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Abstract

Local Fourier analysis (LFA) is a useful tool in predicting the convergence factors
of geometric multigrid methods (GMG). As is well known, on rectangular domains with
periodic boundary conditions this analysis gives the eract convergence factors of such
methods. When other boundary conditions are considered, however, this analysis was
judged as been heuristic, with limited capabilities in predicting multigrid convergence
rates. In this work, using the Fourier method, we extend these results by proving that
such analysis yields the exact convergence factors for a wider class of problems, some of
which cannot be handled by the traditional rigorous Fourier analysis.
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1. Introduction

There exist two main approaches to quantitatively analyze the convergence of geometric
multigrid algorithms: the rigorous Fourier analysis (RFA) [1,2] (also called model problem
analysis) and the local Fourier analysis [3] (or local mode analysis). Both techniques use error
expansion in terms of the eigenvectors of a discrete differential operator, followed by study of
the behavior of the multigrid error transfer operator when acting on these components. The
main difference is that the RFA takes into account the boundary conditions, while the LFA
neglects the effect of boundary conditions by assuming that the discrete differential operator
is defined on an infinite grid. Clearly, in order to perform a RFA it is necessary to find a
basis of eigenvectors for the discretized boundary value problem, that is, the basis elements
must satisfy the boundary conditions. The convergence rates predicted by RFA then are exact,
but also such procedure limits its applicability since to find such a basis may be impossible.
Therefore, RFA gives the exact convergence rates of the GMG, but only for a small class of model
problems. The LFA, on the other hand, works on an infinite grid and uses a basis of complex
valued, exponential functions, which makes it applicable to a much wider class of discretized
differential operators. It is well known [4] that the LFA provides accurate approximations of the
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asymptotic convergence factors of the GMG algorithms for many problems, and, moreover, it
is exact for problems with periodic boundary conditions. In this work we focus on the question
whether the LFA can be made exact (rigorous) for a wider class of discretized boundary value
problems, not necessarily with periodic boundary conditions. As it turns out, we can answer
this question positively. Our approach relies on the embedding of the model problem into a
periodic problem. Similar ideas have also been explored in works on circulant preconditioners
for elliptic problems [5,6] and also for preconditioning the indefinite Helmholtz equation [7].
We introduce a class of operators called LFA-compatible operators here and prove that for
such operators the LFA gives the exact multigrid convergence factors. Our studies include the
Dirichlet, the Neumann and the mixed boundary condition problem for a constant coefficient,
reaction-diffusion equation on a d-dimensional tensor product grid.

2. Preliminaries

2.1. The Dirichlet problem and its discretization
We consider a reaction-diffusion problem in d spatial dimensions on the domain QP = (0,1)%,
—Au(z) + cu(x) = f(x), x€QP, and wu(x) =0, xcdQ, (2.1)

where ¢ > 0 is a constant. First, let us consider the simplest case when d = 1 (one dimensional
problem). The computational domain then is the interval QP = (0,1) and the corresponding
two-point boundary value problem (2.1) is:

—u”(2) + cu(z) = f(z), »€QP, u(0)=u(l)=0. (2.2)

For d = 1, we introduce a uniform grid QP = {z, = kh}?_,, with step size h = 1/n, n € N and
we discretize this problem by the standard central difference scheme. As a result, we obtain
the linear system of algebraic equations with tri-diagonal matrix:

APu = f where AP = TP + cI,_, e RP=Dx(=1) (2.3)

where u = (uq,. .. ,un_l)T, =", -, fn_l)T, I,_1 € R(v=1x(n=1) ig the identity matrix,
and )
TP = oz diag(-1,2,-1) € R(—Dx(n=1), (2.4)

This is the simple, but very important, one dimensional case. In the case of higher spatial
dimensions and on a uniform grid with the same step size h = 1/n in all the directions the linear
systems are written in compact form by using the standard tensor product ® for matrices. We
recall the following properties of the tensor product

