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Three-Dimensional Polynomial Differential
Systems with an Isolated Compact Invariant
Algebraic Surface*

Dongmei Xiao', Shengnan Yin? and Chenwan Zhou'

Abstract The aim of this paper is to characterize the simplest three-dimensi-
onal polynomial differential system having an equilibrium and a 2-dimensional
orientable smooth compact manifold with genus ¢ < 1 in R®, where the 2-
dimensional orientable smooth compact manifold is sphere E? or torus T?. We
first look for the smallest degree of polynomial differential systems with both an
equilibrium and an isolated compact invariant algebraic surface E or T2. It is
shown that the smallest degree of the system depends on the relative position
between the equilibrium and the compact invariant algebraic surface in R3.
Furthermore, the sufficient and necessary algebraic conditions are given for the
smallest order three-dimensional polynomial differential system having both
an equilibrium and an isolated compact invariant algebraic surface. Lastly,
we discuss the influence of the coexistence of an isolated compact invariant
algebraic surface and an equilibrium on dynamics of the three-dimensional
polynomial differential system.
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1. Introduction

Three-dimensional polynomial differential systems are widely used as some approx-
imations of mathematical models from physics, biology, chemistry and egineering,
for instance, Lorenz system [14, 15], Kolmogorov system [1,2,9] and Chua sys-
tem [3-5], whose dynamics plays an important role in understanding complex non-
linear phenomena such as chaos, strange attractors and turbulence. The occurrence
of complex phenomena is related to some invariant sets of the three-dimensional
polynomial differential system. The invariant set is usually composed of equilib-
rium points, compact nontrivial orbits and some noncompact orbits whose limit sets
are either the equilibrium points or the compact orbits of the system. A natural
question is raised: can an invariant set of three-dimensional polynomial differential
systems become an isolated 2-dimensional compact invariant manifold embedded
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in R3? The definition of an invariant manifold can be found in [7]. To discuss
the question, we consider the following three-dimensional polynomial differential
systems
dxi
dt

where f;(z1,22,23) is a polynomial in the variables x1, x5 and x3 with degree
m;, denoted by f; € Rlxy,z2,23], i = 1,2,3. Here R[zy, 2, 23] is the ring of the
polynomials in the variables x1, o and x3 with coefficients in R. We say that

= fi(z1, 20, 23), 1 =1,2,3, (1.1)

n= max {degfi(x1, 72, 23)} = max {my, ma, m3}

is the order (or degree) of system (1.1). The existence of invariant algebraic surfaces
for system (1.1) or a kind of system (1.1) (e.g. Kolmogorov system) and its dynamics
have been studied by many mathematicians, see [8,10-13,16,17] and references
therein.

In the paper, we are interested in the case that system (1.1) has at least one
equilibrium in R3. Without loss of generality, it can be assumed that the equilibrium
is at the origin O(0,0,0). Then the n-order system (1.1) with an equilibrium at
0(0,0,0) can be rewritten as

dx i
dt

= fi(x17x27x3) = Zfi(k)(x17x27x3)> 1= 1a2737 (12)
k=1

where fi(k) (21,2, 23) is a homogeneous polynomial in the variables x1, x5 and x3
with degree k, 1 < k < n and 7 = 1,2,3. Hence, the vector field (f;(z1,z2,x3),
fa(x1, x2, x3), f3(x1, 22, 23)) associated with system (1.2) has no constant terms.

Let M be a smooth closed orientable surface of genus g in R3. Then the simplest
2-dimensional orientable smooth compact manifolds with genus ¢ < 1 in R3 are
ellipsoid and tori. Note that the 2-dimensional ellipsoid surface can be transformed
into a unit sphere in R3 by an affine transformation. Inspired by Llibre et al. [13],
we consider if the n-order system (1.2) has an invariant sphere with the following
form

E? = {(21,20,23) € R®: (21 — a)® + (z2 — b)? + (z3 — ¢)®> = 1,a,b,c € R},
and an invariant torus in the form
T? = {(21,22,23) € R®: (2] + 23 —7*)? + 23 = 1,7 > 0}.

Our aim is to look for the smallest degree of system (1.2) such that system (1.2) has
an isolated invariant sphere E? (or torus T?), and give the sufficient and necessary
algebraic conditions for system (1.2) with the smallest degree having an isolated
invariant sphere E? (or torus T?). We say E? (T?) is invariant for system (1.2) if
the orbit of system (1.2) passing through any a point in E? (T2, resp.) is completely
contained in E? (T2, resp.). Note that E? and T? are quadratic and quartic algebraic
surfaces, respectively. One of the important tools used to study the invariance of
algebraic surfaces for polynomial differential systems is Darboux theory founded
by Darboux in [6]. Assume that H(z1, 22, x3) is a real polynomial with degree m,
m > 1. Then the algebraic surface H(x1,x2,23) = 0 is invariant for the n-order
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polynomial differential system (1.2) if there exists a real polynomial K (x1,xs,x3)
satisfying the following equality

6H(x1, o, 173)

£ fi(x1, 20, 23) = H(x1, 22, 23) K (21,22, 23). (1.3)

i=1

The polynomial K (x1,x2,x3) is called the cofactor of the invariant algebraic surface
H(x1,x9,23) = 0. Obviously, the degree of K(x1,z2,x3) is less than n — 1 by (1.3).
If K(z1,22,23) = 0, then H(z1,x9,23) is a first integral of system (1.2). Hence,
H(zy1,29,23) = ¢, for any ¢ € R, is an invariant algebraic surface of system (1.2).
This implies that H(x1,x2,23) = 0 is not isolated in R3. Therefore, H(x1,z2,23) =
0 is an isolated invariant algebraic surface if and only if K(x1,xs2,x3) Z 0.

