Jun|?) (/Q (VP >V, — [VulP>Vu) (Vu, — Vu) dz

Bl ) 0 — ) o).

Consequently,
| wn —u|—0,

which will imply that
Uy — w in WHP(Q).

Thus

D,y (u) = ¢y, P (u)=0

and we get the solution u., which is a mountain pass type.
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