X+Y)0Z=Xe2)+([Y®Z), (X1ieX)1eYz)= (XY XY,). (2.5)

We further denote the k-th tensor power of a matrix X by X®* = X ® ... ® X. Finally, let us
—_——

k
note that the generalization to different step sizes in different directions is straightforward.
With this notation, the standard second order central difference scheme for discretization
of the Dirichlet problem (2.1) results in the linear system

d
APu=f, AP =3 (125 VTP @ P9 + et e ROV (26)

Jj=1
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2.2. A periodic problem

We now consider a finite difference discretization on a grid with step size h = 1/n of a
periodic problem on QF = (0, 2):

APu=f, where AP =TF 4 cly e RNV, (2.7)
with N = 2n and TF = & (diag(—1,2,—1) —elN(eN)T —eN(eN)T) € RV*N . Here, we
h h g 1 (en nlel
T

have denoted u = (uy, ... ,ﬂN)T, f = (f~1, cee fNN) , and e}’ is the k-th canonical Euclidean
basis vector in R™. Finally, let us point out that by a periodic problem here we mean the
problem (2.2) defined on QF with boundary conditions u(0) — u(2) = u/(0) — v/(2) = 0.

The extension to higher dimension d > 1 is obvious and we have the linear system Aﬁ u = f ,

with
d

AL =3 (IR e Tl @ 1T ) 4 eIt e RN (2.8)

Jj=1

2.3. Relation between the Dirichlet and the periodic problem

Our goal now is to describe how the discretized Dirichlet problem relates to the periodic
problem defined in section 2.2. To begin, we consider the 1-dimensional case given in (2.3) and
we define the odd extension operator as the linear operator E, , : R"™1 — RN N = 2n such
that

E el —eN _eN i=1

on€l  =e; —enN_, yoosn—1 (2.9)

The restriction operator R, is defined as R, ) = %E:{h It is easy to see that the following

relations hold in the one dimensional case: R, pEop = In—1, and E, R, pu = u, for all
u € range(E, ). Notice also that range(E, ) = {u € RY |u, = uy = 0,uj = —un_j,j =
1,...,n—1} and f = E,nf. For d > 1 the restriction and extensions are R?Z and E?,‘f and
we have:

REVESE =124, and EZ/RZju=w, forall wu € range(ES)). (2.10)

2.3.1. LFA-compatibility

We now clarify the relation between the Dirichlet and the periodic problem. We begin with a
very general definition of LFA-compatibility.

Definition 2.1. Let R, and E,; be operators satisfying (2.10). We say that the pair of
operators (MP, MF) is an LFA-compatible pair if and only if MP = R, .M E, , and Mfv €
range(E, ) for all v € range(E, p,).

The LFA-compatibility is, in some sense, the minimal requirement which allows to build rela-
tions between solutions to a periodic and the corresponding Dirichlet problems, or the iterates
constructed in an iterative method for these problems. In a more abstract setting, the opera-
tors M, ,f and M ,? do not have to be a periodic or a Dirichlet problem, they only need to be
connected via a compatibility relation based on operators E, j, and R, j, satisfying the relations
in (2.10). In the following, however, we only use E, j and R, as defined above.

Now we prove several results, which follow directly from the definition of LFA-compatibility.
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Lemma 2.1. Let AP and A}’ be the coefficient matrices related to the Dirichlet and periodic
problems. Then, (AP AP’) is an LFA-compatible pair.