Note that the relative position between the center S(a, b, c) of the sphere E? and
the equilibrium O(0, 0, 0) will determine the relative position between O(0, 0,0) and
[E2. In general, there are three possible relative positions between E? and O(0, 0, 0):
(i). the equilibrium O(0,0,0) is exactly the center S(a,b,c) of the sphere E? iff
(a,b,c) = (0,0,0); (ii). 0O(0,0,0) € E? iff a® + b> + ¢ = 1; (iii). 0(0,0,0) ¢
E? U {(a,b,c)} iff 0 < a® +b*> + ¢ # 1. Since r > 0 in the expression of torus T?,
there exist two possible relative positions between the torus T? and the equilibrium
0(0,0,0): (I). 0(0,0,0) € T? iff r = 1; (II). O(0,0,0) & T2 iff 0 < r # 1. We
characterize the smallest degree of system (1.2) with an isolated invariant sphere
E? (torus T?) in three relative positions (in two relative positions, resp.), and give
the sufficient and necessary algebraic conditions for system (1.2) with the smallest
degree having an isolated invariant E? (T?) in the corresponding relative positions,
which provide implicit three-dimensional polynomial differential systems with an
isolated invariant E? (T?), respectively.

The structure of the paper is as follows. In Section 2, we first study the smallest
degree of system (1.2) such that system (1.2) has both an isolated equilibrium O
and an isolated sphere E2; then we characterize this three dimensional polynomial
differential systems with the smallest degree and obtain the sufficient and necessary
algebraic conditions under three different relative positions between the equilibrium
O and E2. In Section 3, we study the smallest degree of system (1.2) such that
system (1.2) has both an isolated equilibrium O and an isolated torus T? in two
different relative positions between the equilibrium O and T2, and characterize this
three dimensional polynomial differential systems with the smallest degree. In the
last section, we discuss the influence of the coexistence of the isolated invariant
E? (or T?) and an equilibrium on dynamics of the three dimensional polynomial
differential system.

2. Three-dimensional polynomial differential syste-
ms having an isolated invariant sphere

In the section, we investigative the smallest degree (or order) of the n-order three-
dimensional polynomial differential system (1.2) having an isolated invariant sphere
E? in three different relative positions. Then we discuss the sufficient and necessary
algebraic conditions for the smallest order system (1.2) with the invariant E? in the
corresponding three different relative positions.

We first study the relative position between the equilibrium O(0,0,0) and the
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invariant sphere E2: the center S(a, b, ¢) of E? is exactly at O(0,0,0), in other words,
(a,b,¢) = (0,0,0). We denote this sphere by E2.

Theorem 2.1. If the n-order system (1.2) has an isolated invariant sphere EZ with
a? +b? + c? = 0, then the smallest degree of system (1.2) is three, that is, n = 3.
Furthermore, a cubic polynomial differential system in the form

dey; _ 3 . e N

= Do T+ D i< GigTiT D1 i< j<haa VihTiTiTh,

dey _ 3 . e R

G = 2o biwi + Zlgigjg?, bijriz; + E1gigjgk§3 bijhTix; T, (2.1)
dm3

3
at Zi:l CiT; + Z1gi§j§3 CijTiTj + Zlgigjgkgg CijkTiZjL,

where a;, by, ci, aij, bij, Cij, Qijk, biji. and cijr are real parameters for any i,j,k €
{1,2,3}, has an isolated invariant sphere B2 in R if and only if

(i) all coefficients of quadratic homogeneous terms of the vector field associated
with (2.1) are zero, that is,

Qij = bij =Cjj = 0, Vi,5 € {1,2,3}, (22)

(ii) the coefficients of linear homogeneous terms of the vector field associated with
(2.1) satisfy

ai +b3+c3+ (ag +b1)% + (az + c1)? + (bg + 2)* # 0; (2.3)

(iii) the coefficients of linear homogeneous terms and cubic homogeneous terms of
the vector field associated with (2.1) satisfy the following equalities

a; = —ai11, by = —baa, c3 = —c333,
az + by + a2 + b1 =0,

asz +c1 +apz +ci11 =0,

by + a1 + a2z + b112 = 0,
c3+ay+azz+c13 =0,

az + by + agee + bz =0,

az +c¢1 + aszz +ci33 = 0, (2.4)
b3 + ca + ba23 + c222 = 0,

3 + ba + bazz + coo3 = 0,

bz + 2 + b33z + c233 = 0,

b3 + c2 + ai23 + b113 + c112 = 0,

a3 + c1 + age3 + biaz + c1o20 = 0,

az + b1 + aszz + bigz + c123 = 0.

