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Abstract In this paper we investizate a Logistic equation with delay and 1t is
shown that if b(z) > e(x), the stationary solution is globally asymptotically stable; if T
is small, [7(x) is locally stable; if b(x) < e(x), there is Hopf bifurcation from L),

Key Words  Logistic equation; delay; stability; Hopf bifurcation.

1991 MR Subject Classification J5K57.

Chinese Library Classification (17526, 0175.29, 17521,

1. Introduction

It this paper we study the following Logistic equation with instantaneous and delay
effects

%—i = % +ulz, f)alz) — ble)ulz, t) — e(z)ulz, t —7)], @ x[0,00)
Blu}(x, ) =0, o0 x [0,00)  (1.1)
ulz.t) = nlz, t), £ x [—7,0]

where n € C([—7,0), H}[0,w]), r = 0 is constani. The functions alz), b(x), c(x) are
positive and Holder continuous on 71. The boundary condition is given by Bu = u or

Bu = % + v(z)u where v € C1T2(8Q), v(z) = 0 on J1 and % denotes the outward
r

normal derivative on 9t

The problem (1.1) describes the evolution of population u subject to diffusion,
having delay effects in the growth rate. The related problems when a, b, ¢ are constants
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or related ordinary differential equation have been treated extensively [1-5, and their
references).
It is well known that the steady-state problem
Fu
7oz ula(z) — b{x)u —e(z)u) =0, e
T
Bu=1{0, =zedi

(1) if Ay = 1, it has only the trivial solution 0 which is globally asymptotically
stable with respect to every nonnegative initial function,

(2) if Ay < 1, it has a unique positive solution U{x) which is globally asymptotically
stable with respect to every nonnegative, nontrivial initial function,

where Ay is the smallest eigenvalue of the eigenvalue problem

¢
E;;g+fha{:.-:]lqé=[]: zefl. Bd=0, e di} (1.2}

Obviously, U(x) is also a stationary solution of (1.1). However, as a solution of the
delay equation (1.1), the stability of [7{z) is different.

The content of this paper is organized as follows. In Section 2 we show that when
blx) > e(z), for any T > 0, the stationary solution I(x) is globally asymptotically
stable. In Section 3, for small  and for any blz), e(z). it is given that U/{#) is linearized
stable. Section 4 is devoted to the study of Hopf bifurcation from 7 (z) as T varies when
hlz) < r?{;.':j.

2. Globally Asymptotic Stability of Ulz) when b(z) > e(z)

el 2 .
Theorem 2.1 Let L = max % and 7> 0. If \y <land L < 1, then U () s
el
globally asymptotically stable in (1.1) with respect to every nonnegative inifial function
nx,t) with n{z,0) = 0.

Proof It is obvious that ¢(z) < Lb(z) on 12. Hence

ofz) £ T (ba) +c(a)), b(z) > Frr(b@) +e(@), on @ (2)

Let 7" be the nonnegative solution of the following parabolic problem

ab*e vgire
- = I = bz)U%), G x|0.
5 52 Utafz) = b(z)U*), @ x[0,00)
BEF~ =0, at x [0, ca)

U(2,0) = n(z,0), 0