Proof. The standard properties of the tensor product imply that

[

- .
REMARES] = R[S (IRV Y o nf @ if7) + ea? | B

1

J

_ p®d
- Ro,h

[

(E?,(f‘” ® T} Bopy @ ES\™ J)) + cE®?
1

J

d
=3 (1YY @ Ron T Bop @ I ) 4 eI 22,
j=1

Further, taking into account that RO,hTfEOJL = T,?, we also have AE = R?ZA?E?Z. If

u € range(EY), then there exists v € R™=D" such that u = E%%y and we have
d . .
Afu= (ST IV V@1l 0 IZ | ES o + I3 ES v
j=1
ZE®(] V@ T B @ ES | v+ cESfw

A straightforward computation shows that T u € range(E, ) for any u € range(E, ), and
this completes the proof. O

Lemma 2.2. If u satisfies APu = f, then AP(E®d ) = Zf

Proof. Using that AP = R?ZAPE;@Z, we have that R?ZAPE®Zu = f. Applying E®h on
the left and taking into account that Af E®hu € range(Ef,‘f), completes the proof. U
Theorem 2.3. The pair ((AP)=1, (AP)=1) is LFA-compatible.

Proof. We consider f € range(E?,‘f) Then, there exists g € R™=1" such that E?j,‘fg =f.
If u = (AP)~'g, by using Lemma 2.2 we have that E®hu = (AP)~1f, which implies that
(AP 1f e range(th). Next, again from Lemma 2.2, it follows that if uw = (AP)~! f, then

(AP) 1E®df E®

Hence,
RZy(AL)'EZLf = ROVES ju = u,

and the proof is complete. O
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3. Linear Iterative Methods and Multigrid

Let us consider a general stationary iterative method for the Dirichlet and the periodic

problems: N
uft = 4 BP(f — APWY), oMt =ab + B (f — APab), (3.1)

where B,?’P are linear operators (called iterators). We have the following theorem which shows
that the LFA-compatibility of the iterators provides a relation between the iterates.

Theorem 3.1. Let (BP, BY) be an LFA-compatible pair and f: E?Zf. Ifu® = E?Zuo, then
b = Bk k=1,2,...

Proof. We prove the result by showing that if u* = Ef,‘fuk then u*+! = E?Zukﬂ. Clearly,
from (3.1), and the fact that u* = Ef,‘fuk, we have

a*tt = EXuf + B (EZf — AL EZjub).
Next, we use Lemmas 2.1-2.3 to obtain that,
= ESluf + B (ES) f — EZRYAL ESub) = ESu® + B ES(f — A u®).
Since, E?ﬁ(f — APuF) e range(E?jff), and B,I;Efff(f — APuk) € range(Eff,Cf) we have that
a" ! = E&ub + EXIRSIBLESL(f — ADu").
Finally, we use that (B}, B}) is an LFA-compatible pair to obtain that
= EZl(uf + B (f — AYub)) = EZjut !

which is what we wanted to show. ]

Remark 3.1. Clearly, this theorem implies that LFA compatible iterators (B,? , B,ILD ) result in
error transfer operators which are invariant on range(E?Z). Therefore, when the initial guess

for the periodic problem is in range(E?Z) we have the following immediate corollaries from
Theorem 3.1:

e Every iterate for the periodic problem is an extension of the same iterate for the Dirichet
problem.

e The (asymptotic) convergence factors for the iterative methods applied to the periodic
and the Dirichlet problems are identical.
3.1. Two grid methods

We now consider the two-grid and multigrid methods. We begin by defining the coarse grids
for the Dirichlet and periodic problems in one spatial dimension (d = 1). In a standard fashion,
we define

Q%:{xi:2ih|i20,...,n/2}, and th:{xi:%hﬁzo,...,n}.

We denote by G(Q77), G(Q5:F) the subspaces of grid-functions defined on Q7" and Q)7
respectively. On such coarse grid, we also define AQDh’P by (2.6) but with 2h instead of h. The
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extension to higher spatial dimensions is done using standard tensor products of grids and
operators.