Proof. If EZ is an invariant sphere of system (1.2), then let Ho(xq,z2,73) =
22 + 23 + 23 — 1. The derivative of Hy(x1,2,23) along the flow of system (1.2)
should be Hy(x1, z2,23) K (21,22, 23) by Darboux theory, that is

dH0($1,5U2,303)| _ °\ OH,
dt 12) ox;

=1

fi(:rlaIanlS) = HO(I17x27I3)K(I17:E2’I3)’ (25)



1986 D. Xiao, S. Yin & C. Zhou

where K (z1, 2, 73) is a cofactor of the invariant sphere E2, whose degree is at most
n — 1. Assume that

n—1
K(Z‘l,IQ,Ig) = Z K(k)(Il, IQ,IEg),
k=0

where K*) (z1, 25, 23) is the homogeneous polynomial terms with degree k of
K(z1,x9,x3). By calculating both sides of equality (2.5) respectively, we have

3
Z 2z fi(w1, w2, 03) = — K (21,29, 23) + (¢F + 23 + 23) K (21, 72, 73)

i=1
n—1
= — ZK(k)(.’Jﬁl,xg,l‘g) (26)
k=0
n—1
k=0

Since f;(x1, z2,23) has no constant term for ¢ = 1,2, 3, the left side of (2.6) has no
constant term and linear terms. Therefore, the K9 (z1, 2o, 23) and KM (21, x5, x3)
should be null by (2.6), i.e.

KO (2,29, 23) = KW (21,29, 23) = 0. (2.7)

Note that K(x1,z2,23) 2 0 if E2 is an isolated invariant sphere of system (1.2).
Hence. the equality (2.6) holds only if the degree of K(x1,x2,x3) is greater than
two. This leads to the degree n of system (1.2) being greater than three, i.e. n > 3.

We now consider system (1.2) as cubic polynomial differential systems, that is,
we consider system (2.1).

In the following we focus on whether system (2.1) has an isolated invariant
sphere [E2 or not, and characterize system (2.1) if it has an isolated invariant sphere
E2.

Let us first assume that EZ is an isolated invariant sphere of system (2.1). Then
by Darboux theory, we derive that there exists a non-zero polynomial Ky(z1, 2, x3)
with degree less than two such that

dHy(xq, 2, x3)
dt

Note that Ko(x1, 22, 23) is a quadratic homogeneous polynomial due to (2.7), i.e.

l2.1) = Ho(w1, z2,v3)Ko(x1, 02, 73). (2.8)

Ko(z1,22,23) = Kéz) (21,x2,23). By directly computing both sides of equality
(2.8), we have

(@2 + 23 + 22 — K (21,22, 23)

3 3 3
=21 E a;x; + 2x9 E b;x; + 2x3 E CiT; (29)
i=1 i=1 =1
+ 2(E1 E Qi T2 + 2%2 E bij(EiiEj + 2%3 E CijTiTj
1<i<;j<3 1<i<;j<3 1<i<;j<3

+ 221 E QiR T; LX) + 2x9 E bijkxixjxk
1<i<j<k<3 1<i<j<k<3
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+ 2x3 E CijkTiTjTh-
1<i<j<k<3

Since the left hand of equality (2.9)
2,.2,,2 (2) N — (2 ) 2, .2, 2y7-(2)
(e1+a3+a3—1) Ky (21,22, 23) = =Ky (21, 22, w3) + (21 + a3 +a5) Ky (@1, 22, 23),

is composed of quadratic homogeneous terms and fourth-order homogeneous terms
in the variables z1, xo and x3, the cubic homogeneous terms of the variables x1, o
and z3 on the right hand of (2.9) should be null, that is,

2$1 E Qi TiT 5 + 21‘2 E bij$z‘ilij + 2:53 E CijTiTj = 0.
1<i<j<3 1<i<j<3 1<i<j<3

This leads to a;; = b;j = ¢;; = 0, Vi,j € {1,2,3}, that is, all coefficients of
quadratic homogeneous terms of the vector field associated with system (2.1) are
zero. So the conclusion (7) in the theorem is true if system (2.1) has an isolated
invariant sphere E3. Further, we obtain the following equalities by comparing the
quadratic homogeneous terms and fourth-order homogeneous terms on both sides
of equality (2.9), respectively

KSQ) (1’1, T2, Cﬂg) = 7(2561 Z a;T; + QCEQ Z bz.fl —+ 2.’£3 Z ci:ci), (210)

(@2 + 23 + 2D KD (w1, 22, 23)

=2x1 E AijRTi T X (2.11)
1<i<j<k<3
+ 2x9 E bijka?ile‘k + 2x3 E CijkT;TTk-
1<i<j<k<3 1<i<j<k<3

Pluging (2.10) to (2.11), we have

3 3 3
— (21 + 23+ 23)(21 Z a;T; + T2 Z bix; + x3 Z CiT;)

i=1 i=1 i=1
= E QT T;Th + T2 E bijkxixjmk + x3 E CijkTiT;Th.
1<i<j<k<3 1<i<j<k<3 1<i<j<k<3

(2.12)

Comparing the corresponding coefficients of the same polynomial term on the left
and right hands of (2.12), we obtain the equalities (2.4) in (ii¢) of the theorem. And

KO(Z)(J]1,$27.’1?3) # 0, which leads that (2.3) in (i¢) of the theorem holds by (2.10).
On the other hand, if the parameters of system (2.1) satisfy conditions (2.2),
(2.3) and (2.4), then it can be checked that

dHy(xy,x2,x3)

i l(2.1) = 2Ho (21, w2, 23) Ko (21, T2, 3),

where

Ko($1,$2,.’1?3) = —all‘%—bQIg—Cg,l‘g—(ag-i-bl)xll‘g—(ag—f—cl)l‘lxg—(bg-‘ng).Z‘gl‘g 5_'5 0.
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Thus, E? is an isolated invariant sphere of system (2.1). The theorem is proved.

