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Abstract. Let Q C IR* be a smooth bounded domain, Wg’z(Q) be the usual Sobolev
space. For any positive integer ¢, A;(Q)) is the /-th eigenvalue of the bi-Laplacian
operator. Define E;=E, (q)®E),(q)®---®E),(q), where E) (q) is eigenfunction space
associated with A;(Q). Ej- denotes the orthogonal complement of E; in Wg'z(Q). For
0<a<Ar41(Q), we define a norm by [|u||3 , = ||Aul|3 —a|[u]|3 for u € Ef. In this paper,
using the blow-up analysis, we prove the following Adams inequalities
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moreover, the above supremum can be attained by a function ug € E}f NC*(Q)) with
||tg||2,« =1. This result extends that of Yang (J. Differential Equations, 2015), and com-
plements that of Lu and Yang (Adv. Math. 2009) and Nguyen (arXiv: 1701.08249,
2017).
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1 Introduction and main result

Trudinger-Moser inequalities play important roles in analysis and geometry. There are
two interesting subjects in the study of Trudinger-Moser inequalities: one is what the
best constant is, the other is the existence of extremal functions. The research on sharp
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constants was initiated by Yudovich [1], Pohozaev [2] and Trudinger [3]. Later Moser [4]

found the best constant: if <y = nw}/ﬁ (ln 1 then

n/(n—
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where () is an open subset of R” (1>2) with finite Lebesgue measure, w,,_; is the measure
of the unit sphere in R"”; moreover, if B > By, the integrals in (1.1) are still finite, but
the supremum is infinite. The sharp constants for higher order derivatives of Moser’s
inequality was due to Adams [5]. For any fixed positive integer m, let u € CJ'(Q2), the
space of functions having m-th continuous derivatives and compact support. To state
Adams’ result, we use the symbol V™u to denote the m-th order gradient for u. Precisely

A2 u when m is even,
V"=
VA" u when m is odd,

where V and A denote the usual gradient and the Laplacian operators. Adams proved
that if B<p(n,m) and 0<m <n, then
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for some constant Cy, ,, where

when m is odd,

no | mh/22my (AL
(l’l m—+1 )
no |25 |
I(*%5")
Moreover, B(n,m) is the best constant in the sense that if > p(n,m), then the supremum
in (1.2) is infinite. The manifold version of Adams inequality was obtained by Fontana
[6]. Extremal functions for (1.1) were first found by Carleson and Chang [7] when Q) is
the unit ball in R". This result was then extended by Flucher [8] to a general domain
QO CR?, and by Lin [9] to a bounded smooth domain QO CR" (n>2).

In 2004, it was proved by Adimurthi and Druet [10] that for any &, 0<a <A1 (Q), there
holds
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when m is even.
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and the supremum is infinit for « > A1 (Q2), where A;(Q) is the first eigenvalue of the
Laplacian operator with respect to Dirichlet boundary condition. The inequality (1.3)



