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Abstract We consider the compactness theorem for the positive solutions of the
equation
Au+ hiu® + hou® =0 in Q Cc R®

and obtain the measure estimate of the blow up set for positive smooth solutions {u;}
of the above equation with {||u;||g1 () + |[wil|Let1() + |[wil| Lo+1 (o)} bounded.
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1. Introduction

Let Q be an open subset of R™ (n > 3). We consider the blow up locus of the
solutions to the equation

Au + hiu® + hou? =0 in Q (1.1)

2
where o > %,a+122ﬁ>2, hi € CH(Q) (i = 1,2); a; < hi(z) < b3 0 < a; < by
n_

and |Vlogh;(z)| < C for x € Q and i = 1,2. Guo-Li [1] studied the equation in the
case that g = 1.

We say that u is a positive weak solution of (1.1) in Q if w > 0 a.e. and if, for all
¢ € C*°(Q) with compact support in €,

—/ uApdr = / [h(x)u® 4 hou|¢(z)de. (1.2)
Q Q
We say that such a weak solution w is stationary if, in addition, it satisfies
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dz =0 (1.3)

for all regular vector field ¢ with compact support in © (summation over i and j is
understood).

For the weak solutions in H'(Q) N L1 (Q) N LATL(Q), this identity is obtained by
assuming that the functional F(u) is stationary with respect to domain variations, that
is

d
%E(Ut)’tzo =0,

where

1 1 1
E(U) = 2/9 |vu|2d$ - 04-|-1/Qh1ua+1dx — BH/thuﬂ'de

and ug(z) = u(z + tp(x)). It is clear that a smooth solution is stationary.

Let u € HY(Q) N LoTY(Q) N LAHL(Q) be a positive solution of (1.1). We denote
by ¥ the set of points x € € such that w is not bounded in any neighborhood V of x
in Q. If u is bounded in some neighborhood of x, then the classical regularity theory
ensures that w is regular in some neighborhood of x. Therefore ¥ is the singular set
of u. In the paper [2], Pacard showed that the Hausdorff dimension of the singular set

of a weak positive stationary solution u of the equation —Au = u® in € is less than
a+1l . . n+2 . n+1

n—2 if <a< . Guo-Li [1] showed that the Hausdorff dimension of
a—1 n-—2 n—3 )
the blow up set of the equation Au + hiju + hou® = 0 is less than n — 2% + T where
o —

2
o> LJFQ hi € CHQ)(i = 1,2); a5 < hi(z) < bi; 0 < a; < by and | v log hi(z) |< C
n_

forz € Qand i = 1,2.

In this paper, we consider the compactness theorem for the positive solutions of
the equation (1.1). We shall first establish a monotonicity inequality for the positive
stationary weak solutions v € H'(Q) N L(Q) N LA+1(Q) by the similar idea in [2].
Then using such monotonicity property of energy and the idea of Schoen [3], we obtain
the measure estimate of the blow up set for positive smooth solutions {u;} of (1.1) with
{I1willzr oy + Il Loy + sl [ 1 b bounded.

More precisely, we prove the following theorem
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Theorem 1.1 Let o > nt 5 @ +1>20>2. Let {u;} be a sequence of positive

n
smooth solutions of (1.1) with {HUZ‘HHI(Q) + [|uil| o1 () + HUiHLﬁ‘H(Q)} bounded. Let
u be the weak limit of {u;} in H'(Q)NLTL(Q)NLAH(Q). Then there is a subsequence

of {u;} which converges uniformly in C* norm to u away a closed set & of locally finite
a+1

u— dimensional Hausdorff measure, where yp = n—2 . Moreover, ¥ is a rectifiable

set.