O

We now consider the second relative position between the equilibrium O(0, 0, 0)

and the invariant sphere E2: O(0,0,0) € E2, in other words, a® + b +¢? = 1. We
denote this sphere by E2.

Theorem 2.2. If the n-order system (1.2) has an isolated invariant sphere B2 with
a®? +b? + c® = 1, then the smallest degree of system (1.2) is two, that is, n = 2.
Furthermore, a quadratic polynomial differential system

d:L’l — 3 . . - . .

= 2o T+ Zl§i§j§3 ATy,

dwz _ 3 . . L. . .

=21 biwi + 2195]'33 bijriz;, (2.13)
dwg

3
dat D im1 CiTi + Zl§i§j§3 CijTiZy,

where a;, b;, ¢, ai5, bij and ¢;; are real parameters for any i,j € {1,2,3}, has an
isolated invariant sphere B2 in R3 if and only if there exists a constant k such that
the following equalities and inequality all hold.

aay + bby + ccy = ak,
aas + bby + cco = bk,

(2.14)
aag + bbs + ccg = ck,
a2 +bv2+c2=1;
k — 2@@11 = 2&1 — 2bb11 — 26011,
k— 2bb22 = 2b2 — 2&@22 — 26622,
k— 20033 = 263 - 2aa33 — 2bb33, (215)
—2(11)22 - 2ba11 = a2 + bl —aal1p — bblg — CC19,
—2ac33z — 2car1 = a3z + ¢1 — aay3 — bbig — cecqg,
—2bcgz — 2¢bog = bs + co — aasz — bbaz — ceas;
2a11 = 2a22 + 2b12 = 2a33 + 2c13,
2 2b11 = 2byy = 2b 2
a1z + 2011 22 33 1 2C23, (2.16)
2a13 + 2c11 = 2bo3 + 2¢22 = 2c33,
as3 + b1z + c12 = 0;
and
3
> (aa; +bb; + cci)* + a3y + b3, + ¢35 # 0. (2.17)
i=1

To prove Theorem 2.2, we first give a lemma, which shows that system (1.2) can
not have an isolated invariant sphere E? if it is a linear differential system.

Lemma 2.1. Assume that system (1.2) is a linear differential system in the form

dz 3

St = 2li=1 Qi

dzo __ 3

G = iz biwi, (2.18)
3

dwg _ . .
dat > i1 CiTi,

where a;,b;, ¢; are real parameters for i = 1,2,3., which has an invariant sphere E?
in R3. Then E? is not isolated, that is, system (2.18) has a first integral (x1 —a)? +
(vg —b)% + (x3 — ¢)? — 1 with a®> + V> + * = 1.
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Proof. Assume that system (2.18) has an invariant sphere E? in R3. Then let
Hl(IEl,I’Q,Ig) = (1‘1 — a)2 + (xz — b)2 + (1’3 — 6)2 — 1,
where a,b and ¢ satisfy a? + b? + ¢ = 1. We have

dHl(x17£E2,x3)

7 l(2.18) = Hi (1, 2, 23)ko,

where kg is a constant. Hence,

(21 —a)?® + (z2 — b)? + (23 — ¢)* — 1)k (2.19)

3 3 3
=2(xy — a)(z aix;) + 2(xg — b)(z bix;) + 2(xs — c)(zcm).

Since the coefficients of the same polynomial terms on both sides of (2.19) should
be equal, we obtain

—2aky = —2aay — 2bb; — 2ccq,
72[)]{30 = 72(1(12 — 2bb2 — 2002, (220)
—2cky = —2aaz — 2bbs — 2ccs,

and
{k0:2a1, a1 = by = c3, (2.21)

as +by =0,a3+c¢1 =0,c0+b3 =0.
Pulgging (2.21) into (2.20), one gets

aay + bas + caz =0,
bai1 — aas — cco =0, (2.22)

cay — aas + beg = 0.

Note that a? + b? + ¢ = 1. There are three cases for a, b and c. Case 1: abc # 0;
Case 2: there is only one of a, b and ¢ being zero; Case 3: there are only two of a, b
and ¢ being zero. Multiplying some equations of system (2.22) by an appropriate
nonzero a, b and ¢, and then adding them together, we obtain a; = 0 in the three
cases. Hence, from (2.21) we have kg = 0. This implies

dH1(£E17$2,$3)| ~0
— g e =0

Therefore, Hy(x1,z2,23) is a first integral of system (2.18). And so the invariant
sphere E? is not isolated in R®. We finish the proof.

O

We are now in the position to prove Theorem 2.2.

