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Abstract The aim of this paper is to discuss some degenerate hyperbolic equation

ut + ϕ(u)x = 0,

where ϕ ∈ C1(R \ {0}) ∩ C2(R \ {0}) is a nondecreasing function in R, where R =
(−∞,+∞). Some entropy inequalities are obtained and can be applied to study the
existence of local BV solutions of the above equation with local finite measures as initial
conditions.

Key Words Quasilinear hyperbolic equations; entropy inequality.
2000 MR Subject Classification 35L45, 35L60, 35L65.
Chinese Library Classification O175.2.

1. Introduction

In this paper we consider the following quasilinear degenerate hyperbolic equation
of the form

ut + ϕ(u)x = 0 (1.1)

in QT ≡ R× (0, T ) with the following initial condition

u(x, 0) = u0(x) (1.2)

for all x ∈ R, where ϕ is a continuons nondecreasing function in R, 0 ≤ u0 ∈ L∞(R) ∩
BV (R) and R = (−∞,+∞).
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By BV (QT ), we mean the class of all functions in QT of locally bounded variation.
In other words, u ∈ BV (QT ) if and only if u ∈ L1

loc(QT ) and ut and ux are regular
measures in QT of locally bounded variation. By BV (R), we mean the class of all
functions in R of locally bounded variation.

We consider BV solutions of (1.1)-(1.2) in the following sense.
Definition 1.1 A nonnegative function u ∈ L∞(QT ) ∩ BV (QT ) is said to be a

solution of (1.1) and (1.2), if u satisfies the following conditions [H1] and [H2]:
[H1] For any ξ ∈ C∞

0 (QT ) with ξ ≥ 0, we have
∫ ∫

QT

sign(u− k)[(u− k)ξt + (ϕ(u)− ϕ(k))ξx]dxdt ≥ 0

for all k ∈ R, where

sign(u− k) =





1, if u > k,

0, if u = k,

−1, if u < k.

[H2] For any η ∈ C∞
0 (R), we have

ess lim
t→0+

∫

R
η(x)u(x, t)dx =

∫

R
η(x)u0(x)dx.

It is known that the Cauchy problem (1.1)-(1.2) has a unique solution u ∈ L∞(QT )∩
BV (QT ), see J. Smoller [1].

Our main results are
Theorem 1.1 Assume that ϕ ∈ C1(R \ {0}) ∩ C2(R \ {0}) is a continuous non-

decreasing function in R, ϕ(0) = 0, and

ϕ′(s) > 0,
ϕ(s)ϕ′′(s)

ϕ′2(s)
≥ K1,

ϕ

ϕ′
∈ C(R) (1.3)

for all s ∈ R \ {0}, where K1 is a given positive constant. If u is a solution of the
Cauchy problem (1.1)-(1.2), then we have

ut ≥ − 1
K1t

· ϕ(u)
ϕ′(u)

(1.4)

in the sense of distribution.

Remark 1.1 Clearly, the function ϕ(s) satisfying (1.3) has a typical example as
follows

ϕ(s) = |s|m−1s

for all s ∈ R, where m > 1.

In addition, we also have


