J. Partial Diff. Eqs. 16(2003), 240–254
c International Academic Publishers

Vol.16 No.3

FORMATION OF SINGULARITIES FOR QUASILINEAR
HYPERBOLIC SYSTEMS WITH CHARACTERISTICS WITH
CONSTANT MULTIPLICITY
Wang Libin
(Institute of Mathematics, Fudan University, Shanghai 200433, China.)
(Received Oct. 15, 2002)

Abstract In this paper we consider the Cauchy problem for quasilinear hyperbolic systems with characteristics with constant multiplicity. Without restriction on
characteristics with constant multiplicity(> 1), under the assumptions that there is a
genuinely nonlinear simple characteristic and the initial data possess certain decaying
properties, the blow-up result is obtained for the C 1 solution to the Cauchy problem.
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1. Introduction and Main Result
Consider the following first order quasilinear hyperbolic system
∂u
∂u
+ A(u)
= 0,
∂t
∂x

(1.1)

where u = (u1 , · · · , un )T is the unknown vector function of (t, x) and A(u) is an n × n
matrix with suitably smooth elements aij (u) (i, j = 1, · · · , n).
By hyperbolicity, for any given u on the domain under consideration, A(u) has n
real eigenvalues λ1 (u), · · · , λn (u) and a complete set of left (resp. right) eigenvectors.
For i = 1, · · · , n, let li (u) = (li1 (u), · · · , lin (u)) (resp. ri (u) = (ri1 (u), · · · , rin (u))T ) be
a left (resp. right) eigenvector corresponding to λi (u):
li (u)A(u) = λi (u)li (u)

(resp. A(u)ri (u) = λi (u)ri (u)).

(1.2)

We have
det |lij (u)| =
6 0

(equivallently,

det |rij (u)| =
6 0).

(1.3)

Without loss of generality, we suppose that on the domain under consideration
li (u)rj (u) ≡ δij

(i, j = 1, · · · , n)

(1.4)
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and
riT (u)ri (u) ≡ 1

(i = 1, · · · , n),

(1.5)

where δij stands for the Kronecker’s symbol.
In the case that system (1.1) is strictly hyperbolic, namely, A(u) has n distinct real
eigenvalues
λ1 (u) < λ2 (u) < · · · < λn (u),
F.John[1] and T.P.Liu[2] have obtained the blow-up phenomenon of C 2 solution to
the Cauchy problem of system (1.1) for initial data with compact support, provided
that all characteristics are genuinely nonlinear or a non-empty part of characteristics
is genuinely nonlinear, while another part of characteristics is linearly degenerate, respectively. By introducing the concept of weak linear degeneracy, Li Ta-tsien, Zhou Yi
and Kong Dexing have given a complete result on the global existence and the blow-up
phenomenon for the Cauchy problem of system (1.1) with small and decaying C 1 initial data in [3], [4] and [5]. Then, The results have been generalized to the non-strictly
hyperbolic system with characteristics with constant multiplicity (see [6] and [7]), in
which all characteristics with constant multiplicity (> 1) are linearly degenerate.
In this paper, we still consider the quasilinear hyperbolic system with characteristics
with constant multiplicity, but there is no restriction on the linear degeneracy for
characteristics with constant multiplicity(> 1). For system (1.1) with “small” C 1 initial
data with certain decaying properties, we discuss the blow-up phenomenon of the C 1
solution.
For hyperbolic system (1.1) with characteristics with constant multiplicity, all λi (u),
lij (u) and rij (u)(i, j = 1, · · · , n) have the same regularity as aij (u)(i, j = 1, · · · , n).
Without loss of generality, we suppose that, in a neighbourhood of u = 0,
λ(u) , λ1 (u) ≡ · · · ≡ λp (u) < λp+1 (u) < · · · < λn (u),

(1.6)

where 1 ≤ p ≤ n. When p = 1, system (1.1) is strictly hyperbolic; while, when p > 1,
system (1.1) is a non-strictly hyperbolic systems with characteristics with constant
multiplicity p(> 1).
For the Cauchy problem of system (1.1) with the following initial data
t = 0 : u = εψ(x),
where ε > 0 is a small parameter and ψ(x) ∈ C 1 satisfies

sup (1 + |x|)(|ψ(x)| + |ψ 0 (x)|) < ∞,

(1.7)

(1.8)

x∈R

the main result in this paper is
Theorem 1.1 Suppose that in a neighbourhood of u = 0, A(u) ∈ C 2 , system
(1.1) is hyperbolic and (1.6) holds. Suppose furthermore that in the neighbourhood of
u = 0, there exists m ∈ {p + 1, · · · , n} such that λm (u) is genuinely nonlinear:
∇λm (u)rm (u) 6= 0.

(1.9)