Proof. [Proof of Theorem 2.2] If system (2.1) has an isolated invariant sphere E?,
then the degree of system (2.1) is greater than two according to Lemma 2.1, that is,
n > 2. We now consider system (1.2) as quadratic polynomial differential systems
(2.13), and consider whether system (2.13) has an isolated invariant sphere E? or
not. We first assume that system (2.13) has an isolated invariant sphere Ef in R3.
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Then by Darboux theory, there exists a nonzero polynomial with degree less than
one, denoted by Ki(x1,x2,x3), such that

dH,(xy,x2,x3)

o l(2.13) = Hi(z1, 2, 23) K1 (21, T2, 73), (2.23)

where Hi (11,72, 23) = (17 — a)? + (29 — b)? + (23 — ¢)® — 1 with a® + b + % =1,
Ki(x1,x9,23) = k + k121 + kawa + ksxs, in which k,k; € Rand [ € {1,2,3}. By a
direct computation of (2.23), we have

3
(z3 + 23 + 23 — 2ax; — 2bxy — 2ca3)(k + Z kixy)
=1

3
:2(5U1 — a)(z a;x; + Z aijxi:vj) (224)

1<i<j<2

3
i=1

1<i<j<2

3
+2($3 - C)(Z CT; + Z Cijl‘ﬂ?]‘).
=1

1<i<j<2

Hence, the coefficients of the same polynomial terms on both sides of (2.24) should
be equal. By comparing the coefficients of the same polynomial terms with degree
one, two and three on both sides of (2.24), respectively, we get the condition (2.14),

k— 2(1](31 = 2&1 — 2aa11 — 2()[)11 — 20011,
k — 2bk‘2 = 2b2 — 2&&22 — 2bb22 — 20022,
k— 26[173 = 263 — 2(10,33 — 2bb33 — 20633,

(2.25)
—akg — bkl = a9 + b1 —aalp — bb12 — CC12,
—aks — cky = ag 4+ ¢ — aa13 — bbig — ccy3,
—bks — cka = bg + c2 — aagg — bbag — ccas,
and
k1 = 2a11 = 2a92 + 2b12 = 2a33 + 2c13,
ko = 2a12 + 2b11 = 2b22 = 2033 + 2c23, (2.26)

ks = 2a13 + 2c11 = 2b23 + 2c22 = 2c33,
@23 + b1z + c12 = 0.

Plugging (2.26) and (2.14) into (2.25), we derive (2.15). And condition (2.26) is the
condition (2.16). If Ky(z1,x2,23) # 0, then condition (2.17) should hold. Thus,
these conditions are necessary.

On the other hand, assume that the parameters of system (2.13) satisfy con-
ditions (2.14)-(2.16). Then one can check that there is a nonzero polynomial
K(Il,zg,xg) =k + 2a11x1 + 2b221‘2 + 2633133, where k satisfies (214) and (215),
such that

dHl(l‘l, T2, .173)
dt

Therefore, system (2.13) has an isolated invariant sphere EF in R3.

l(2.13) = 2H1 (21, 72, 23) K (21, T223). (2.27)
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We finish the proof. O

Last we consider the third relative position between the equilibrium O(0,0,0)
and the invariant sphere E2: 0(0,0,0) ¢ E? U {(0,0,0)}, in other words, 0 <
a®+b?+c? # 1. We denote this sphere by E3. Using the arguments similar to those
in proofs of Theorem 2.1 and Theorem 2.2, we obtain the following conclusion. To
save the space, we leave its proof to readers.

Theorem 2.3. If the n-order system (1.2) has an isolated invariant sphere E2 with
0 < a®+b%+c% # 1, then the smallest degree of system (1.2) is two, that is, n = 2.
Furthermore, the quadratic polynomial differential system (2.13) has an isolated
invariant sphere E3 in R3 if and only if the following equalities and inequality all
hold.

aj11 = as3 —+ C13 = a92 —+ b12 = 7(0,2 —+ bQ + 62)71(0,@1 —+ bb1 —+ CCl),
a1z + bi1 = bay = b3z + co3 = —(a? + b* + ¢?) " (aaz + bbs + cc2),

a13 + c11 = bag + c22 = 33 = —(a® + b + ¢?) ! (aas + bbs + beg), 22
az3 + bz + c12 = 0;
a1 + aa1 = bbi1 + ceaq,
az + b1 +alaiz + 2b11) + b(b12 + 2a22) = ceaz,
az + c1 +a(aiz + 2c11) + c(e1s + 2azz) = bbys, (2.29)
by + bbao = aass + ccao,
bs + ¢z + b(bas + 2c22) + c(cas + 2bs3) = aaps,
c3 + cc3z = aass + bbss;
and
3
Z(aai + bb; + c¢;)® # 0. (2.30)
i=1

3. Three-dimensional polynomial differential syste-
ms having an isolated invariant tours T?

In this section, we consider the smallest degree of three-dimensional polynomial
differential systems (1.2) having an isolated two-dimensional invariant torus T? in
two possible relative positions between the torus T? and the equilibrium O(0,0,0).
We first consider the case that 0(0,0,0) € T2, that is r = 1, and we denote the
invariant torus with » = 1 by T3.

Theorem 3.1. If the n-order system (1.2) has an isolated invariant torus T3 with
r = 1, then the smallest degree of system (1.2) is two, that is, n = 2. Further, a
quadratic polynomial differential system (2.13) has an isolated invariant torus T3 if
and only if

(i) the coefficients of the linear term of system (2.13) satisfy

ap =a3 =by=bz3=cy =cog =c3 =0, and as + by = 0; (31)
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(ii) the coefficients of the quadratic term of system (2.13) satisfy

a11 = a3z = bay = b3z = c12 = c13 = c23 = 0,
a12 +b11 =0, azx+bi2 =0, axz+biz=0, (3.2)
2a13 +c11 =0, 2baz +co2 =0, 2a13 = 2by3 = c33;

(ZZZ) a3 7é 0.
Proof. Assume that system (1.2) has an isolated invariant torus T3 with r = 1.
Then let

H(z1,m9,m3) = (a7 +23) — 1)* + 23 — 1 = (2] + 23)” + 23 — 2(z] + 23).

