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Abstract We study the nonlinear instability of plane wave solutions to a Ginzburg-
Landau equation with derivatives. We show that, under some condition in coefficient
of the equation, these waves are unstable.
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1. Introduction

In this paper, we consider the following Ginzburg-Landau equation [1-4]

Wi = anWae + (MIW|) + iw (W))W

o , reR,t>0 (1.1)
+ag|W W, + asW?2W,,
with the periodic initial value problem
W(z,0)=Wy(z), zeR
(1.2)

W (x—D,t)=W (x+ D,t), D>0,z€R,t>0
where W (z,t) is a complex-value function, o = a;+ib; € S,

A(r) = c1 + cor? + car? 13
1.3
w (r) = dir? + dor?

with ¢;,d; € . For convenience, let oy = 1. One of the equilibrium solutions to the
Ginzburg-Landau equation is the following plane wave

W, (x,t) = rge” 0% (1.4)
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and
A (7“0) = 9% — (bg — b4) 7’(2)90 (1 5)
w (ro) = (as — aq) r3ho
T. Kapitula [4] shows that, as
23/4 1.(2/IT- 3/4
+maX{ 7( /| 3|) } ‘To(B_Y’g - 290)} <1
T3]
and the initial energy Eg = ||[Wo|| g1 +||Wo|l 11 is small enough, these waves are nonlinear

stable, where B_=bs—by and Tj3=roN(ro) +2B_126 < 0

In present paper, we show that, under some conditions in coefficient of the equation,
these waves are nonlinear unstable. We have the following main theorem.

Theorem 1.1 Let I's > 0 and inf{ Re X\ : A € 0.(£)} > 0. Then the plane wave
solutions of the equation (1.1) is nonlinear unstable. The operator L will be defined
later.

Let
W (z,t) =7 (z,t) e 0@ (1.6)

then, the equation (1.1) becomes

Tt = Top + 1A (1) — 702 + Air?r, + B_r30,

o (1.7)

Or =0y —w(r)+ 0, — Byrry + A_r%0,,

S
where
Ai:agzl:(u, Bi:bgﬂ:b4

Our idea of proof is using the principle of Linearized Instability in [5] (see p.344,
Theorem 9.1.3 in [5])and Theorem 9.1.3([5], p.344) under the assumption

o+ (A) = o(A) N A € C[ReA > 0} # 0 s
f{ReA: A € 04 (A)} = w; > 0 '

Then the problem v'(t) = Au(t)+G(u(t)),t > 0,u(0) = ug nontrivial backward solution
v € C*([—00,0];0,w) with v/ € C*([—o0, 0]; X, w) for every a € [0,1] and w € [0, wy].
It follows that the null solution of (1.8) is unstable, where A : D(A) C X — X is
a linear operator such that A : D(A) — X is sectorial and the graph norm of A is
equivalent to the norm of D. X is a general Banach space.

For this, we need the spectral analysis for the linearized equation.

In the paper, [|-[|, represents the norm in the space L; (%) and |- the norm in
the Sobolev space H* ().