We now consider the two-grid algorithms, which are linear iterative methods already defined
in (3.1) with special iterators Brg = Bgép as follows:

Brg = (I = (I = Ipnn(A2n) " Tn2nAn)(I — SnAn)) (An) ", (3.2)

In (3.2) all operators change depending on whether we consider Dirichlet or periodic problem,
namely, we have AP AP IQD,Lh, 1212,}17 etc. Here, S’hD’P are relaxation (smoothing) operators,
I,?)’;; : Q(QQ’P) — Q(Qgh’P) are the restriction operators and 121:,)1’)1; : Q(Qgﬁp) — Q(QS’P) are
the prolongation operators. To prove the main result, we need to introduce LFA-compatible

restriction and prolongation operators. We say that the pairs (IQI,’L,I, I;];,h) and (I£2h, I,J:Qh) are
LFA-compatible if and only if
I,B% = Ro)ghI£QhEo7h, I,ﬁ%v € range(E, o), forall v € range(E, ), (3.3)

I3 1 = Ronl3y nEoon, I3, ,v € range(E, ),  for all v € range(Eo 2n). (3.4)
The multigrid iterator is obtained from the two grid by recursion, namely,
By = (I — (I — Iop y Bondp onAn) (I — SpAn)) (An) ™1, (3.5)

where B, = A;,% for both the Dirichlet and the periodic problem.
We have the following theorem, showing that the iterations via two grid are related.

Theorem 3.2. (AP AT), (AB)~", (A5)™Y), (SP,5E), (1 1), (1P 1) are LA
compatible, then (BP, BF) is LFA-compatible.

Proof. We prove this theorem for the case d = 1 only and Bj, = Bprg as the general case
follows from recursive application of this argument and the properties of tensor product listed
earlier.

RO,thcEO,h = Ron (I_(I_Izljz,h(Agh)711}113,2hA5)E0,hR07h(I_Sflz)Aﬁ)) EO,hRO,h(Aﬁ)ilEO,h
=(I-(I- Royhli,h(Agh)71]}113,2hA5E01h)(I —SPAD)) (AL

Moreover, because of the invariant properties it follows that
Ro I 1 (Asn) " Ion AL Bon = (Ronlap 1 Ban) (Ron(Ag,) ™ Ean) (Ran I an Bon) (Ron Al Eopn)-

By using the properties in the assumptions in the theorem we have that B’_ZQG = RoyhBrfﬁGEoﬁh.
The invariant property of B{FDG follows from the invariant properties of all the operators involved
in the two-grid method. O

4. Examples and Extensions

The compatibility result in Theorem 3.2 shows that the LFA, which is exact for periodic
problems, provides rigorous results also for the Dirichlet problems. Of course, this is for par-
ticular choices of Sy, I 2, and the rest of the operators involved in the analysis given above.
LFA-compatible smoothers include the weighted Jacobi method, the Red-Black Gauss-Seidel,
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line relaxation methods and polynomial smoothers. The frequently used inter-grid transfer op-
erators, such as full-weighting and bilinear interpolation, are LFA-compatible restriction and
prolongation operators, respectively. As a conclusion, multigrid methods based on these com-
ponents applied to problems with Dirichlet boundary conditions can be analyzed rigorously by
LFA.

Moreover, problems with other boundary conditions can also be put into this framework.
For example, all the results presented here are easily carried over to the pure Neumann problem
by using an even extension operator instead the odd extension operator.

Another interesting case, which cannot be analyzed with a technique such as RFA is when
mixed boundary conditions are considered. We illustrate this on the following two point bound-
ary value problem:

—u" () + cu(z) = f(z), =€ QM =(0,1), u(0)=1u/(1)=0. (4.1)

The standard central difference scheme on a uniform grid with step size h = 1/n, leads to the
following linear system of algebraic equations with a tri-diagonal matrix:

AMy = f where AY =TM 4 cI,, € R™™, (4.2)

where u = (ug, ... ,un)T, =, fn)T, I, € R™*™ is the identity matrix, and
1

™ = s (diag(—1,2,—1) —er(em)") € R™*". (4.3)
Following the analysis for the discretized Dirichlet problem, we only need to define the extension
operators and then consider the corresponding periodic problem (2.7) with adequate N. As is
easy to see, because we have both Dirichlet and Neumann conditions, we need to combine the
extension operators and consider the composition of an even extension operator and an odd
extension operaror, E, ,E. . Here, Eop : R" — R?" is defined as

E.pel =e™+ed' ., i=1,...,n. (4.4)

The process of extending a function f is depicted in Fig. 4.1.