There exists a nonzero polynomial K (z1, 22, x3) with degree less than n — 1 such

that
dH(xlv Z2, 1'3)

o l(1.2) = H(z1, 22, 23) K (21, 22, 3). (3.3)
Hence, we have
4oy (23 + 23 — 1) f1 +dag(2? + 23 — 1) fo + 223 f3 (3.4)
(4 52~ 2 + o)+ D) KO,
k=0
If (3.4) holds for n = 1, then
ar=a3=by=b3=ci=co=c3=0, and ag +b; =0 (3.5)

by comparing the coefficients of quadratic polynomial terms on both sides of (3.4).
However, linear system (2.18) with (3.5) has only invariant cylindrical surfaces and
no invariant tori. Therefore, n > 2 if system (1.2) has an isolated invariant torus
T2,

We now give the sufficient and necessary conditions for quadratic system (2.13)
having an isolated invariant torus T3.

Let us first assume that system (2.13) has an invariant torus T3 with r = 1.
Then H(z1,x2,x3) is an invariant algebraic surface and its cofactor K (1,22, x3)
can be written as K(x1,22,23) = Ko + Ki(x1,22,23), where Ky is constant and
Ki(x1,x9,x3) is a homogeneous polynomial with degree one. Applying Darboux
theory one gets

(2 + a3 — 1)* + 23 — 1)(Ko + K1 (21, 22, 23))

3
=4xq (23 + 25 — 1)(2 a;T; + Z a;jT;iT;)

i=1 1<i<5<3

3
=1 1<i<5<3

3
+ 2%3(2 C;x; + Z cij:ci:cj). (3.6)
=1

1<i<j<3
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Hence, the homogeneous polynomial with degree two and degreee four on both sides
of equality (3.6) should be equal, respectively, then we obtain

3 3
(—2(2% + 23) + 23) Ko = —4xq ( Zal 4322(2 bix;) +2x3(z cix;), (3.7)

and

3 3

(22 + 22)2 Ky = 4aq (22 + x%)(z a;z;) + 4xo (22 + x%)(z bixz;). (3.8)
i=1 i=1

And the homogeneous polynomial with degree three and degree five on both
sides of equality (3.6) should be equal, respectively, then we obtain

(72(1‘% + l’g) + ’JJ%)Kl(Z'l, 12,563) = — 4:]]1( Z aijxi:cj) (39)
1<i<y<2
_ 4.%'2( Z bijmixj) + 21‘3( Z Cij,’BiLL'j)7
1<i<j<2 1<i<j<2
and
(22 4+ 222Ky (21, T2, 23) =4a1 (22 + 23)( Z ;T ;) (3.10)
1<i<j<2
+ 4o :cl + xz Z bijxiz;).
1<i<j<2

By comparing the coefficients of the same polynomial terms in (3.7) and (3.8),
respectively, we get

KO = 263 = 2a1 = 2b2,
as + b1 = O,

3.11
2&3 —C = 0, ( )
2b3 — C2 = O7
and
Ko = 4a; = 4by = 2a1 + 2bs,
a5+ by =0, (3.12)

a3:63:0.

Combining (3.11) and (3.12), and simplifying them, we obtain the condition (3.1).
Plugging (3.9) into (3.10), and making replacement and simplification, we have

423 ( g aijzix;) + dxax3( E bijz;x;) (3.13)
1<i<j<2 1<i<j<2
3 2 2
:4331( E aijxixj) + 4$1$2( E bija:ixj) + 2$1$3( E cijxia:j)
1<i<j<2 1<i<j<2 1<i<j<2

+4.’£1Z%( Z (l”.’tll'])+41'§( Z blj$1$])+2£€§$3( Z Cijl'ixj)-

1<i<j<2 1<i<j<2 1<i<j<2
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By comparing the coefficients of the same polynomial term on both sides of (3.13),
we have

0 =4a11, 0=4a1s+4b11, 0=4ai3+ 2c11,

0 =4ags 4+ 4b1o + 4a11, 0= 4as3 + 4b13 + 2¢19,

da11 = 4azz + 2c13, 0= 4byy + 4aya + 4b1y,

0 = 4bos + 2c92 + 4ay3 + 2¢11, 4aio + 4b1y = 4bsz + 2c¢o3,
da13 = 2c33, 0 =4agy + 4b12, 0= 4as3 + 4b13 + 2¢12,
dasgo + 4b1o = 4ass + 2¢13, 4ass + 4b13 =0, 4dass =0,
4bag = 0, 0 = 4bag + 2co2, 4bay = 4b33 + 223,

4bo3 = 2c¢33, 4bzz = 0.

(3.14)

By rearranging and simplifying the relations in (3.14), we obtain the condition (3.2).
Since K(x1,x2,23) Z 0, a3 # 0, which is the condition (i4¢) in this theorem.

On the other hand, if the parameters of system (2.13) satisfy conditions (3.1)
and (3.2), then it can be checked that

dH (z1, z2,23)

dt |(2.13) = 4(113£E3H($179627$3)7

which implies that T2 with 7 = 1 is invariant for the flow of system (2.13). Note
that a;3 # 0 by condition (i4¢) in this theorem. Thus, system (2.13) has an isolated
invariant torus T2. The proof is finished. O

Last we consider the case that O(0,0,0) ¢ T?, that is 0 < 7 # 1. We denote the
invariant torus with 0 < r # 1 by T%.

