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Abstract. This study shows a new way to implement terrain-following σ-coordinate
in a numerical model, which does not lead to the well-known ”pressure gradient force
(PGF)” problem. First, the causes of the PGF problem are analyzed with existing methods that are categorized into two different types based on the causes. Then, the new
method that bypasses the PGF problem all together is proposed. By comparing these
three methods and analyzing the expression of the scalar gradient in a curvilinear coordinate system, this study finds out that only when using the covariant scalar equations
of σ-coordinate will the PGF computational form have one term in each momentum
component equation, thereby avoiding the PGF problem completely. A convenient
way of implementing the covariant scalar equations of σ-coordinate in a numerical atmospheric model is illustrated, which is to set corresponding parameters in the scalar
equations of the Cartesian coordinate. Finally, two idealized experiments manifest that
the PGF calculated with the new method is more accurate than using the classic one.
This method can be used for oceanic models as well, and needs to be tested in both the
atmospheric and oceanic models.
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1 Introduction
A terrain-following σ-coordinate is preferred in both atmospheric and oceanic models,
due to its benefit of implementing boundary conditions, the concept of which was initiated by Phillips [1]. There are, however, some disadvantages associated with σ-coordinate,
among which the most concerned one is the computational error associated with pressure
gradient force (PGF), resulted from the computational form of PGF in σ-coordinate that
has more than one term [2, 3]. The PGF problem was first pointed out by Smagorinsky et
al. [4].
As horizontal resolutions of numerical models increase, the PGF problem becomes
more critical [5, 6]. A common view is that the PGF problem is caused by using σcoordinate, and a number of methods have been designed to overcome this problem
mostly via adjusting model parameters or constructing different algorithms for PGF terms.
Corby et al. [7] was the first to design a finite difference scheme for PGF, and Gary [8]
proposed to subtract reference state of density profile before calculating PGF. Qian and
Zhong [9] introduced a general difference scheme for PGF focusing on the coordinate
transformation near terrain. More complicated methods were subsequently proposed,
such as the Jacobian method by Blumberg and Mellor [10] and the high-order schemes
by McCalpin [11]. More recently, a recurrent computational methods of PGF based on
hydrostatic equilibrium was proposed by Yang and Qian [12], a linear programming procedure was proposed by Sikirić et al. [13], and a perfectly balanced method for estimating
PGF was suggested by Berntsen [14]. Note that all these existing methods are designed
to alleviate the errors to an acceptable level, after the PGF computational form has already had more than one term. As few researches about how the problem started at the
first place has been done, we try to adopt a completely new approach here, with which
we obtain a set of equations in σ-coordinate that has only one term in the computational
form of the PGF. In another word, we bypass the PGF problem all together.
In this study, we first explain why the PGF computational form in σ-coordinate has
more than one term by means of classifying the existing methods using σ-coordinate and
analyzing the expression of the scalar gradient in a curvilinear coordinate system. Based
on these analyses, we elucidate that using the covariant scalar equations of σ-coordinate
in a numerical model can avoid the PGF problem all together, while the simple form of
boundary conditions is preserved. Finally, via two idealized experiments, we validate
that the new method can calculate the PGF more precisely.

2 Analysis of the PGF problem
Many scholars have analyzed the PGF problem in σ-coordinate, and concluded that the
source of the problem is the computational form of PGF being expanded into two parts.
The same problem can be caused by two different ways, as we show in the later part
through classifying the existing methods.