2 2 2
15 15 15
1 f 1 f 1 f i
0.5 / 0.5 / 0.5 / ]
0 0 T 0 T—— oo
\ J AN P
0.5 0.5 0.5 Y N
N
1 1 ! 1 Eenf v
Ee,hf L Y J
15 15 1.5 E, \Eopf
-2 2 ot o,h=eh )
0 05 1 0 05 1 15 2 0o o5 1 15 2 25 3 35 4

Fig. 4.1. Extension of function f to E, nFe nf for the analysis of the one-dimensional problem with
mixed boundary conditions.

The resulting periodic problem is discretized on the interval (0,4), because we have two
extension operators. The rest of the analysis is analogous to the analysis for the Dirichlet
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problem considered earlier. Therefore, all constructions for the Dirichet problem also can be
carried out to problems with mixed boundary conditions, and in any spatial dimension. For
example, let us briefly discuss such a procedure for a two-dimensional reaction-diffusion problem
in a square domain (0,1)? with mixed boundary conditions. To fix ideas, let us assume that
the Dirichlet boundary conditions are imposed on the west and south boundaries, and on the
east and north boundaries we have Neumann conditions. An illustration on how to perform
the extension of the right-hand side in this case and obtain LFA compatible pairs of operators
is shown in Fig. 4.2. Notice that the construction of such extension in 2D (and 3D, etc.)
corresponds to applying the extension operator constructed for the 1D problem (4.1) in each
of the coordinate directions. Obviously, other combinations of boundary conditions can be
handled by using appropriate compositions of the even and odd extensions proposed earlier.
Summarizing, the proposed strategy works if Dirichlet or Neumann boundary conditions are
imposed everywhere, and even if Neumann and Dirichlet conditions are combined in any way
on the boundary of the domain. All these cases can be dealt with by considering appropriate
even, odd or combinations of both extensions, as shown for the mixed boundary conditions.

N
x| 5
p| f |N en Eon | |
—1 ——
D Y :
Echf EgnEen
| y i
i TEO,h H
y
TEe,h
Y / Y :
Yy py y
Eo,hEe,hE(;c,hE;c,hf Ee,hEg,hE;C.hf

Fig. 4.2. Extension of function f for the analysis of the two-dimensional problem with mixed boundary
conditions.

Remark 4.1. An interesting and non-trivial extension of the presented methodology would be
to problems defined on more general domains. This case could for instance be handled by using
the auxiliary space method introduced by Xu in [8]. This is, however, a topic of our ongoing
research and will be reported in our future work.
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5. Conclusions

In this work, we studied the accuracy of the predictions of the local Fourier analysis and the
novelty of the results is found in several important aspects. Firstly, we have proved that LFA
provides exact values of the convergence factors of multigrid methods not only for problems
with periodic boundary conditions but also for some problems with Dirichlet, Neumann and
mixed boundary conditions. Although, for some of these problems, a rigorous Fourier analysis
can also be applied, we remark that the use of local Fourier analysis is more transparent and
can be applied to a wider class of problems. The proposed strategy can be used to prove that
LFA provides exact convergence rates in cases in which the rigorous Fourier analysis cannot be
applied, as when mixed Dirichlet-Neumann boundary conditions are considered.

Finally, the results and techniques reported here show that the LFA provides the exact
(rigorous) asymptotic multigrid convergence factors for a wide range of multigrid methods:
with different smoothers, different intergrid transfer operators, and when applied to periodic as
well as to non-periodic boundary value problems.
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