Theorem 3.2. If the n-order system (1.2) has an isolated invariant torus T? with
0 < r # 1, then the smallest degree of system (1.2) is three, that is, n = 3. Further,
a cubic polynomial differential system (2.1) has an isolated invariant torus T3 if
and only if

(i) the coefficients a;,b; and ¢; of linear terms of system (2.1) satisfy the following
conditions

a; = b2 =as + b1 =0. (315)

(i1) the coefficients a;j;,bij,c;; of quadratic terms of system (2.1) satisfy the fol-
lowing equalities

bap = by3 = b3z = a11 = a3 = azz3 = 0,

b1 + a2 =0,
b12 +age =0, (3.16)
b1z + az3 =0,

Cl11 = C12 = €13 = C23 = €2 = c33 = 0.

(i) the coefficients a;jk, biji and c;ji, of the cubic terms of system (2.1) satisfy the
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following equalities.

a111 = baoo = azz3 = b33z =0,
a2 + b1 =0,
a2 + b112 = 0,
a2z + b122 = 0,

(3.17)
a233 + b133 =0,
a113 = ag23 + bi2g = 3133 = 5dey — rdas,
a123 + b113 = baag = o33 = dcy — 17dbs,
a133 = bags = $c3zg = gdcs,
and
C111 = C122 = (2T4d — 2)0,3 — T2d017
C112 — C222 — (2T4d — 2)b3 — TQdCZ,
C113 = Cg93 = —r2dc (3.18)
113 = €223 35
c123 =0,
where d := (r* — 1)1,
(iv)
3+ (e1 — 2r%az)? + (ca — 2r?b3)? # 0. (3.19)

Proof. Assume that T? is an invariant algebraic surface of system (1.2). Let
F(xy,m0,w3) = (3 + 23 —r?)? 425 -1, 0<r #1.

Then F(x1,x2,z3) is a Darboux polynomial of system (1.2) and there exists a
cofactor K (x1,xe,x3) = Z;L:_Ol KW (xy,x9,23), such that

dF(iL’l,ZL'Q,xg) 5 oF

w0 2 g

fi((ﬂl,xQ,l'g) = F($1,$2,$3)K(ZL’1,1’2,(E3), (320)
where KU )(xl, X9, x3) is a homogeneous polynomial with degree j in the variables

1, %2, and x3. By a direct computation, we have

2 OF

%fi(l‘hl’g,l'g) = 4.’E1(I’% + l’g — T2)f1 + 4IE2(I’% + JE% — T2)f2 + 21’3f3, (321)
i=1 "

which is a polynomial without constant term and linear terms. And

n—1
F(z1,29,23) K (21,22, 73) =((25 + 25 —1%)* + 25 — 1) Z K9 (zy, 29, 23)
=0
n—1
:(r4 -1) Z K(])(xl,.%‘g,xg,) (3.22)
=0

n—1
+ (27 +23) — 27 + 23)r® +23) Y KD (w1, w2, 23).
7=0
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Since 0 <7 # 1, 7* — 1 # 0. From (3.20), we derive that
KO (21,29, 23) = KW (21,2, 25) = 0.

Therefore, the degree of the cofactor K (x1,x2,x3) is at least two, which yields that
n > 3.

In the following we consider a cubic polynomial differential system (2.1) and
characterize system (2.1) having an isolated invariant torus T%.

We first assume that T? is an isolated invariant algebraic surface of system (2.1);
then, in view of (3.21) and (3.22), we derive that

(=} + 23 — %) + 2% — 1)K (21, 22, 25)

=((2} +a3)> = 2r° (2 + 23) + 23 + r* = VK@ (21, 22, 23) (3.23)
3
=4, (23 + 23 — 7‘2)(2 a;T; + Z ai; T + Z QijkTi T Th)
i—1 1<i<j<2 1<i<j<k<2

3
+ 4.’132(1‘% + l‘% — 7”2)(2 b;x; + Z bijxixj + Z bijkwixjxk)

i=1 1<i<y<2 1<i<j<k<2
3
+ 23’53( E Cx; + E CijT;T; + E cijkxixjxk),
i=1 1<i<y<2 1<i<j<k<2

where K (2)(:101, Z9,x3) is a homogeneous polynomial with degree two.

Note that the polynomial on the left hand of (3.23) contains only terms with
even degrees. So the coefficients of polynomial terms with odd degrees on the right
hand of (3.23) should be zero. This leads that

bao = b3 = b33 = a11 = a1z = azz3 =0,

b1 + a2 =0, (3.24)
bia + age = 0, .
b1z + az3 = 0,

and

€33 = by = a1 =0,

c11 — 2rai3 =0,

c13 — 2rass = 0,

Co3 — 2r2bss = 0, (3.25)
Cop — 2r2bys = 0,

c1a — 2r2b13 — 2rlags = 0,

bi1 + a2 =0, bz +az = 0.

