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Abstract The aim of this paper is to discuss the existence and uniqueness of
solutions for the porous medium equation

up — (U™ e = p(x) in (x,t) € R x (0,400)
with initial condition
u(z,0) = uo(x) x € (—00,+00),

where p(7) is a nonnegative finite Radon measure, uy € L'(R)NL>(R) is a nonnegative
function, and m > 1, and R = (—o0, +00).
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1. Introduction

In this paper we consider the porous medium equation
ur — (U™)az = p(x) n @ (1.1)
with initial condition
u(z,0) = up(x) x €R, (1.2)

where j(z) is a nonnegative finite Radon measure, ug € L'(R)) N L>°(R)) is a nonneg-
ative function, m > 1,Q = R x (0, +00).
We denote
My = ||wo||;eomy +1, M= / d
0 = [[uol] oo (m) L= o dn



36 Yuan Hongjun and Jin Yang Vol.18

in this paper.

Clearly, the Cauchy problem (1.1)—(1.2) has no classical solutions in general. There-
fore we consider its weak solutions.

Definition 1.1 A nonnegtive function u : Q — R is said to be a solution of (1.1)
if u satisfies the following conditions [H1] and [H2]:

[H1] For all T € (0,400), we have

we L®0,T; LY(R)) N BV,(Qr \ Qs),

and
u(-,t) € C*(R) Vte (0,T)

with s € (0,T), where Qr =R x (0,T).
[H2] For any ¢ € C3°(Q1), we have

//QT(—UCZSt—quf)m)dﬂsdt: //QT o(x, t)u(z)drdt.

Definition 1.2 A nonnegative function u : Q — (0,+00) is said to be a solution
of (1.1)-(1.2) if w is a solution of (1.1) and satisfies the initial condition (1.2) in the
following sense:

ess lim /Rw(:r)u(w,t)dx:/sz(x)uo(m)dx, Vi € C3°(R).

t—0t+

Our main results are the following theorems.
Theorem 1.1  The Cauchy problem (1.1)-(1.2) has a unique a solution u = u(x,t)

satisfying
u@t) € s Yat) €Qr

tm—34

for all § € (0,1), where C is a positive constant depending only on 6, m, My and M;.

Such kind of results has been obtained by a number of authours, for example, see
[1-11].

Remark 1.1 The proof of the existence in Theorem 1.1 is different from that of
[1-8],it is based some BV estimates. In particular, the uniqueness in Theorem 1.1 is
very intereting and is also different from that of [9-11].

In addition, we have

Theorem 1.2 Assume that u is the solution of (1.1)-(1.2). Then we have

u(@1,t) = u(w2,t)| < Clay — 2/

for all x; € R(i = 1,2) and all t € (1,+00),where 3 € (0,1) and C > 0 are some
positive constants depending only on 7, My and M;.

The proofs of Theorem 1.1-1.2 are completed in Section 3-5. In proving process we
shall use some uniform estimates in Section 2.



