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Abstract. The aim of this paper is to explore the free boundary problem for the Non-
Newtonian shear thickening fluids. These fluids not only have vacuum, but also have
strong nonlinear properties. In this paper, a class of approximate solutions is first
constructed, and some uniform estimates are obtained for these approximate solutions.
Finally, the existence of free boundary problem solutions is proved by these uniform
estimates.
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1 Introduction

It is well known that the non-newtonian shear thickening flows can be described by the
following equations (for example, see [1-6])

pt+(pu) =0, (1.1)

(pu)s+ (ou? )5 — (|1 ’2+P’)(p72)/2”x)x +(Ap")x=0, (1.2)

where p>2, A>0, u>0and v >1 are some given positive constants, and p,u,p7 represent
the density, velocity and pressure for the non-Newtonian fluids, respectively.

We assume that the initial density pj is some given nonnegative function satisfying

supppo=|ao, bo| for some constants ag and b, and || || 11(4,,4,) =1 Let x=a(t) and x=b(t)
represent the free boundary which is the interface between fluid and vacuum, and then
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have p(a(t),t)=p(b(t),t)=0, and @’ (t)=u(a(t),t) with a(0)=ao, and b’ (t) =u(b(t),t) with
b(0) =bo.
We introduce the Lagrange coordinate transformation

X
s=t, yz/ﬂ(t)p(z,t)dz. (1.3)

Clearly, the left dividing line I'g: x =a(t) for the interface is a straight line I'p: y =0 in
Lagrange coordinates. In addition, in the right dividing line I'1 : x =b(¢) for the interface,
we have

b(t) )
y:/ p(z,t)dz:/ po(z)dz=1. (1.4)
a(t) ap

Therefore, the right dividing line 'y : x =b(t) for the interface is a straight line I'; :y =1
in Lagrange coordinates. In particular, in Lagrange coordinates, the original equations
(1.1)-(1.2) are transformed into the following equations

ps+p*uy =0, (1.5)
”s_((Puy)2+ﬂ)(p_2)/zpuy)y+(APW)yZO' (1.6)

This paper is to solve the above equations (1.5)-(1.6) in Qs =(0,1) x (0,S)(S >0) with
the following initial condition

(p(y,0),u(y,0)) = (po(y),uo(y)), y<[01], (17)
and the following boundary condition
(p11)(0,5) = (pity) (1,s) =0, s>0, (18)

where the initial density po=po(y) and the initial velocity ug=1(y) have the following
properties [A1]-[A3]:

[A1] The initial density pg € C(—o0,+00)NC(0,1) satisfies
po(y)>0 Vye(0,1), po(y)=0 Vyé& (—o0,0]U[1,+00). (1.9)

[A2] The initial velocity 1 € C?(—oco,+00) satisfies 1o, (0) =gy, (1) =0.

[A3] The initial value (pp,up) also has the following property:

MO E].+ | |p0(y)||L°°(—oo,+oo)+ ’ ’pal(y)||Ll(_w,+w)+ ’ ’pé(y)||L2(7m/+m)
|10 (Y)W (oo, 4o0) < F00.

Our main results are the following theorems.