Further simplified by combining conditions in (3.24) and (3.25), it gives that
C11 = C12 = C13 = C23 — C2 = (C33 = 0 (326)

Taking into account (3.26) and (3.24), we give the condition (3.16).
Now we compare the polynomial terms of degree two in (3.23), and obtain that

3 3 3
(r* — 1)K<2)(xl, To,T3) = 2x3 Z ciwi — 412 (2o Z bz + 11 Z a;x;).  (3.27)
i=1 i=1 i=1



Three-Dimensional Polynomial Systems with Compact Invariant Surfaces 1997

Again comparing the polynomial terms of degree four in (3.23), one gets

(22 — 2r2(2? + 22)) K@ (21, 29, 3) (3.28)
3 3
=213 Z CijraizjTy + 4oy (2] + x%)(z a;z;) + 4xo (22 + x%)(z bix;)
1<i<j<k<2 i=1 i=1
— 4r2x2( Z bijixijxy) — 4r2x1( Z @il L TE).
1<i<j<k<2 1<i<j<k<2

Lastly, we compare the polynomial terms of degree six in (3.23) and obtain

2 2\ 7-(2
(x] + xz)K( )(1'17372,$3) =4z, E il X% + 422 E bijli T
1<i<j<k<2 1<i<j<h<2

(3.29)

Let d = (r* — 1)~!. Then equality (3.27) shows that K (zy,z,3) is deter-
mined by the linear terms of system (2.1). Equality (3.29) tells us that polynomial
terms with coeflicients a;;; and b;;;, are determined by K® (1,2, 23). And equal-
ity (3.28) yields that polynomial terms with coefficient ¢;;;, are controlled by linear
terms of system (2.1) and polynomial terms with coefficients a;jx and b;j.

By comparing the coefficients in the same polynomial term in (3.29), we have

a111 = —V’Qdah

a112 + b1 = —r?d(az + by),
a1z = %dcl —r2das,

a122 + briz = —r?d(by + ay),
aizz + bz = %dcz — r2dbs,

ar33 = idcs,

a2 + bioy = —r2d(by + as),
a223 + biag = %dﬁ — r?das,

(3.30)

by = *Tzde,
b3 = %dcz - 7‘2db3;
bass = 3dcs,

a233 + b133 = 0, azsz = bzzz = 0.

Now, we compare the coefficients of the same polynomial terms in (3.28) and obtain
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the following 15 equalities.

4r2ay1; = (4 — 8rtd)ay,

47‘2(a112 + b111> =(4- 8r4d)(a2 + bl),

2c111 — 4r2a113 = (8r*d — 4)as — 4r?dcy,

472 (@199 + b112) = (4 — 8r*d)(ay + bo),

472 (@193 + b113) — 2c112 = (4 — 8rid)bz + 4r’de,,
4r2a133 — 2c113 = 4r’d(ay + c3),

47“2(Cl222 + b)) = (4 — 87“4d)(a2 +b1),

472 (ag93 + b1a3) — 2c190 = (4 — 8rid)asz + 4ridey, (3.31)
472 (ag33 + b13z) — 2c103 = 4r2%d(ag + by),
—4r2ag33 + 2¢133 = —4r2das + 2dcq,

472bg09 = (4 — 8r*d)bs,

—472bg93 + 2co29 = (87%d — 4)bz — 4r2dco,
472by33 — 2co03 = 4r2d(by + c3),

4r2bggs — 2¢o33 = Ar2dbs — 2dcs,

20333 = 2d03 .

Plugging (3.30) into (3.31) we have

a1 = a1 =0,

az + by = a112 + b111 =0,
c111 = (2rtd — 2)az — r?dey,
ay + bz = ajz2 +b112 =0,
C112 = (27’4d — 2)[)3 — 7"2d627

c113 = —r?des,

ag + by = a2 + b122 = 0,

c120 = (2r%d — 2)az — r?dcy, (3.32)
c123 =0,

C133 — dCl — 2r2da3,

by = bazz =0,

222 = (2rtd — 2)bs — r2dcs,
C223 = *7"2d03a

C233 = —2’!’2db3 + d627

c333 = dcs.

Combining and simplifying (3.32) and (3.30), we obtain the conditions (3.15), (3.17)
and (3.18) in the theorem. Note that T? is isolated. K®)(zy, x5, 23) # 0, which
leads that the condition (3.19) holds.

On the other hand, if all parameters of system (2.1) satisfy conditions (3.15)-
(3.18), then it can be checked that

dF(l‘l, o, 1133)

dt |(2.1) = 2F(x1,x2,x3)K(:c17x2,x3),
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where

3 3 3
K(zy,x9,23) = (r* — 1)71(x3(z cix;) — 27’2(x2(z bix;) + xl(z a;x;))). (3.33)

And if condition (3.19) holds, then K (x1, 2, 23) 2 0. Thus, T? is isolated invariant
torus of system (2.13). The proof is finished.
O

4. Discussion

In the paper, we characterize the simplest three-dimensional polynomial differen-
tial system having an equilibrium and a 2-dimensional orientable smooth compact
invariant manifold: sphere E? or torus T2 in R3. A natural question is how the
relative position between the equilibrium and sphere E? or torus T? in R? affect the
global dynamics of this system.

When the compact invariant algebraic surface is sphere E?, if the equilibrium
0(0,0,0) is the center of E? and it is a hyperbolic unstable equilibrium, we can
obtain that sphere E? is a global attractor of the system in R\ {(0,0,0)} under
some conditions, for example, see [16,17]. When the compact invariant algebraic
surface is torus T?, the conditions that guarantee this torus is a global attractor of
the system in R3, and richer dynamics of the system with sphere E2 or torus T2
awaits further research in the future.
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