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Abstract. This paper is concerned with obtaining an approximate solution and an approximate derivative of the solution for neutral Volterra integro-differential equation
with a weakly singular kernel. The solution of this equation, even for analytic data, is
not smooth on the entire interval of integration. The Jacobi collocation discretization
is proposed for the given equation. A rigorous analysis of error bound is also provided
which theoretically justifies that both the error of approximate solution and the error of
approximate derivative of the solution decay exponentially in L ∞ norm and weighted L 2
norm. Numerical results are presented to demonstrate the effectiveness of the spectral
method.
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1. Introduction
We study the neutral Volterra integro-differential equation (VIDE) of the form
Z t
1

y ′ (t) = a(t) y(t) + b(t) +
0
′

(t − s)− 2 [K0 (t, s) y(s)

+ K1 (t, s) y (s)]ds,
y(0) = y0 ,

t ∈ [0, T ],

(1.1a)
(1.1b)

by the Jacobi spectral collocation method. Here, a, b : [0, T ] → R and K0 , K1 : D → R
(where D := {(t, s) : 0 ≤ s ≤ t ≤ T }) are given smooth functions (see [5]). As for
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the numerical treatment of VIDE, the reader is referred [2–4, 26, 32, 36] (VIDE with a
regular kernel) and [6, 7, 12, 23, 28, 30] (VIDE with a weakly singular kernel), most of
these references contain information about other relevant papers.
There are many existing numerical methods for solving VIDE, such as polynomial collocation method [3, 7, 23, 26, 27, 33], Taylor series method [13], block-by-block method [18,
19], multistep method [21,35] and Runge-Kutta method [2,36]. However, very few works
touched the spectral approximation to VIDE. Spectral method has excellent error properties
with the so-called "exponential convergence" being the fastest possible. The literature [31]
is the first paper proposed a spectral method for Volterra integral equation with a smooth
kernel. Subsequently, Y. Chen and T. Tang developed the spectral method for Volterra
integral equation with weakly singular kernel in [9, 10].
Usually, the numerical analysis for weakly singular VIDE without neutral term (i.e.,
K1 (t, s) = 0) can be based on either of two second-kind Volterra integral equations that are
equivalent to the original initial-value problem (1.1a)-(1.1b) (see [5, 6]). Its first reformulation has the form
Z t
H1 (t, s) y(s)ds,

y(t) = f (t) +
0

t ∈ [0, T ],

(1.2)

where
t

Z
f (t) = y0 +

(1.3a)

b(s)ds,
0

Z

t

1

(v − s)− 2 K0 (v, s)d v.

H1 (t, s) = a(s) +
s

(1.3b)

Alternatively, we may consider the equivalent Volterra integral equation for z(t) = y ′ (t),
namely,
Z t
z(t) = g(t) +

H2 (t, s)z(s)ds,
0

t ∈ [0, T ],

(1.4)

with
Z

g(t) = b(t) + a(t) +
0

Z
H2 (t, s) = a(t) +
s

t

t


1
(t − s)− 2 K0 (t, s)ds y0 ,
1

(t − v)− 2 K0 (t, v)d v.

(1.5a)
(1.5b)

But (1.2) and (1.4) are not much suitable for the spectral method since the kernels defined
in (1.3b) and (1.5b) have new singularities along the lines s = 0 and t = 0, respectively, in
addition to those for s = t admitted in [34].
In [15], Y. Jiang considers the Legendre spectral collocation method for VIDE with a
smooth kernel, which has smooth solution on the entire interval of integration [0, T ] if the

