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Abstract. This paper is concerned with the pattern dynamics of the generalized non-
linear Schrödinger equations (NSEs) related with various nonlinear physical problems
in plasmas. Our theoretical and numerical results show that the higher-order nonlin-
ear effects, acting as a Hamiltonian perturbation, break down the NSE integrability
and lead to chaotic behaviors. Correspondingly, coherent structures are destroyed
and replaced by complex patterns. Homoclinic orbit crossings in the phase space
and stochastic partition of energy in Fourier modes show typical characteristics of
the stochastic motion. Our investigations show that nonlinear phenomena, such as
wave turbulence and laser filamentation, are associated with the homoclinic chaos. In
particular, we found that the unstable manifolds W(u) possessing the hyperbolic fixed

point correspond to an initial phase θ = 45◦ and 225◦, and the stable manifolds W(s)

correspond to θ =135◦ and 315◦.
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1 Introduction

It is well known that the generalized nonlinear Schrödinger equation (NSE) [1–25] is of
the form

iEt+∂2
xE+F(|E|2)E=0, (1.1)
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where E(x,t) is the complex amplitude of waves, and t and x are time and space variables,
respectively. The function F is used to describe different physical processes [20–23], such
as plasma physics, nonlinear optics, fluid dynamics, superconductivity theory and Bose-
Einstein condensates (BEC) etc. The generalized NSE is one of the basic evolution models
for nonlinear process in various branches of the conservative systems. Early applications
of the NSE were in the context of nonlinear optics where it described the propagation of
light beams in nonlinear media [24]. Also it has been applied to gravity waves on deep
water, for which the predicted modulational instability and envelope soliton formation
have been clearly demonstrated experimentally [25]. In plasma physics, a large number
of nonlinear processes, such as nonlinear hydromagnetic waves [26], small-K condensa-
tion of weak turbulence in nonlinear plasmas, Langmuir waves in electrostatic plasmas,
femtosecond (fs) laser pulse in air, medium-intensity laser in underdense plasma and in-
tense laser pulse in relativistic plasmas, can all be effectively modeled by the generalized
NSE (1.1) with different potential function F.

For the generalized NSE (1.1), the Lagrangian density is

L=
i

2
(E∗Et−EE∗

t )−|Ex|
2+ f (|E|2), (1.2)

where f (|E|2) =
∫ |E|2

0 F(s)ds. The system described by it is a conservative system. Ac-
cording to the Norther theorem, we can obtain the following invariants: the quasiparticle
number

N =
∫

|E|2dx, (1.3)

the momentum

P= i
∫

E∗Exdx , (1.4)

and the Hamiltonian quantity

H =
∫

[|Ex|
2− f (|E|2)]dx. (1.5)

For such a conservative Hamiltonian system (1.1) or (1.2), the nonlinear dynamics in-
cluding solitary waves and patterns are very important. In nature, most nonlinear phe-
nomena, such as Langmuir wave collapse, laser self-focusing and filamentation, are all
associated with the basic nonlinear dynamics of the system and are the results of nonlin-
ear development of modulational instability. However, the latter has not been systemat-
ically studied, while previous work has concentrated on the solitary wave solutions and
the singular solutions. The study of complex dynamics including chaos and patterns for
the generalized NSE (1.1) associated with different physical problems is of interest to the
understanding of various nonlinear phenomena in plasmas.


