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Abstract. A five-mode truncation of Navier-Stokes equation for a two-dimensional incompressible fluid on a torus is studied. Its stationary solutions and stability are presented, the existence of attractor and the global stability of the system are discussed.
The whole process, which shows a chaos behavior approached through an involved
sequence of bifurcations with the changing of Reynolds number, is simulated numerically. Based on numerical simulation results of bifurcation diagram, Lyapunov exponent spectrum, Poincare section, power spectrum and return map of the system are
revealed.
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1 Introduction
In recent years many researchers have studied the stability and the bifurcation of truncated model of Navier-Stokes equation ([1–5]). A pioneering work is given by Lorenz [6]
concerning the Saltzman equations for convection between plates, represented the first
attempt to study the partial differential equations that govern a fluid flow through truncation of a suitable Fourier expansion to a finite number of components (“modes”). Later
Franceschini et al. [3-5] made a further expansion in this research field to study the
Navier-Stokes equations. More precisely, they consider the following plane incompressible Navier-Stokes equation
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∂u
+(u ·∇)u = −∇ p + f + ν△u,
∂t
∇· u = 0,
Z

T2

udX = 0,

(1.1)
(1.2)
(1.3)

on the torus T 2 =[0,2π ]×[0,2π ], the velocity field u, the pressure p and (periodic) volume
force f is expanded in Fourier series on a torus, a five-mode and a seven-mode Lorenz
equations have been proposed in Refs. 2, 3, then they have studied three-dimensional
Navier-Stokes equation in T 3 = [0,2π ]3 and obtained some nonlinear system, and discussed these complex system in detail in [4, 5].
In this paper, we studied the dynamical behavior and the numerical simulation of
the five-mode equations obtained in [2]. Dynamical behaviors of this chaotic system,
including some basic dynamical properties, bifurcations, and routes to chaos, etc, have
been investigated both theoretically and numerically by changing Reynolds number. the
existence of attractor and the global stability of the equations have been firmly verified
and these theories can be used in other similar model. Furthermore, some dynamical
behavior features of the chaos system in a certain range of the Reynolds number, such
as bifurcation diagram, Lyapunov exponent spectrum, Poincare section, power spectrum
and return map, are presented.

2 The five-mode Lorenz-like equations
We expanded u, f , p in Frourier series :
u( X,t) =

∑ eiK·X rK
K 6 =0

f ( X,t) =

K⊥
,
|K|
K⊥

∑ eiK·X fK | K | ,

(2.1)

(2.2)

K 6 =0

p( X,t) =

K⊥

∑ eiK·X pK | K | ,

(2.3)

K 6 =0

where K = (k1 ,k2 ) is a “wave vector”, with integer components, K ⊥ = (k2 , −k1 ), rK = rK (t)
is a function of time t. Substituting (2.1)-(2.3) into (1.1), we get formally the following
equations for {rK }K6=0
ṙK = −i

K1⊥ · K2 (K22 − K12 )
r K1 r K2 − ν | K |2 r K + f K ( K ∈ L ) ,
∑
||
|
2
|
K
||
K
K
2
1
K1 + K2 + K = 0

where L is a set of wave vectors, and if K ∈ L, also −K ∈ L.

(2.4)

