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Abstract. In this paper, we present an algorithm to simulate a Brownian motion by
coupling two numerical schemes: the Euler scheme with the random walk on the
hyper-rectangles. This coupling algorithm has the advantage to be able to compute
the exit time and the exit position of a Brownian motion from an irregular bounded
domain (with corners at the boundary), and being of order one with respect to the
time step of the Euler scheme. The efficiency of the algorithm is studied through some
numerical examples by comparing the analytical solution with the Monte Carlo solution of some Poisson problems. The Monte Carlo solution of these PDEs requires
simulating Brownian motions of different types (natural, reflected or drifted) over an
irregular domain.
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1 Introduction
The term “Brownian motion” is used to describe a particle in a fluid that has a permanent
and random agitation. The usage of this expression has been extended to all the mathematical models that describe random phenomena such that the fluctuations of the option
markets in finance. Under appropriated hypothesis, a large class of stochastic processes
can be modeled using the Brownian motion.
Mathematically, the Brownian motion is a Wiener process in which the conditional
transition density of a particle at instant t+ ∆t given its position x at instant t is a Gaussian
law with mean x and variance ∆t. Let Xt be this stochastic process in dimension d. When
∗ Corresponding author.
Email addresses: samih.zein@samtech.com (S. Zein), Antoine.Lejay@iecn.
u-nancy.fr (A. Lejay), Madalina.Deaconu@inria.fr (M. Deaconu)

http://www.global-sci.com/

901

c 2010 Global-Science Press

902

S. Zein, A. Lejay and M. Deaconu / Commun. Comput. Phys., 8 (2010), pp. 901-916

the Euler scheme is used to simulate Xt over the time interval [0,T ] using N time steps,
Xt is discretized by the sequence of random variables X̃tk as follows:
(
X̃0 = x,
√
(1.1)
X̃tk = X̃tk −1 + ∆tWk ,
( law)

where ∆t = T/N, X̃tk = Xk∆t is an approximation of the position of the particle at time
tk , Wk is a vector of d Gaussian variables with unit variance and k = 1, ··· , N.
We are interested in simulating Xt over a bounded regular domain D ⊂ R d . In this
case, two random variables are associated to Xt , the exit time τ defined by:
τ = inf{t, Xt 6∈ D }
and the exit position Xτ , the position the particle on the boundary of D at time τ. The exit
time is approximated by τd = inf{tk , X̃tk 6∈ D }. It is known that τd is not a good approximation of τ because it is of order 1/2 with respect to ∆t (see [1]). A better approximation
of τ would be to consider at each iteration k of the Euler scheme the exit time of the
continuous stochastic process X̃t defined between two iterations by:
√
for t ∈ [k∆t, (k + 1)∆t], X̃t = X̃tk + t − k∆tWk ,
(1.2)
and τc = inf{t, X̃t 6∈ D }. τc is the exit time of the continuous time stochastic process X̃t
starting at X̃tk . Its estimation is independent from the time step ∆t. Some algorithms were
presented to compute τc in [4, 9] for the one-dimensional case, in [1, 4, 5] from a regular
domain, [14] for a bi-dimensional cone and more generally in [3] in the case of a reflected
Brownian motion. These algorithms are based on considering the Brownian bridge between X̃tk and X̃tk +1 and computing the probability that the Brownian bridge intersects
the boundary. These algorithms have the drawback of assuming that the boundary is
locally smooth when the Brownian particle is near the boundary. Hence these algorithms
cannot consider a rectangular domain (for example) and simulate the Brownian motion
near the corners.
In this paper, we propose to simulate the exit time τ and the exit position Xτ from
a bounded domain, by coupling the Euler scheme with the random walk on the hyperrectangles. The advantage of this algorithm over the ones described in [1,4,5] is to handle
domain boundaries with corners and for different types of Brownian motions (natural,
reflected, drifted). To show the efficiency of our algorithm, numerical experiments are
carried out by comparing the analytical with the Mont Carlo solution of some Poisson
problems. The Monte Carlo solution is computed using the Monte Carlo method which
requires the simulation of the exit time of the Brownian motion.

2 Brownian motion and diffusion process
To describe this stochastic process, the transition density p( x,y,t) of the particle’s position
at position y and time t starting at x must be specified. In the following, we show how it

